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Preface to the Third Edition 


In this revision, extensive changes have been made in the problem 
lists. Previous problems involving general relationships and results 
have been retained, but formal ones of the drill variety and those en- 
tailing numerical computations have, for the most part, been replaced 
by fresh ones. Problems have also been added to many of the lists, 
and new sets likewise accompany topics appearing in this edition for the 
first time; as a result, the number of problems in this book is moi’e than 
twenty per cent greater than in the second edition. 

Among the changes made in the text, the follovdng may be noted. 
A theorem on reversion of power series has been included in Art. 38. 
An introductoiy account of Legendre’s equation has been added to 
Chapter VI, and phj'^sical applications of Legendre polynomials appear 
there and in Chapter VII, where Laplace’s equation in spherical co- 
ordinates is considered. Chapter IX has been recast: the pre^dous 
discussion of permutations, combinations, and elementary probability 
theorj’’ has been shortened, and two articles on the important topic of 
numerical methods for solving ordinary and partial differential equa- 
tions have been inserted. A third section, on Laplace transforms and 
their applications, has been added to Chapter XI. 

Answers to all problems are again given in the back of the book. 

Fbederic H,- Miller 

Ne\v Yoiik, N. Y 

Jamianj, 1955 



Preface to the Second Edition 


In this new edition, the plan and features of the original book have, 
for the most part, been retained. Notable changes are principally of 
four kinds, which may be described briefl}^ as follows: 

1. An appendi.\, concerned with a short discussion of dimensional 
anab’sis and sj’^stems of physical units, has been added. It is believed 
that the basic concepts and methods of dimensional analysis are of 
considerable value to the engineer, and that the engineering student 
should therefore be acquainted vdth the rudiments of the subject. 
Moreover, since various systems of units are employed in this book 
and elsewhere, an indication of the bases of these s^’^stems and of their 
relationships should also be a part of the student’s training. 

2. The problem lists have been completely revised. All the original 
problems have been kept, with only occasional changes of wording for 
the sake of clarity, and numerous additional problems have been 
in.serted. Some of the new problems will serve as further drill problems 
to illustrate the principles established in the text; others exemplify 
new kinds of physical problems. In all, the number of problems has 
been increased by more than fifty per cent. 

3. Discussions of a few new topics have been added. In particular, 
a mechanical-brake problem invohdng elliptic integrals has been 
inserted in Chapter III, the treatment of Fourier series in Chapter V 
has been somewhat extended, and the vibrating membrane is considered 
in Chapter ^’^I as a typical problem dealing with a partial differential 
equation containing three independent variables. 

4. A number of derivations and illustrative examples have been 
replaced or revised in order to clarify the concepts and theorj' and to 
aid the student further in his work with the problems. 

One minor change should also be mentioned. The natural logarithm 
of z is now denoted by In a-, and the sjnnbol log z is used only for 
the common logarithm. This notation has been adopted to conform 
with the present trend in scientific writing. 

vii 
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piii:face to tiii: second edition 


As in the first edition, Answers to all the problems arc given in the 
back of the book 


11. W R, 
F. 11. M. 

Nrw York, N Y. 

Srpirmt^, 1943 



Preface to the First Edition 


The present book has evolved from courses given by the authors to 
junioi'S and seniors in civil, electrical, mechanical, and chemical engi- 
neering at The Cooper Union Institute of Technology. These courses 
were designed to show some of the various roles played by advanced 
mathematics in engineering technology. 

In constructing such courses, the problem of what to include and 
what to omit is particularly difficult. Here, as opposed to the mathe- 
matics courses previously encountered bj’^ the engineering student, 
there is no well-defined, unifying thread; rather, the whole must be 
made up of a number of more or less distinct topics. It is hoped that 
the selection of material included in this book will afford each teacher a 
sufficientljr broad range of topics from which to make his individual 
choice. 

Anyone about to take up the study of advanced mathematics should 
have had as background a thorough training in engineering mathe- 
matics through the calculus, and would normally continue with the ele- 
mentary theory of ordinarj’- differential equations. For a number of 
years it has been recognized that some knowledge of methods of solving 
differential equations is a valuable tool for the engineer, inasmuch as so 
many ph3'sical problems arising in all fields of engineering are naturally 
formulated in the guise of differential relations. Accordingly, Chapter I 
is devoted to the standard methods of manipulating the common types 
of ordinary differential equations. In addition, differential equations 
arise again and again in the later chapters so that, upon completion of 
his course, the student should have acquired not only as full a knowl- 
edge of the theory of differential equations as is usually obtained in a 
separate coui-se, bvrt also more practice in their applications to his 
special field. However, it maj’’ be considered desirable in some schools 
to offer a separate course in differential equations and to follow it by a 
course beginning with the second chapter of this book. It is, of course, 
entirely feasible to follow this procedure and to consult the first chapter 
whenever necessary or as indicated in the text. 

The authors believe that it is becoming more and more important 
in engineering training to include courses wherein the student will meet 

ix 
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mnnj of the topics, pertinent to Ins field, which are discussetl in this 
\ ohiree As the Table of Contents “how s, topics of \ aluc to alt branches 
of cn^mcering ha\e been included Throughout, emphasis has been 
placed on ph\ <51031 applications bj presenting, with each principal topic, 
problems relating to the four mam fields of engmeenng The order of 
arrangement minimizes the number of references foravard m the text, 
at the same time, one chapter leads naturall> into the next so as to 
jicld as much contmiiit} of treatment as possible Tlio assignment of 
the more difficult matcnal to the htcr chapters takes ad\ antage of the 
growing mathematical matuntj of tlie student as he proceeds in the 
text 

Witli the interests and needs of engineering students constantly in 
mind, the authors haic not attempted oiormuch ngor The engineer 
nghtiv wants to Know how each piece of mathematical theoi^ can be 
utiliiwl m hw work, and questions of ngor arc of secondary importance 
to him Nevertheless comprehension of the underl>mg theoiy and of 
fomc of the subtler points is ncccssarj if the ideas are to be correctly 
applied to a new problem This vuew point has not been overlooked 
Cntual discussions arc introduced whenever thc> are deemed neecs- 
^arv References are given when lack of space, or msuflicienl back- 
ground on the part of the student, prevents the insertion of the entire 
argument on the other hand, the details of each demonstration are set 
forth wherever possible 

llio authors make no claim to ongmahty of content or of treatment, 
liut thc> have taken particular care to present definitions, statements of 
phvsical laws, theorems, problems, and the pl^sical units cmplo>cd, 
in a thorough and clearcut manner Thej hav c endeav ore<l to protlucc, 
al«o, a texttiook suffiticntlj flexible that material maj be chosen for 
cour‘'es of various lengths suitable for students of cnil, electrical, 
mecbanual, or chemical engineering Tor example, Part II of Chapter 
\ maj l>c omitterl without dwturbmg the contmuitj In fact, nnj 
combination of topics from Chapters \ III to XI raaj be chosen, except 
that the material m Part III of Chapter X is essential to the proper 
understanding of Port II of Cliaptcr XI Thus, while 3 minimum 
course ma> properlv contain most of the fundamental matcnal of 
Chapters I-VII, with selecKxI applications and problems, a longer 
cour-e will nnturallv include nl«o vanous of the more specialized mib- 
)ects tre \te<l in the later cliaptcrs 

H W IhomcK 
F II Miluk 

Nr» \oKK, N Y 
Ju'j 
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CHAPTER I 


Ordinary Differential Equations 


1. Introduction. A vast number of the problems the engineer 
encounters in advanced work have to do Avith differential equations. 
Tlie mathematical treatment of such problems consists, in general, of 
three phases or processes. In the fii'st place, the physical principles 
forming the background of the problem are expressed mathematically 
by the formulation of one or more differential equations; these relations, 
involving rates of change of one variable with respect to another, are 
thus symbolic statements of certain physical laws. Secondly, the dif- 
ferential equations must be manipulated mathematically so as to obtain 
other relations among the variables of the problem. Finally, we inter- 
pret these new relations, which are the logical consequences of the 
original ones, so as to get additional information concerning the manner 
in which the physical quantities involved depend upon one another. 

We shall see in our subsequent work numerous examples of this 
mode of reasoning. The first and third steps of the process will depend 
upon the particular problem under discussion, and it wiU appear in this 
and later chapters how they are carried out. The second step, the 
manipulation of differential equations, is of a more formal and general 
nature, and is the principal concern of the present chapter. Our pur- 
pose, then, vill be to classify and examine a number of types of dif- 
ferential equations with which the engineer has to deal. 

We shall call an equation containing one or more derivatives a 
differential equation. The differential equation may sometimes, as a 
matter of analjiiical convenience, be WTitten in a form in which differ- 
entials rather than derivatives appear, but such an equation vill 
always be equivalent to one involving derivatives. 

By the order of a differential equation is meant the order of the 
highesfiordered derivative contained in the equation. 

Differential equations may be dirdded into two main classes, ordinary 
and partial differential equations. If all derivatives appearing in the 
differential equation are ordinarj"- derivatives, the equation is said to be 
an ordinarj^ differential equation. If, on the other hand, the derivatives 
present in the equation arc partial derivatives, the equation is called a 
partial differential equation. 
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In this dnptcr, onh oitlman equations will be considered In 
Chapter MI we sliall di«cuss some problems leading to partial differen- 
tial equations and shall appU special dei ices to the manipulation of 
such equations 

If there is onI> one dependent lan ible whose relation to the mde- 
pendent \ anable is desired, we shall ha\ e in general a single difTercntial 
equation, if there arc two or more dependent \ ambles to be considered 
wo sliall be led to a fw'^tem of stmuUancoiis diJfcretUinl equations^ and 
the number of equations m the s\stcm will u^uallj bo equal to the 
number of dependent \onables 

Bi a solution of a differential equation we mean anj functional 
relation among the ^a^abIes, free of dcn\ativcs and reduemg the 
given equation to an identity For wample, the relation 

*= r' (1) 


IS a solution of the dillcrcntial equation of second order, 


dPy du 

55 


( 2 ) 


Since substitution m (2) of y and its derivatives as given b^ (1) jiclds 
the identity 

^ 0 (3) 

A more general solution of (2) is y where Ci is an nrbitrao 

constant, and a still more general solution is Cjtr* 4* where 
c, anil cj are both arbitrary constants Now it ls shown * in the thcoo 
of difftrcntnl equations that an equation of order n possesses a solution 
containing n e^cntial arbitral^ constants, and tlial no solution of such 
an equation ran contain more than n A solution containing the 
maximum numl)er of constants is called the general solution, thu*» 
y ™ cif^* 4- » the general solution of (2) Any solution obtain- 

able from the general solution bj giving spccifie values to one or more 
of t'lic arbitrary constants is called <i partiailar solution, lor instance, 
y •• and y ■» CiC^"* are parlinilnr polutiona of (2) 

In a phvMcal problem, the diffcrcntiil equation involved is usunib 
accompanied bj certain auxiliary conditioas on the vanables For 
some, notablj the linear difTenntnl equations discussed in Part II, 
it w oasip<»t ftp«t to find the general solution of tlic equation and then 
obtain a partinilar solution sati4>ing the imposed auxiharj condition*’, 
05 Well 05 the differential equation, bj dttennimng the siiecific \ allies 
of the arbitrarj constants m the general solution For others, the 
• &», far example, E. h, Incc * Ord nary Diflrrenltal Equatioas ' 
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constants ma}’- be evaluated as they appear in the process of solving 
the differential equation. Examples of both methods of attack vill 
arise in the problems treated in this and subsequent chapters. A fully 
determinate ph 3 'sical problem should provide a sufficient number of 
initial or boundary conditions for the evaluation of all constants that 
may appear. 

Wc proceed now to. classify some tjqjes of ordinary differential equa- 
tions, and to discuss the standard methods of solving them. 

PART 1. EQUATIONS OF THE FIRST ORDER AND MISCELLANEOUS 
EQUATIONS OF HIGHER ORDER 

2. Variables separable. The type form of the differential equation 
of first order is 

dy 

( 1 ) 

ox 

It maj’’ happen that the function /(x, y) is such that the variables may 
be separated, so that the equation may be ■written in the form 

F{x) dx + G{y) dy = 0. (2) 

The general solution of the equation may then be obtained at once by 
integrating; we get 

J'e(x) dx + J* G{y) dy = c, (3) 


where c is an arbitraiy constant. That (3) satisfies equation (2) is 
immediately apparent, for differentiation of (3) leads to the relation (2). 
As a simple example, let there be given the equation 



dx 

(4) 

Since c® 

= v:e maj” write 


whence 

(f dx — dy — 0, 

(5) 


— c. 

(0) 


If the function/(x, y) contains no constants whose values are unspeci- 
fied, a single corresponding pair of values of x and y suffices to determine 
c, and hence a particular solution of equation (2) subject to the given 
value-pair i.s obtainable. If, however, the differential equation involves 
additional constants of unknown value, further conditions on x and y 
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must be gi^ cn m order tb^t the functional relation (3) be of U'so for 
computation. 

To illuctnte the latter cituation, consider tn o liquids A and B boiling 
together in a vessel Suppose tint it is found cxpcnmental!> that 
the ratio of the rates at nhich A and B are e\aporatmg at anj in- 
stant IS proportional to the ratio of the respectu e amounts of A and B 
still in the liquid state Lcttmg y and x denote the respectu c amounts 
of A and B present m liqiud form at time t, the phj sical law stated 
pclds the differential equation 





dt 


uhcro JL LS an unknown constant of proportionalitj In this form, the 
differential equation maohcs one mdependent variable I and the tuo 
dependent \ anabics z and y, but if wo desire mcrel> the functional 
relation between x and 1 / we may eliminate i and mate 


— = A- 
dz X 


( 8 ) 


llcrc/(x, y) I 
^\ c ha\ c 


hj/x, and consequent^ the a anables may be separated 

(9) 


y 


whence, b> integrating weget 


In y ■=» / In X 4- In c 


( 10 ) 


Since onI> logarithmic functions of x and of y appear here, it w con- 
acnicnt to write the nrbitrarj constant of integration in the form In c 
instead of mcrclj c Taking antUoganthms, we then obtain 

y - cr‘ (11) 


raidenllj wo should nee<i two sets of aalues of x and y to determine 
the partinilar solution from which further corresponding aaluts of 
z and y could Ixi obtained 

3 Integrable comhmabons If it appears that wo cannot separate 
the a anables in the equation 


dr 


” /(^, y), 


(I) 
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RT. 31 integrable combinations 

it may still be possible to put it in a form which allows us to integrate 
by combinations. 

For example, consider the equation 

dy 2x + y " 

dx~ Z-x’ 
or 

(2:c + y) dx + {x — Z)dy = 0. (3) 

Here the coefficient of dx contains y and that of dy contains x, and no 
manipulation in the equation will separate the variables. Now the 
terms 2x dx and — Zdy are capable of integration individually, and thus 
need give no concern. The remainder of the left-hand member of (3), 
ydx X dy, consists of the sum of two terms neither of which can be 
integrated b}’’ itself. But as a combination, this sum may be integrated ; 
we recognize it as the differential of the product xy. Consequently, if 
we write (3) as 

2xdx — Zdy + {xdy + y dx) — 0, 
we get, upon integration, 

x^ — Zy xy = G. (4) 

Evidently (4) is the general solution of (2), for 

d(x^ — Zy + xy) ^ 2xdx — Z dy X dy + ydx = 0, 
wVrence (2) results. 

inien equation (1), written in differential form, 

M(x, y)dx + N(x, 7j) dy = 0, (5) 

is such that ilf dx -f- N dy is the exact differential of some function 

y), 

M dx -f N dy = dn, 

we say that (5) is an exact differential equation, and its solution is 

tr(.x, y) = c. (6) 

Tims (3) is an exact equation. Note also that any equation vith 
variables separable may be written as an exact equation. 

Exact differential equations for wliich the variables are not separable 
arc comparatively rare in applied work, and when they do occur an 
examination of them usually brings into evidence the integrable com- 
binations vilhout much difficulty, so that they are readily solved. 
Sometimes an equation may easily be made exact by multiplying it, 
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when wnttcn in the form 3/ dx + N dt/ « 0, b\ a suitable function of 
X and j/ To illustrate, consider the equation 

{2xj^ + y) dx - X di/ = 0 (7) 

Xo term of this equation is indu iduallj intcgrable, nor is it exact as it 
stanch) But the combination y dx ~ x dy occurs in the differential 

^/x\ y dx - X dy 

\y/ r 

which suggests that we divado (7) b\ jr, or, in other words, multipl\ 
itb> 1/y^ Doing this, wc get 


2xdx + 


ydx — xdy 


0 


This 13 now exact, and integration jaelds immediately 


( 8 ) 


^ X 

X- + - = c, 

y 


ary + 1 C *= cy 


( 9 ) 


The factor \{\f by which (7) was multiphcd so as to get the exact 
equation (8) is called an xntcgTaling factor The process of solving a 



first-order different la! equation can often bo made short and simple 
by noting that some comlii nations of terms may lie made integrablo 
b\ the u->e of an integrating factor whereas tlic standard methods 
for foU mg the ccjuation ma\ lie long or complicated Practice and the 
cxpcnincc gained thereby wiU do much to aid the student in finding 
such short cuts '\\c giic here a few of the frccpiently occumng mte- 
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grable combinations and the functions of -which these combinations 


(V) 

(VI) 

(VII) 


are the exact differentials. 

(I) 

xdy A- ydx = d{xy), 

(11) 

xdy — ydx fy\ 

(III) 

xdy - ydx f x\ 


xdy — y dx 

(IV) 

xdy — y dx x? 

+ 


1 + 


xdy — y dx 


xdy — y dx 


x^-y^ 


-0 

2xy dy — if dx _ 

\ X / 

2xy dx — x^ dy 
d 


= d ^tan ^ , 

V2 x-y) 


r 


Q- 


( 10 ) 


An interesting illustration of the usefulness of the above method 
arises in connection with the following physical problem. It is required 
to find the shape of a reflector such that light emanating from a point 
source is reflected parallel to a li.\ed line, so that the beam of light con- 
sists of parallel raj’-s. Take the origin 0 as the point source and the 
x-axis parallel to the fixed line. The reflector will then have the shape 
of a surface of revolution generated by rotating a eertain curve ACB 
about the x-axis (Fig. 1). If the tangent be drawm to any point P(x, y) 
on the required curve, the angle a. between it and the incident ray OP 
must, by the physical law' of reflection, be equal to the angle ^ be- 
tween the tangent line and the horizontal reflected raj^ PQ. Now- 
tan ;3 = dyfdx, and tan Z XOP — y/x. Hence, since ZXOP = a -f- /? 
= 2 j 9, Ave have , 



( 11 ) 
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Sol%*jng for rfy/tix, 'ft'o get 



dtf —T rfc V:r 4- 
dx y 


( 12 ) 


a pair of differential equations W hen the ciirv e opens to the right, ns 
in the figure y and dy/dx ha^ o the same sign on either the upper or 
lower half of the cui^c so that ydyfdx > 0 and the positive sign in 
(12) applies when the reflected raj's proceed to the left, y dy/dx < 0, 
and the negative sign in (12) is proper If desired, therefore, we maj 
fix our attention on either equation obtainable from (12), however, 
it 13 just as easj here to consider both possibilities eimultnncouslj 
W e hav c 

a; dx + y rfy = rbVar + dx, 

and thus «ce that the combi nation x dx + y dy « 4 d(x^ + y^) appears 
Moreover, the function y/x^ y^ of the combination (x’’+y^) is 
nl-»o present, and we therefore form the mtcgrablo combination 


Integrating vre got 


^ d- y dy 

Var +V 


dx 


± Vx^~+^ « I *f c, 


and 


x= -f- y® “ -f- 2fx -f r. 


(13) 


TIicmj are our generating curves, a familj of parabolas with foci at the 
onpn the point source of hglit Wion c is positiv c, the parabolas open 
to the nght, and when c is negative, thej open to the left Tlic stu 
dent will remember that paralxiloids of revolution do liave the prop- 
ertj of reflecting a beam of pardfol mjs when a point source of light 
w placed at the foais, this is the well hnow'n “focal propertj ' of a 
parabola c hav e here ehovvn that conv cr^lj , onij parabolas poaso^ 
this cliarvctenstic 
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PROBLEMS 

Find the general solution of eacli of the following differential equations. 


-t- 

- xV. 

2 

dx 



sin 2x 

y 

. dy 
dx " 

= cot X tan y. 

6.^!. 

dx 

,(2-?/)= 

2\/l + X 

dy 

6. — 
dx 

_ yin a: 

X 

’•S' 

1 +?/- 

sec X 

dy 

di 

4x + XI/” 

~ V ~ ^"y 

9 *. 
dx 

2x — y 

X 

dy 

“•s 

x-2y 

2x — y 

dy 

2xy- 

-s 

y 

■“ 1 - 2xhj 

X + 4?/ 

dx 

X -f 2y 

2z 

»-S 

— xy- — 1 
” xhj - r/ 


y 

16. 

dx 

y -x^ - if 

X — 2xry 

X 

du 
17. — 

dx 

3i® — 3xir + y 

18,^ 

dx 

2y\/y 

X 

2xVy — 

19. 

sin y 

20. 

ax 

x^ + y 

1 — a* cos y 

X - x^y 

dy 

21. f 

dx 

2t/ + y 

22. — 

ax 

2xy 

X — 2xy- 


dy 
23. *7^ 
dx 


-I 

2x + y sin x 

2y + xc~^ 

cosx 


25* Using: each of the relations (10-II)“(10-\0 of Art. 3, obtain the solution of 
the equation x (Uj — y dx = 0 in the form y = cx, 

4. Homogeneous equations* A function g(x, y) is said to be homo- 
geneous of degree m if, for an^’^ quantity r, we have identically 

g(rx, ry) - r^g(x, y), 

that is, if the replacement of x and y hy rx and ry, respectively, yields 
the original function multiplied by ri”. If, in particular, such replace- 
ment leaves the function unaltered, so that it is homogeneous of degree 
zero, then with r = 1/x we have g{x, y) = y(l, y/a;), and g may be 
expressed as a function of the single argument or combination y/x* 
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For example, coa'uder the function 

^ ^ 3r - 2ry + 3ir , y , , 

vir,y) = — " ■ o , — + «m-4.ln 

2 jr + tr J X 

Tlicn Trc have 

^ i^ir - 2rTy + 3rir ry , 4* rir 

g{Tx, ry) = h sm — + In 

2rx- + rjT i^r rx 

« y) 

eo tlmt this function i* homoKcneous of degree zero \\ c ma> therefore 
write it as a function of the single argument y/x 




'■<1 


. 0 + 10 ^ 1 + 0 ' 


LiVewTsc if g(rx ry) — g(z, y) we get bj choosing r « 1/y, 0(x, y) 
^ g{xfy I) a function of the single argument x/j/ 

If the nght-hand member /(x y) of the differentia! equation 

dy 

--/(x.v) (1) 

dx 

13 homogeneous of degree zero i\e raaj put it m tlie form 



m thw c\ent equation (1) is said to be a homogeneous differential 
equation Fither of tlie substitutions 


y^vx (3,) 

or 

X «=> 11/ (3}) 

mil then reduce (2) to an cqu ition in nhicli the \anab!es x and t, or 
y and r, are separable ^\c shall sliou this to lie true for the substitu- 
tion (3i), an entirely analogous argument holds when the relation (32) 
M employ «1 Using (3j) erpntion (2) liecomcs 


dy 

dx 


r + x 


dx 


r(c) 


( 1 ) 
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Now when Fiv) = v, equation (4) reduces to x dv/dx = 0, whence 
V = c, and y = cx is the complete solution. This is, of course, a trivial 
problem, for when F{v) = v, equation (2), which takes the form 
dy/dx = y/x, is immediately solvable by separating the variables. 
Supposing, therefore, that F(v) 9 ^ v, (4) gives us 


and 


x—^ Fiv) - V, 
dx 


dv dx 

Fiv) — V X 


(5) 


Since the variables x and v have been separated, integration of (5) 
3 'iclds a relation between x and v (and an arbitrarj'- constant). Replac- 
ing V bj’’ its value y/x, we then get the desired functional relation be- 
tween X and y. 

As an e.xample, consider the equation * 


dy 


2y 


dx 2 x — y' 

which is readily seen to be homogeneous. Letting y = vx, we get 

dv 1 — 2a 

v X — = , 

dx 2 -v 


( 6 ) 


dv 1 — 2a 1 — 4a -f a^ 

x-— a , 

dx 2 — a 2 — a 


dx 


1 — 4a -f- a' 


da = — , 

' X 


—4 -}- 2a dx 

— - V da -f- 2 — = 0, 

1 — 4a -{- a“ X 

In (1 — 4a -j- a*) -f 2 In X = In c, 

In x“(l — 4a -f a^) = In c, 

o 4y y\ 

x^ — 4x1/ + 1 / = c. 


(7) 


Ikjuation (6) might equall}' well have been solved by means of the 
substitution (So). Sometimes it may happen that the solution of a 

• &.>o Problem 10, Art. 3. 
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homogCJicotis rqufltion is more quickly or c'xsily obtained bj one of the 
?ub«:titutions (3) than l)\ the other, but this is usually difTicult to pre- 
dict beforehand Gcnerallj speaking, the only guide in making a choice 
between the two possible substitutions is the folloiimg Write the 
gi\en homogeneous equation m the form M dx + N dy *= 0, if the 
cocflicicnt M of dx contains fewer or simpler terms than N, set x = vy, 
<£r *= i rfy + II di , and if N is simpler than M, set y = vx, dy — i dx 
+ xdi TIilj procedure wall simplifj somewhat the multiplication of 
one of the cocfTicicnts b> the new differential c'^pression 
6 Linear equations A differential equation of the first order is 
said to be linear w hen it is of the first degree m the dependent \ ariablc 
and its dcn% ati\e Thus the equation 

dy 

Y^S{^,y) ( 1 ) 

dx 


is linear if /(z, y) is of the first degree in y, it may then be written m 
the form 


+ Py = 0, 

QX 


( 2 ) 


where P and Q arc functions of x onlj Since the left-hand member of 
(2) consists of the sum of two terms, one containing y and the other its 
derivative the possibiht> is suggested of multipljing (2) throughout 
b} some function of x so as to hav c on the left the exact denv ativo of 
a product, i c , it ma> be possible to render the equation exact bj the 
11*^0 of an integrating factor that involves x only. Hence wo seek 
tentatively a function fi(z) such that 

R^ + ItPy (3) 


shall 1)0 the denv ativ e of some comhmation "Now the first term m the 
expression (3) will anso if we differentiate the product Ry, and we 
therrforo try to find R such that 


dy d 

Ry + RPy^y(Ry) 
dx dx 


dy 


dR 

dx 


Tins relation will evidently hold if 


dx 


RP 


(♦) 
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But, since P is a function of x only, (4) is a separable differential equa- 
tion for the determination of the integi’ating factor R. We thus have 


dB 

— = P dx, 

B 


InP 


B 


^J'pdx, 

Jp dx 


( 5 ) 

We have omitted the introduction of a constant of integration since we 
seek merely one integrating factor, and as simple a one as possible. 
The function B given by (5) thus serves to solve the linear equation 
(2) ; we have, in fact, 

dx 






dx -f c, 


y = e 


-Jpdx Cr^JPdx 


i' 


dx ce 


-fpdx 


( 6 ) 


Equation (6) is in effect a formula for the solution of (2). The function 
y as given by (6) thus will be completely determined provided merely 
that the two indicated integrations ai’e performed. 

Linear differential equations (including those of order higher than 
the first, which are considered in Part II of this chapter) are of consid- 
erable importance in engineering applications because of their frequent 
occurrence. Some of the physical problems leading to linear equations 
of first order will be discussed in Art. 7 and in later chapters; we now 
examine a formal problem in order to illustrate the marmer in which a 
linear equation is solved. Consider the equation 


dx 


e® — 3xy 


This may bo written in the form (2), 


dy 3 


( 7 ) 

( 8 ) 


so that it is linear with P = 3/x, Q ~ We have here 


B = 


fpdx 

0 



_ g3 ]n s- __ ^3^ 


( 9 ) 
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In tlic last step uelia\e made u^e of the idcntih e*" ^ » A,i^htchL9of 
frequent utiliU m our work Multipljmg (8) b% x^, ^\c then get 

X* ^ “ J-c*, 

dx 

uhich IS m^dcntl} exact, as jt should be Consequently 


and 




T€*dx 


(X — l)<f + C, 


(r - l)r* 


c 


( 10 ) 


In all the foregoing Arts 2-5, ^\e have nrbitranlj assigned to x and y 
the roles of independent and dependent \ anables rcspectu clj E\ i 
dcntly thw ts a matter of nomenclature only, and similar discussioas 
may be applied to the equation 

^ V) (11) 

dy 

If a gi\cn differential equation is homogeneous when written m the 
form dy/dx » ^{x, y), it is apparent that the equation dx/dy *= l//(x, y) 
“ y) '^ill likewise lie homogeneous If the equation is one m 
which Uic \ anables arc separable or one for which an integrating 
factor may be found b\ inspection, it is again immatcnal whether we 
consider the form dyfdx *= /(x, y) or the form dx/dy » 4>(x, y) But 
it may happen that a gi\cn differential equation, when written in the 
form (1), Ls not linear m y and dy/dx, whereas it wnll be linear m i and 
dx/dy when written m the form (11) For example, the equation 

dy^ r 

dx ” - 3xy 

M obiiously not linear in y and dy/dx but if we wnfe it 
dy y2 IT y ' 

We SCO that it ls linear in x and dx/dy — it is in fact, identical m form 
mill (7), onh X and y ha\ing been interchanged If, tlicrcfore a 
specific txjuation docs not appear to be su'tceptiblc to the mctho<ls of 
Arts 2—1 and is not linear in y and dy/dx when wntten m the form 
(I), it w well to put the equation in tlic form (II) to see whether it 
ina\ In' linear m x and dx/dy 
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Solve each of the differential equations in Problems 1-20. 

^ (bj 3i/ - 3-5 „ dy ^ , 

T "" o 7 " == ^ 

ax 3^7/“ ax 

„</!/!/ ,y dy Z - X 


O U * if 

3. — cot-** 

(lx X X 

6. ^ = (1 -f t/) CSC a* — cot O', 
ax 

* dx X 

g d|/ ^ t/ — X sin X ~ cos x 

* dx X 

dx X + vxi/ 

io _y - - y^ 

ri; = ; 

16. — = 

dx X — y 

17 _ 1 , 2 / o 2 / 

17 . ~p =: 1 -j COS'- - 

dx X X 

19. ^ = ^^■r° + ;/^ + y 

* fix X 


d?/ o 

2. -h 2t/. 

ax 

4 ^ 

dx 2x^ 

6 ^ = 

* dx 2x// 

g ^ ^ 4x^ - 2j/ 

dx X 

10 — = + y 

dx X 

12 — - ^ ^ ~ 2g°2/ 


14. ^ = sin X -{x-y) cos g 
rfa" sin a: 

16. ^ = -^.^. 
dx 7/C*' — X 

18. ^ = L. 

rfa: a: a: In (y/a;) 


d.y 2x + 2y 


^ rf* 3z + y 

Uo^ci'.’"’’’''" “ °' ‘I'O -iWation .s 

li„!“°''’' ^ ' '“'■ ® '“““I'rtnB the equation ne 

23. .^Ivc the equation dy/dx = y/(x + y) by three methods. 

24 . (o) By makinR tlie substitutions x = a-i 4 - * 7/ = ,„ j_ z- n„j , 

mminp; proper values of the constants /i and b, show that the equation °° 

^!/ _ + 5 ]?/ 4 - Cl 

dx floX 62^ 4- C2 * 

where ai/bi ai/h, may be transformed into the homogeneous equation 

^Ui _ QiXi + 6iyi 

Hence solw (he equation 

— 2 x+ 2 ^ 6 

.<ep.amblc-. Hence solve the cquatioi? ^ variables are 

~ - 3 

dx 2x 4- 4.7/ - 1 ' 
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25 Show lliftt Bernoulirs t^juaiion, 

wlifn? P and Q an* functions of x onlj an 1 n u a constant other tlian tcro or Unit>, 
ma% bo tfansformwl info a linear equation bj (lie sulntitution r ■« jr*~* Hence 
folvc till Cfjuatlon ^ 

^ X!/ +2/ 

tlT~ X 


If n u *cro or umt> bow may the equation N isohcii’ 

6 Equations of order higher than the first The simplest tape of 
difTercntial equation of order n is 


for uc get bj immediate 
dx"-* 
rfx"“" 


dx" 
integration, 


Fii), 


- jFix)dx + Ci, 

Fix) dx^ + cix + C2, 


( 1 ) 


so that n integrations jneld y as the sum of an it-fold integral of Fix) 
and a polj nomial of degree n — 1 uqth n arbitran constants as its 
coefficients 

Consider next an equation from uhich the dependent \anablc y ts 
lacking We make tlio substitution * 


rfy 

'■"S’ 

togi ther with the resulting substitutions, 

tip d^y tFp d*y <r”*p iTy 

dr dx’ ’ dir dx^ ’ ’ dx"“‘ dx” ’ 


( 2 ) 

(3) 


and ronsequenth the original equation of onlor n with y as dcjicndtnt 
lamhk w replaced b> an crpmtion of order n — 1 with p as dependent 
\ amble If, in partinilar, the guen (xiuation is of second order, thw 
substitution gites us an e<iualion of the first ortlcr to which one of the 

• If M iito lacVInd but two or more lujjhcr tftn^athTS appear we set p 
ccjual to the aln e of lowest order prwnt and malcc corre«pondin{;But>stUutions 

/or tf»c bix!>^r tlrrivativt-s. 
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methods already discussed may apply. When p may be found in terms 
of X and n — 1 arbitrary constants, an integration will then give us 
the general solution of the original equation. 

As an example, consider the equation 


^1 + 2 — 
dx^ dx 


— Qx 


-3 = 0. 


( 4 ) 


The dependent variable y does not appear in this equation, so that 
wc maj’’ substitute p = dy/dx, dp/dx = d^yjdx^. Then equation (4), 
of the second order in x and y, becomes 


— + 2p - 6a: - 3 = 0, (5) 

dx 


which is linear of the first order in p and dp/dx. We solve this by the 
method of Art. 5, getting, since is an integrating factor, 

e*®p = J'(6a: + 3)c^® dx — 3a;e^® -f ci, 


and 


p = Sx + cic 2 ®, 

dx 

2/ = — + Cic 4- C2, 


( 6 ) 


where c'l = — Ci/2 and C 2 are arbitrary constants. 

An equation from which the independent variable x is lacking may 
likewise be transformed into an equation of lower order bj'- means of 
the substitution (2).* Here, however, it is necessarj'’ to get an equa- 
tion in 7/ and p, so that instead of the relations (3) we require expres- 
sions for d^y/dx^' (A: = 2, 3, • • •, n) in terms of p and its derivatives 
with respect to y. We have 


d'y _^P ^P dy dp 
dx~ dx dy dx ^ dy’ 


d^y _ d / dp\ _ d / dp\ dy 
dx^ dxVdy) dy\dy) dx 



( 7 ) 


and so on. If the equation of order n — 1, obtained by substituting 
the values of dy/dx, • * ■, d”y/dx'' as given by (2) and (7), can be solved 
for p in terras of y, we can find x as a fimction of y by integration. 

• footnote, p. 1C. 
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To lilustrale the procedure, let \vs so\% c the equation 


V~r^ + ( T") 
dr' \dx/ 


+ 4 « 


( 8 ) 


Since X IS absent, n c *!ct dy/dx => p, d'y/djr *= p dp/dy, getting 

^| + p=+, = 0. 


Pdp ^ Q 

p" + 1 y 

4 In (p^ 4- 4) + In p =s In ci, 
(p^ + l)!r •= (Tu 



g| - 4tr 

f ’ 


dy - Ip^ 

V 


ydy ^ 
Vci - Ijr 
- Vcf - I,/ = 


dbdx, 

±4(z 4* Co), 


10(2: 4" Co)* 4" 4y^ = c5 * 


( 9 ) 


Tlierc are other t j^ics of equations that may be soh e<I by special 
metho<l'>, but «e shall consider m this book onl> one other class of 
equations of order higher than the first Tliese, dcsignatctl ns linear 
diflercntial equations, arc of such threat importance m engineering that 
ttc shall dc\ otc all of Part II of thus chapter to their studj 


TROBtEMS 

Sol\e tl»e followiriK iliffcrcritial eqaatiorw, p*, p'', und y*", respectively, denoU, 
dp dr <r y/djr, and d’p dr* 

1 p" - X ew jr - 2 Ir* 2 pp - p'* 

3 r*/' 4-2x>-l 4y'+y'* + \- 0 

fi (I + p'*)* - ly '* 6 x*p 4- xV - 2x - 3 

• It nia> olrs'ntil tlat tliw pnrtirulir example nn Im wIwI mor** evily 1 / 

we noijee ttml tl»e fir*! two temw of tritnlion (*%) repreoi nl tl e ptjpI tit nratoe «>f 
ydp/dx, lenr, one inleRrati tn >j 1 U ydjhU + -lx ■ Ci 2 A srccind intecrnlion 
tl en RtiTS us tlie fio’uljon p* + lx’ •* CjX + Cj wliieli m etpiiiftlf nt to ( *) 
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7. xy" — tr.y'^ — y' = 0. 
9. yy" + 2i/'- = 0. 

11. y" + /:-</' “ 0. 

13. iry" = y'. 

16. yy" = 2);'= + 4»/^ 

17. xj/" - 2x;/'= = y'. 

19. j/'/" + V'- + 1=0. 


8. yy" + y'- = 2y'. 

10 . 2yy" + r = iA 
12. t/r/" - 2/'2 + 2/' = 0. 

14. x-y" + y'^ + xy' = 3x-. 
16. xy" + y'‘ = 1. 

18. 2xry” + y'~ — Axy'. 

20 . y’v'" + y'- = 2y"K 


7. Applications. We shall trexit in tliis article a few geometric and 
ph3^sicnl problems leading to differential equations. Further problems 
into which first and higher order differential equations enter are con- 
sidered in connection %\-ith other topics in later sections of this book. 

(a) Orthogonal trajectories. By an orthogonal trajectory of a famity 
of curves is meant a curve that cuts each member of the given family 
at right angles. Thus, if the given family consists of the straight lines 
y = c parallel to the x-axis, the straight line x = const, will be an 
orthogonal trajectoiy, and the aggregate of lines x = c' mil constitute 
a family of orthogonal trajectories to the family y = c. 

In the preceding simple example, it was easy to obtain the orthogonal 
trajectories by geometric intuition. To illustrate the general procedure, 
let us find the orthogonal trajectories of the family of circles 


+y^ = cx, 


( 1 ) 


all of which pass through the origin and have their centers on the x-axis. 
In order that two curv'^es shall intersect at right angles, it is evidently 
necessaiy that the slope of one curve at the point of intersection be 
equal to the negative reciprocal of the slope of the other curvm at that 
point. Hence we first find the ex-pression for the slope of the circles at 
the point {x, y) and then take the negative reciprocal of this expression 
as the value of dyfdx for the orthogonal trajectories. Differentiating, 
with respect to x, the equation of our family of circles, we get 

dy 

+ = ( 2 ) 


Eliminating the arbitrar}- constant c between the given equation (1) 
and the derived equation (2), we have 

+ r = 2x2 + — , 

dx 


and the slope of the circles is given ly 

dy if — or 


dx 2ry 


( 3 ) 
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Consequcnt!> the differential equation of the required tra)ectonc3 
utU be 


dtf 2xy 
dx sr 


(4) 


TIiw IS a homosencous differential equation uhich mn\ bo‘soKcd bj llic 
method of Art 4 However, if wo vvTito it m the form 

2xy di — di^ -1- IT dy = 0, (5) 

the combination 2ry dx — ar dy suj^csts the differential of x®/y 
d{j?ly) =s {2xydr — ardyViT Hence 1/y^ is an mtegrating factor 
for (5), and w e lia\ e 


2ry dx — ar dy 
IT 


+ dy 


0, 


h y »= c', 

V 

ar + 1 /^ c'y 


( 0 ) 


The orthogonal trajcctoncs (0) of the circles (1) are therefore also 
circles passing through the ongin but with their centers on the y axis 
In our definition of orthogonal traj pet ones we have emphasized the 
fact that each member of tlie given fnmilj is to be cut at right angles 
It IS therefore important that we eliminate the arbitnrj constant 
between the given cfiuation of the family and the denvcfl equation m 
order to obtain an c.\'prc*^slon for the slope of anj one of tlic given 
famil} Thus (3) represents the slope of the circle through the point 
(x y), and since this mav be anj point we have an cT’rc^‘'ion for the 
sloiKs of each circle If w c liad taken tho v aluc of dy/dx as giv cn bj (2), 


dy e “ 2r 
dx 2y ’ 

w/l I'5/i Akew waV-twl Vivts trliAwn 

dy 2y 

dx 2x — c ^ 
we should liav t obtained 

dj ^ 2dx 
y 2x - e' 

In y «« In (2x — c) 4* In 
y « c"(2r - c\ 


( 7 ) 
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a doubly infinite family of straight lines. Now, for any particular value 
of c, equation (1) gives us a particular circle "with center at (c/2, 0), 
and then (7) represents the family of straight lines cutting that circle 
at right angles. For a given value of c', equation (6) gives us a curve 
cutting all the curves (1) orthogonally, whereas (7) yields merely a 
6J^stera of straight lines no one of which cuts all the circles (1) at right 
angles. Hence equation (6) represents the true orthogonal trajectories 
of our chcles (1). 

The concept of orthogonal trajectories has been presented here as a 
purely geometric application. It is, however, also of considerable 
importance phi’^sically in connection vath field problems, as we shall 
see in Chapter X. 

(h) Dynamics. Of fundamental importance in mechanics are 
Nen'ton’s three laws of motion, which we state here for ready reference. 

I. A particle persists in its state of rest, or of motion in a straight 
line with constant velocity, unless some force acts to change that state. 

II. The rate of change of momentum of a particle is proportional to 
the force acting on it and is in the same direction as the force. 

III. Action and reaction are equal in magnitude and opposite in 
direction. 

The second law, which includes the first as a special case, states that 
the force F acting on a particle of constant mass m moving with varj^- 
ing velocity v is proportional to the time rate of change of the mo- 
mentum mv, or 

d dv 

F = k — (mv) = km, — = k7na, 
dt dt 


where a = dv/dt is the acceleration of the particle and /c is a constant 
of proportionality depending upon the system of units employed.* 
^fiien e.g.s. (ccntimeter-gram-second) units are used, so that mass is 
measured in grams and acceleration in centimeters per second per 
second, we may take F in dynes, so that A: = 1, or we may take F in 
grams, so that k — l/g, where g is the gravitational constant, approx- 
imately equal to 980.5 cm./sec.^ Wfiien f.p.s. (foot-pound-second) 
units are used, so that mass is measured in pounds and acceleration 
in feet per second per second, F may be measured in poundals, making 
A: = 1, or in pounds, making k = l/g, where now' g = 32.17 ft./sec.^ 
apjiroximately. 

Consider now* a mass of 100 lb. being drawn along a rough surface. 
Ut the force in the direction of motion be 30 lb., let the force of friction 
be 20 lb,, and lot there be an air resistance whose magnitude in pounds 

Sec Appendix. 
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« equal to tmee the speed in feet per second at any instant. If the 
body starts from rest at time t *= 0, nhat •u-ill be the vclocit}' and the 
dispheement from the initial position at time t? 

Let X (it ) be the displacement from the initial position (x *= 0), 
and let v (ft /see ) bo the vdocity at time i (sec ). Here the force acting 
in the direction of motion i\ ill be positive, and the forces opposing the 
motion will be negatixe Consequently the resultant forco F (lb ) will 
be 30 — 20 — 2e *= 10 — 2t, and we ha\e as the equation of motion 


10 - 2v 


100 dv 
g dl * 


( 8 ) 


xxhcrc j7 = 32 17 ft /sec.^ This is a differential equation of the first 
order in wluch the variables are separable, so that xxc xvnto 


dp 

5 — e 


— dt 
50 


(9) 


Instead of finding the general solution of (9) and then determining the 
arbitrarj constant, it is more conxcnicnt to integrate (9) between 
limits Smee the bo<ly starts from re^t at time t = 0, we liaxo f =■ 0 
when t » 0 This corresponding pair of x’alucs xxjil senT as lower 
limits m our integration, the upper limits being « «= e and i ^ t 



and 


t* 


dx 

Tt 



5 — 1) 
5 


ft 

60’ 




“ 5(1 — c ft /sec. 


( 11 ) 


Likcwi-e, since x ■» 0 w hen i « 0, w e get 

) dx « r 5(1 - di, 

*'0 *^0 

( 50 50\ 

X « 5 ( t + — )ft. 

\ g g/ 


( 12 ) 


1/pntion.s (11) and (12) pic us tlio iclocity and di.'-placcmcnt as 
functmns of t 
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We see that both v and x are zero for i — 0, as they should be. 
ISIoreover, both v and x increase with increased i, but x increases mth- 
out limit wliile v tends to a limiting value: 


lim V = 5 ft. /sec. (13) 


This agrees vdth the value of v found by setting dv/dt = 0 in equation 
(8). The values of v and of x at a particular time t are readily found 
by using a table such as Peirce’s.* Thus, when i = 1 sec., we get 

- 5(1 - C-32.17/60) 51^1 _ e-0.0434) 

= 5(1 - 0.5255) = 2.37 ft./sec.. 




1 + 


50(0.5255 - 1) 
32.17 


= 1.31 ft. 


(c) Chemical solidions. Consider a tank initially holding 100 gal. 
of a salt solution in which 50 lb. of salt are dissolved. Suppose that 
3 gal. of brine, each containing 2 lb. of dissolved salt, run into the 
tank per minute, and that the mixture, kept uniform by stirring, runs 
out of the tank at the rate of 2 gal./min. Find the amount of salt in 
the tank at any time t. 

Let Q be the number of pounds of salt present at the end of t min- 
utes. Then dQ/dt will be the rate at which the salt content is changing. 
This in turn vill be the number of pounds gained per minute ovdng 
to the inflow of brine, minus the number of pounds lost per minute 
owing to the outflow of the mixture. The rate of gain will e'vddently 
be 3 (gal./min.) X 2 (Ib./gal.) = G (Ib./min.). Let C (Ib./gal.) de- 
note the concentration; then the rate of loss vnll be 2 (gal./min.) 
X C (Ib./gal.) = 2C (Ib./min.). Now the number of gallons of brine 
present after ( minutes will be 100 + i, since the original number, 100, 
is increased by 1 gal. each minute. Hence C = Q/(100 + t), and we 
get the relation 


rfQ _ g 2Q 
dt 100 + i 


(14) 


This is a line.ar differential equation of the first order (Art. 5), the 
integrating factor for wliich is readily found to be (100 -f 0". Thus 
we find, upon integration, the general solution 


(100 + i)-Q = 2(100 tf -f k, 

n. 0. 1 pircc, A Sliort 4 able of Integrals.” V\c sliall make frequent reference 
to this IWk. 
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vrlicre I is a constant. U<nng the uutifll conditions, Q «* 50 v,hcn 
< •= 0, no obtain L —1,500 000, and therefore 


Q « 2(100 + 0 


1,500 000 „ 

-Ib 

(100 + /)2 


(15) 


It IS seen that Q is an increasing function of t 
for example, wc ha\ e 




2G0 - 


1 500 000 
10,900 


At tlie end of 30 mm , 


1711b 


(d) ifrol^oir Experimental studies of the fion of heat in a body 
lead to the follomng law's 

I The quantity of heat m a bodj is proportional to its mass and 
to Its temperature 

II Heat /lows from a higher to a lower temperature 

III Tlie rite of flow acro;<s an area is proportional to tho area and 
to the tcmperiture gradient, j e , tho rate of change of temperature 
with respect to de^tince, normal to tho area 

lA?t us appb laws II and III to a problem in stead} -state heat flow, 
that IS, flow, tho rate of winch is independent of the time * Wc shall 
use c units Let g (cal /sec ) be tbe constant quant it} of heat flow- 
ing through an area A (cm ^), perpendicular to the direction of flow, m 
each second, let u (®C ) be the temperature at a point P of the bodj, 
and let x (cm ) be tho distance, taken as positii c in tho direction of flow , 
from some point chosen as origin to tho point P Tlicn b} law HI, the 
magnitude of q will be fif 1 dujdx, wlierc tlie constant fir is a propert} 
of the matcnal of the body and is called the thermal conductnita 
(cal /cm deg sec ) But, bj law II, the temperature decreases m the 
ihreclion of flow, and consequent!} du/dx will be negatue Hence wc 
ha\ c the relation 

du 

g - ~hA -- (16) 


Now consider a cihndncal pipe containing steam and colored 
with an lasulatmg matcnal of thermal conductnit} h Ix-t the 
timer and outer radii of tlie insulating c}hndncal shtU be Xi and xj 
respectn cl\ , and let the corresponding timperaturcs be «i and «. 
re*>t)cctiiel} Under slcad}-5Lite conditions, belt will flow radialli, 
and the area 1 perpendicular (o the direction of flow wall lie the later d 
surface of a c} Iinder of radius x, where Xj S x :S xj I or a length L 

• TIw morr Rmrtwl pro! !om of t rat flow at a rate raomg with tl e tiint, I a li 
to a jBvruaJ d 'Trn ami rqailion ht Owpltr \ II Art 71 
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(cm,) of pipe, '''’e therefore have A = 2ttxL, and consequently our 
differential equation (16) here tahes the form 

dit 

g = -2TrKLx — (10 

dx 


Separating the variables and integrating between limits, we get 




dx 

X 


-27rKL du 


J r*U2 

Ul 


and 


gin — = — 2 TrKL{ii 2 — ^^i), 

Xi 


2-xKL(tti — « 2 ) 
In (xz/xx) 


(18) 


Hence the rate of flow of heat through a cylindrical shell is directly 
proportional to the difference of inner and outer temperatures and 
inversely proportional to the logarithm of the ratio of outer to inner 
radius. 

(c) Elcdric circuits. We shall consider here merely a simple circuit 
containing a resistance and an inductance in series with a source of 
electromotive force (c.m.f.).* Resistance is that circuit parameter 
which opposes the current, and which causes the dissipation of energy 
in the form of heat. If a potential drop Er (volts) across a coil is pro- 
portional to the current I (amperes) flowing through the coil, we have 
Ohm’s laAV, 

Er = RI, (19) 


where R (ohms) is the resistance. Inductance is that circuit parameter 
which opposes a change in current, and is analogous to inertia in 
mechanics. If a change in the magnetic flux linking with a circuit, 
duo to a variation of cuiTcnt flowing in the circuit, gives rise to a counter 
e.m.f., there will be a corresponding drop in potential El proportional 
to the time rate of change of current, 

dl 

( 20 ) 

whore L is the inductance and t the time; when El is given in volts, 
I in amperes, and t in seconds, L will be measured in henries. 

* St'rii's rirruU.'s containing resistance, inductance, and ciipacitanco arc considered 
in An. 14 '(d). .More complic.atcd network problems are discussed in Cliapter XI. 
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The fundamental lavvs for clectnc arcuits and networks arc known 
as IvtrchliofT s laws 

I TIio algebraic sum of all the potential drops around a closed 
circuit la zero 

II The algebraic sum of all the currents flowing mto a junction is 
zero 

In dealing with a single closed circuit, onl> law I is needed For 
our ease, it leads immediately to the relation 

dl 

dt 

or 

( 21 ) 

dt 

nherc E is the impressed c m f and I is the instantaneous current at 
time t Let us soh e the differential equation (21) under the assumption 
that a constant e m f E la impressed at time / = 0, no current ha^ mg 
floucti previously Since the variables are then separable, we have 

dl dt 

Jo E~^7i! “Jo 

— 727 

In - 

E 

/ = £ (1 _ ( 22 ) 


L' 



m 


Inspection of equation (22) shows us that the current increases with 
increase of t and approaches as a limit the Ohm'a law value E/R 
Usually the ratio It/L is numerically large, so that after only a short 
tune the current value 7 dilTers from E/R by a negligible amount 


(/) Dejlcdion oj beams Con- 
sider first a rotl under tcn'^ion 


2 2), and assume that 

Hooke’s law is olxiyed so that 
the force F is proportional to the elongation e produce<l Tlie work 
clone by the force F •• ke wall then bo 


Vr \ F de m iC edr ^ 
do do 
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Tlius the "vs-ork done is equal to the product of the average force, 
^ and the distance through vliich the varjdng force acts. 

“ We now think of the rod as being a fiber of a small piece of a bent 
beam (Fig. 3). Let A A (ft.^) be the cross-section area of the fiber and 



let S (lb./ft.‘) be the stress per unit cross-section area, so that the force 
S AA now corresponds to an elongation Ac (ft.). If As (ft.) is the nat- 
ural unstrctched length of the fiber, Ae/As is the stretch per unit 
length. Consequently we have, by Hooke’s law, 

Ac 

S = E — , (23) 

As 

where the constant of proportionality, E (Ib./ft.^), is Young’s modulus, 
or the modulus of elasticitj'. 

I’lie surface containing those fibers whose lengths are unaltered 
when the beam is bent is called the neutral surface. The cunm of one 
of these fibci-s, BB\ is called the clastic curve of the beam. The line 
^ Y', Ijing in the neutral surface and shown in the cross-section view 
of Fig. 3(6), is called the neutral axis for that section. Let R (ft.) be 
the length of BC, the radius of cun,-ature of the fiber BB', and let z 



23 ORDIN^Un DIFFEREVniL EQUATIONS [Cinr I 

(ft ) be the distance of A. I from AW' Tlien A\e In\ c the proportion 


The moment of the force 5 AA about AW' is zS A^l Summing 
all Fuch moments o\ or the cross-section of the be im, u e get the bend- 
ing moment M producing the deflection of the beam 

M 1 -=J‘zE~dA = 

bj (23) and (21) But the last integral represents the moment of 
inertia I (ft"*) of the cross-sectional area of the beam with respect 
to the neutral axis AW' Hence 

FI 

(25) 

R ^ 

Since the force SA/1 acting on the fiber of length As corresponds to 
the elongation Ac, the work done m deforming this fiber, and hence 
the potential energ> stored in the filler is Air = AA Ac Making 
use of relations (23) and (24) \ic then get 

All = ^ /: ^ AA Ac = ^ Z72= AA 
2 As 2 


Intogriiting first o\cr the area A we find that tlie potential cncrg> 
storeil in the portion of tlio beam of length As and radius of cmaature 
li is \L/ As/li“ integrating again along the entire length L (ft ) of 
the l)Cam we get 

"■“fri 

?iS peA-eiVi-rtA rntTfO Atirt-A titi \Vie Vieinn 

Now we ha^o, from difTcrcntial calculus, 


Mlien the lionding w small, jT is small, and wo maj neglect \f‘ in com- 
parison with umti , obtaining the close approximations 

.-i, j.,-* 
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Using these approximations, equations (25) and (26) become 

M = Ely", 

El , 

TF = — I 
2 Jq 


(27) 

(28) 


Formula (27) is applied in several problems in tliis chapter; formula (28) 
will be used in connection with the beam problem of Art. 52, Chapter V. 

Suppose that the beam rests on supports at the ends and is slightly- 
bent under the action of a number of concentrated loads (Fig. 4). 


Ax 


b' 

I 

I 


M^l 


fiM+AAf 




Fig. 4 


Take two sections, aa' at x and bb' at x Ax, with no forces between 
them acting on the beam, and let ilf and M + AM be the bending 
moments at the two sections. We now define the vertical shear Q 
at the section aa' as the algebraic sum of all the vertical forces acting 
on the beam to the left of aa', including the reaction at the end. 
Choosing the upw'ard direction as positive, Q will be positive or nega- 
tive according as the resultant force to the left of aa' is upward or 
domiward. For the difference between the bending moments at the 
two sections, we have approximately 


whence, in the limit. 


Ailf = Q Ax, 
dM 


(29) 


Using the approximation (27) for M, (29) becomes 

Ely'" = Q. (30) 

Suppose now that the beam carries a load q per unit length. Then 
AQ, the (negative) increment in Q in going from section aa' to section 
bb', is approximately 

AQ = —q Ax, 

which gives, from (30), in the limit, 

EE/'' = -g. 


(31) 



30 


{CnAt I 


0IU)1N\R\ DIFFERENTIAL EQUATIONS 

When this equation w used uath the y-axis positi\c toward the con\cx 
fide of the cun c, as m the application of ^Vrt 25, Chapter II, it becomes 

Ely^^ = 5 (310 

As an example let us find the equation of the clastic curve of a 
beam L ft long resting on supports at the ends and shghtly bent under 
ft uniform load of q Ib /ft W e take the ongm at the left support and 
the y-axis pa'itivc upwards, then consider the bending moment at a 
section through P at a distance z from the ongm (Fig 5) We set the 



expression for bending moment at P, Ely*' (equation (27)), equal to 
the sum of the moments of all the forces acting on the beam on one side 
of /*, saj to the left Since r/' la positiv o on a curv c w hen it is concav o 
toward the positive direction of the y axis, we write a moment as posi- 
tive when it tends to produce concavity in the direction of the positive 
y-axis Since y" is ncgativ e on a curve when it is concav c tow ard the 
negative y axis, we write a moment as ncgativ e when it tends to produce 
concav itj m the direction of the ncgativ e y axis Tlic load qL is equally 
distributed on the supports causing an upward force qL/2 at the left 
support, and the load on acting downward at the middle point 
of OP, IS qz The difltrcntial equation of the elastic curv c of the beam 
is therefore 

^ (32) 


Here x an<l y arc in feet, E m pounds per square foot and I in feet to 
tlio fourth power Integrating 


r//* 


+ El 


ybar qp 

* 1 r 

Since / - 0 when x “ L/2^ » — 9 L^/ 2 I Integrating again, 

12 “ 27 “'^ 


Ely 


- + C2 
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Since x = 0 when y = 0, C 2 = 0, and the elastic cun-e of the beam is 


y = -j- (a;^ - 2Lt^ + L^x). 

^ 77TT 


UEI 

The maximum deflection is the value of -y when x - LI2, that is 

(J} 2L^ L^\ _ 

4- _ _ 


Max. defl. = 


:r- 


2L* 

24El\ia "^'*’2 


We could have obtained the differential equation (32) by starting 
with equation (31), Eh/'’’ = —q 

Integrating, 

Ely'" = -qx + C. 

Since the shear Q == Ely'" = 0 when x = L/2, C = qE/2. Integrat- 

qj? 


mg again, 


-2 qL 


Ely" = - — + — a: + C'. 
2 2 


Since the bending moment iUT = Ely" = 0 when a; = 0, C' = 0. 


Hence 


qx^ qLx 
Ely" = -i— + 

2 2 


It is clear that this differential equation (32) holds for any position 
of the point P, that is, for all values of a- in the range 0 ^ x ^ L. 
Accordingly, we are justified in using deflection values y and slope 
values y', wlicrever they are known in that range, for the evaluation 
of the constants of integmtion Cj and C 2 , and the resulting elastic 
cun'c equation i.s valid throughout that range. 

Suppose now that our beam, of length L ft. and simply supported 
at its ends as before, carries a concentrated load of TP lb. at its center 
instead of a uniform load of q Ib./ft. Then for any point P in the left 
half of the beam we have 

EIyi=—x, 0 ^ 1 ^-, (33) 

and for a section in the right half, 

ir f L\ IF ^ L 

Elys =jx-l\{x--j^j(L-x), -^x^L. (34) 

hVing the conditions yi = 0 for x = 0, yj = 0 for x = Z,/2, (33) yields, 
as the equation of the left half of the elastic curr-e, 

Elyi == - 3L^), 0 g X g L/2; 


(35) 
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pimilarly, with yj = 0 for x = I< and = 0 for x — hl2, we pfii 
EIv 2 ^ ~ + 4ar), Z,/2 g x ^ L, (30) 

for the right half of the elastic cun c Because of sjanmeto , only (33) 
and Its fcolutjon (35) arc needed in this particular problem; (34) and 
(3G) are obtainable, if dcsirctl, by replacing x by i - x m (33) and 
(35), rcspcctu cly 

mOBLEMS 

1 Fitiil U\c orthogonal ttaiccloriea of the family of hjpt rliolas x* — if “ <7 

2 . Find the orthogonal trajectoiy, tlirough the jwint (0, 1), of the sj-stem of 
curves u — 2z + ce* 

3 Find the orthogonal trajcctoncs of the ollip«5os -Iz' + y* -■ ex 

4 Find the curtTs that cut the circles i* + y* — c at nn angle of 45” 

B If a cjlmdncal can with vertical axis contains a liquid and n rotated about 
Its a«3 mth constant angular xclocity «, show tliat the surface of the liquid forms 
a pamlioloid of re%olution 

6 A 20-lb n Light mor'cs in a honzonlal straight line under the joint action of 
n constant force of 12 lb in the direction of motion, and a resisting force whose 
magnitude m pounds is equal to four times the instanlaiieoua vclocitj m feet per 
second If the body starts from rest, find its vclocitj and the distance tra>flc<l 
after J see 

7 \ weight of 100 lb falls from rest If the rtsLstancc of the air is propor- 
tional to live spL-ed nnd if the hnutmg speed is 173 ft /blc , find the sjwetl at the 
end of 5 see 

8 A bcnly falls in a medium ofTenng resistance proportional to the speed at any 
instant If the htniUng spixxl is 50 ft /sec , and if the bod> attams half tliat sjiecd 
in 1 sec , wliat was the initial sliced? 

8 A 10-lb weight is projected downward with an initial silocity ol 15 ft /sec 
If tlic air resistance is projiortioml to the sjiewl and if the limiting spew! h 30 
ft (iCC, how far has the IjoiIj traveled when it has reached a sjiced of 20 
ft mc.7 

10 A 100-lh weight falls from rest against resistance proportional to the speeil 
at an3 instant If the body attains speeds of ci and it ft /wc after 1 and 2 sec 
in motion respectivelj, find an expression for the limiting ixlociti 

11 A lO-lb weight falls from rest agsmst n resistanci proportional to thcsjxtsl 

at Bn> time ( (««c ) (a) I,etting L (ft wc ) denote the limiting sjieod, fm I an c*- 

pres^ion for Uie veloritj c (ft fme) (lij Hnd tlie mito of the times rtqmrwl to 
nach j and of the limiting sjiced 

12 A l)ody falls from n-st against resistance proportional to the square rwit of 
the s,>efxl at any instant If the limiting sjieeil w 30 ft /sec , find th« time required 
to attain a sjsssl of 25 ft *er 

13 A ItVfii weight fails from rest against a rrststanre pnqiortionai to f*. where 
r (ft see ) Is tlH* s|>ccfl If the limiting sjiewi m 3 ft /sec , how long will it tail the 
iKsly to attain a sjsxti of 2 ft /sec *• 

14 A ls>|j falls from n-sl against a resistance prtijKirt tonal to the ctilie of tie 
»I>eesI at an> in-fant If the limiting Is 10 ft /e<-c , find the time required to 
attain a ef#«-<l of g It /nt 
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16. A body falls into a liquid of the same density as the body. The entering 
velocity is IG ft./sec., and the velocity 1 sec. later is 9 ft/sec. Assuming resistance 
proportional to where v (ft./sec.) is velocity, find the time required for the speed 
to bo reduced to 10% of its initial value. 

16. A body falls into a liquid of the same density as the body, the entering 

velocity being 1 ft./scc. at time t = 0. When t and / = (2 sec., the velocity 
has the respective values ai and V 2 ft./sec. Assuming that the resistance is propor- 
tional to a'* (n 1), show that the constant n satisfies the relation “■ 1) = 

— 1), and hence may be determined. 

17. A rope is wound on a rough circular cylinder of radius a (ft.) and with hori- 
zontal axis (Fig. G). Let the coefficient of friction be /i, 
lot T (lb.) be the tension in the rope at any point P, and 
lot Q be the angle AOP, Neglecting the weight of the 
rope, show that, wlien the rope is on the point of slipping 
in the countercloclavise direction, 


whence 


do 

T . 





whore To is tlie tension at A. 

18. Jf the rope of Problem 17 is of linear density p (lb, /ft.), show that when 
friction is neglected the tension T is given by 

dr 

pa COSO, 


whence, assuming T — 0 for 0 — 0, 

r = pa sin 0. » 

19. (a) Taking into account both the weight of the rope of Problems 17 and 18, 
and the friction, show that 

— = pr + pa(cos -f p sin 0). 


{b) If one end of the roj)e is at the level of the axis of the cylinder and the other 
h.angs down to a distance L (ft.) below the axis, show that 


L = 


2pa 

r+p" 


(1 + 


W If one end of the rope is nt the top of the cylinder and the other is at the 
level of the .axL®, show that 

tan 2a = 

where p t= tan a. 

20. A particle moves in a horizontal lino acted upon only by an attractive force 
which vari'S iin-en-ely as the cube of the distance j- from a fixed point 0. If the 
particle Marts from rc.st when x = 20 ft., and if x = 10 ft. when I = 1 sec. find 
tlie lime it take's to tnivcl three-fourths the total dist.mrc to 0, 

21. A particle of weipht ir (lb.) is con«trainoii to move in a horizontal circular 
path of radius a (ft.), (o) If the particle is .subjected only to a re.sLstance propor- 
tmnal to the square of the speed at any instant, show that the differential equation 



3t 


OUDIWin DIH-ERINTIAL EQUATIONS 


(Ciur I 


of motion maj t»e w nttcn as 



tihrre e (rati) is t!ie angular tli^plawment and t is tune (6) If the particle 
fltarta mlh an initial spwl id (ft /M“c ), shoii tliat 

22 \ jiarticle moits from rest at a distance of 1C ft from a center of attraction, 
the force larjnng invtrsclj as the threc-hahes power of the distance, and the initial 
acteleralion Unng I ft /stc * rmd the time required to reach the center 

23 \ particle falls from rest toward the earth (radius It — 39GO miles) at a 
di«tance It from the earth s surface Using the inverse square Ian of attraction, 
fimi the time required to reach the earth 

24 Two electneally charged jiarticles repel each other with a force vaiying in* 
vetveh as the square of the distance between them. One particle is fixed, and the 
other of weight 2 grams, is free to move without friction Initially both jnrticles 
ait at rest and 20 cm apart fn) Umd t\ie initial force of repulsion if the velocity 
la 100 cm,/scc when the particle's are 40 cm apart (6) Determine the time re- 
qmretl for the particles to lie SO cm apart 

25 A tank initially contains 50 gat of fresh water Onne, containing 2 Ib /gal 
of salt, flows into the tank at the rate of 2 gal /min , and the mixture, kept uniform 
by etimng, runs out at the same rate How long w ill it take (or the quantit J of 
salt in the tank to increase from 40 to 80 lb 7 

26 A tank eontaias 50 gal of fresh water Bnne contaimng 2 Ih/gal of salt 
runs Into the t ink at the rate of 2 gal /mm , and the mixture, kept uniform by 
stirnng runs out at the rate of 1 gal /mm Find (a) the amount of salt present 
when the tank contains CO gal of bnne, (fc) the concentration of salt in the tank 
at the end of 20 min 

27 A tank onginally contains 100 gal of bnne holding tOQ lb of salt in solution 
Two gallons of bnne each containing 3 Ib of dissolved salt, enter the tank p<r 
minute and the mixluTe, assumoil uniform, leax cs at the rate of 3 gal /min (a) 
Ilnd the tunc for the concentration to reach 00 **0 of its maximum value (5) Find 
the maximum amount of salt in the tank, and sketch a graph showing the sana- 
tion of salt content with lime 

28 A tank conLains 100 gak of bnne Three gallons of bnne, lach containing 
2 111 of dissol\e<l salt, enter the tank per minuU, and the mixture, assumed uni- 
form, IcaxcH at the rate of 2 gaL/rain If the concentration is to Ik* 1 8 lb /gal at 
llie end of 1 hour, how many pounils of salt should there be present in the lank 
onginally"^ 

20 \ tank contains 100 gal of water Bnne containing A lb /gal of salt enters 
tie lank at the rail of 3 gal/min The mixture thoroughly slirresl Icft\a*s the 
tank at the rati of 2 gal mm If the eonecnfrntion U to lie 2 lb /gal at the end 
of 20 mm , find tbi value of A 

30 \ lank contains fn-sh wntir Bnne hoi ling 2 lb /gal of salt runs into the 
lank at the ran of I gal /min , ami tin mixture, nswumed uniform, runs out at the 
rate of 3 gal nun If tlie ren-entration is to reach of its maximum aahie m 
3rt mm , Imw many gallons of water shmil 1 th< re In' in the tank onginally 7 

31 A tank hoi Is lOO gal of bnne Bnne contairung 4 lb /gal of wilt flows into 
tj;i» tank at the rale of 1 gah/min , an 1 the mixture, kept uniform, flows out at the 
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rate of 2 gal/min. If the maximum amount of salt in the tank occurs at the end 
of 20 min., what was the initial salt content of the tank? 

32. Tank A initially contains 50 gal. of brine in which 50 lb. of salt are dissolved. 
Two gallons of fresh water enter A per minute, and the mixture, assumed uniform, 
passes from A into a second tank B, initially containing 50 gal. of fresh water, at 
the same rate. The resulting mixture, also kept uniform, leaves B at the rate of 

2 gal./min. Find the amount of salt in tank B at the end of 1 hour. 

33. Tank A contains 100 gal. of brine holding 50 lb. of salt in solution, and 
tank B contains 100 gal. of water. If the brine runs out of A into B at the rate of 

3 gal./min, while the mixture, kept thoroughly stirred, is pumped back from B to 
A at the same rate, when will A contain twice as much salt as B? 

34. A pipe 20 meters long and 30 cm. in diameter contains steam at 100® C. 
The pipe is covered by a laj'cr of insulation 10 cm. thick and having a thermal 
conductirity K = 0.00225 cal./cm. deg. sec. If the temperature of the outer sur- 
face of the insulation is kept at 35® C., find (a) the beat loss in calories per hour; 
(h) the temperature halfway through the insulation. 

36. A pipe 20 cm. in diameter contains steam at 100® C. and is covered with a 
certain insulation 5 cm. thick. The outside temperature is kept at 40® C. By how 
much should the thickness of insulation be increased in order that the rate of heat 
loss shall be decreased 20 %? 

36. A steam pipe of radius 3 cm. and at 100® C. is WTapped with a 1-cm. layer 
of insulation of thermal conductivity 0.0003 cal./cm. deg. sec. and then that layer 
is wrapped with a 2-cm. layer of insulation of conductivity 0.0002 cal./cm. deg. sec. 
At what temperature must the outside surface be maintained in order that 0.008 
cal- will flow from each square centimeter of pipe surface each second? 

37. A pipe, 10 cm. in diameter, contains steam at 100® C. It is to be covered 
\rith two coats of insulating material, each 2.5 cm. thick, one of asbestos (K = 
O.OOOGO c.al./cm. deg. sec.) and the other of magnesia {K = 0.00017 cal./cm. deg. 
see.). If the outside surface temperature is 30® C., find the heat loss per hour from 
a meter length of pipe when the asbestos is inside and the magnesia outside, and 
vice versa. Compare the two results for efficiency of insulation. 

88. Generalize Problem 37 as follows. Let r be the radius of the pipe, let A'l 
and /\2 be the thermal conducti\dt!es of inner and outer coats, respectively^ let t 
be the common tliickncss of the two coats, and suppose the pipe and outside tem- 
peratures to be fixed. Show that less heat loss is obtained when /Cj < A' 2 . 

39. According to Newton's law, the rate at which heat is lost by a heated body 
is proportional to the difference in temperature between the body and the sur- 
rounding medium when that temperature difference is small. If a thermometer is 
taken outdoors, where the temperature is 5® C., from a room in which tlie tem- 
pernturt' is 20®, and the reading drops 10° in 1 min., how long after its removal 
will the n-ading be 0®? 

40. An inductance of 2 henries and a resistance of 20 ohms are connected in 
series with nn o.m.f. of E volts. If the current is zero when time i = 0, find the 
current at the end of 0.01 sec, if (a) E = 100 volts; (5) E = 100 sin 150/ volts. 

41. A constant inductance of J henn* and a variable resistance R are connected 
in series with a constant o.m.f. E (volts). If 7? = 1/(5 + /) (ohms) at time / (sec.), 
and if tlie current / *= 0 at / ==» 0, what is E to be in order that the current be 
30 amp, when / « 5 sec.? 

42. A coil of inducbince 1 henry and resistance 10 ohms is connected in series 
«-i!h tm tm.f. of To sin lOf volts, where I (sec.) is time. When t = 0, the current 
I (ninp.) k zero. If / = o amp. when I — 0.1 sec., what must be the value of Eo? 
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43 An induetanw of 1 hcnr> and a resistance of 2 ofima are connected in «!enea 
with an e mf of Te”* %olta No current is flowinR initiallj (a) If the current 
/ ■■ 10 amp alien t — 1 sec , hoa much must E be? (b) If £ — 50 volta, when 
will (he current lx* 5 amp ’ 

44 An inductance L Oiennes) and a resistance R (ohms) are connected in senes 
with an e tn,f of F e~*' volts w here E and a arc positive constants and t is tunc 
(■<iec) Initiallj the current I (amp) is lero Find an expression for / as a func- 
tion of t and liclermine at nJunt time the current rcachca its maximum \alue 

46 When a resistance R (ohms) and a capacitance C (farads) are connected in 
senes mth an e m f E (volts), the charge Q (coulombs) on t)ie condenser and tire 
current I (amp ) are pven bj 




'^57 + c 


dt' 


If K — 2000 ohms C 5 X 10“* farad and / «■ 10 amp for t •» 0, find the cur- 
ia nt when 1 " 001 sec if (o) £ 100 aolts, (5) E •• 100 sm 120vl volts 

46 An e m f of 100 volts is applied to a circuit containinR a resistance of 1000 
ohms and a capacitance of 5 X 10“* farad in fcncs \\ hen tlie condenser w fuU\ 
clnrjred and eurrent no lonpir flows through the resistance, the e m f is removwl 
anil tlu circuit clostsl V sing the relations of Froblcm 45 find the current and the 
charge on the condenser 0 01 sec after the removal of the e m f 

47 Ibidmm decomposes at a rate proportional to the amount present If lire 
fialf-pen«l ls ICOO jenrs i e , if lialf of any giirn amount is decomposed in ICOO 
jesrs, find the percentage remaimng at the end of lOO years 

48 In a certain chemiml reaction a molecule of one sulistance A combines mth 
one of a second substance R to form one molecule of C If a and 6 are the amounts 
of A and B rcspectivilj , at time t ■« 0 the amount of C at time 1 is given ba 

^ - 1.(0 - i)(5 - r ). 


where it Ls a constant and jr 0 when t ^ 0 If i — 1 when 1—10 mm , find z 
at the end of 20 mm (a) w hen a — 4 5 ■■ 3, (b) when a “ 5 ■■ 4 

49 A tant of cross-sectional area A (ft*) at water kvel lias an onfiec of area li 
(ft *> at the liottom It h (ft) is the depth of water in the tank at any time 1 (sec ), 
the rate of flow from tire tank is g»-en bj 

A ~ - -OCBV^, 

where •• 32 17 ft /see * JlnA the ume Trt}ij>ret} to empty a eyhnAncti lank 4 it 
in diameter an<l 8 ft long through a hole 2 in in diameter if the tank is imtiatl> 
full an 1 Ita axw is (a) vertical, (b) honiontal 

60 Two tanks one m (lie form of a nght circular cjlinder with aerlieal axis and 
lleotlrer a right nrcularcone with vertix down hate equal liase rnilii and identical 
otificcn If the time required to empty completely U the same for lioth tanks, find 
(he ratio of llreir altitu Irs 

61 A lank in the form of a nght circular rone with vertex down has an onfire 
at tire Irtttom whose area, controls d hy a flait vahe is projiortional to the dipth 
of aratcf in the tank at each jn«tant Of the tinu to empty completely, wtiat per- 
fcntage is Tcquiml for half tire volume of water to eecapi’ 

62 (a) If p (lb In*) Is the atmospfrenc firevaire and p (lb /in*) is the d<*n.«ity 
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(6) Assuming that p is proportional to p, and taking p = 14.7 and 12.0 lb./in.“ at 
the surface of the earth and at a height of 1 mile, respectively, find the pressure 
at a height of 3 miles. 

63. Using the same data as in Problem 52, but assuming that p is proportional 
U) p^’\ find the theoretical height of the atmosphere. 

64. If sea wjiter under a pressure of P Ib./ft." weiglis 64(1 + 2 X 10"®P) Ib./ft.^ 
find the weight of a cubic foot of water at a depth of 2 miles below sea level. 

66. A beam L ft. long is held horizontal at its ends by having its ends embedded 
in masonry. Find the equation of the elastic curve and the maximum deflection of 
the beam if it carries a uniform load of q Ib./ft. Note: This problem differs from 
the example of the text in that there is, in addition, an unknowm moment exerted 
by the masonrj’' which keeps the beam horizontal at the end; but we also have the 
additional condition that dy/dx — 0 at the end. 

66. Work Problem 55 if, in addition, there is a concentrated load of P lb, at the 
middle point of the beam. 

67. A cantilever beam (one end free and the other fixed horizontally) of length 
L ft. weighs q Ib./ft. and carries a load of P lb. at its free end. Taking the origin 
at the free end, find the equation of the elastic curve. Show that the same effect 
at the free end can be produced by distributing a load of W lb. uniformly along 
the beam as by applying a load of 37.5% of W lb. at the free end. 

68. A beam L ft. long, weighing q lb* /ft., is simply supported at one end and is 
fixed horizontal^’' at the other. Find the distance from the simply supported end 
to the point of maximum deflection. 

69. A beam 12 ft. long and weighing 2 lb. /in. is simply supported at two points 
35 in. from each end. Determine whether the middle point of the elastic curve is 
above or below the level of the points corresponding to the supports, and draw the 
elastic curve. 

GO. A 12-ft. beam, weighing 20 Ib./ft., is simply supported at its left end and 
.at a point 4 ft. from its right end. Tiiking the origin at the left end, find the equa- 
tion of the portion of the clastic curve between supports and the distance from the 
left end to the point of maximum deflection within that span. 

61. Making u.^e of the result of Problem CO, find the equation of the portion of 
the elastic curve for 8 ^ r ^ 12. 

62. A beam G ft. long and of negligible weight is simply supported at its ends. 
Two concentrated loads, each equal to 100 lb., arc supported at the points of tri- 
section of the beam. Find the distance from an end to the nearer point where the 
deflection hits half its maximum value. 

63. A beam S ft. long is simply supported at its ends. Three concentrated loads, 
each equal to P !h., are supported at distances 2, 4, and 6 ft., respectively, from 
onc’ond. Neglecting the weight of the beam, find the maximum deflection. 

^ 61. One end of a 2-ft. beam is fixed horizontally in masonry, its midpoint is 
riinply supiwrted, and a concentrated load of 20 lb. is applied to its other end. 
Neglecting Uje wiaght of the beam, find the reaction at the simple support. 

65. A beam 4 ft. long and of negligible weight is simply supported at its ends 
and c^irries n load of 100 Ib./ft. uniformly distributed over the central 2 ft, of its 
length. Mnd the ratio of the maximum deflection of this beam to that of a simply 
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«upport«] 4 ft beam having the load of 200 lb uniformly distnbuted o\er lU 
«iHre length, 

66 \ 6-ft beam Mmpl) <upported at its jwints of tn«cction, carries a load of 
0 lb at each end Neglecting the weight of the beam, find the ratio of the deflec- 
tion at the center to tliat at an end of the licam 

67 \ cantilever beim is 4 ft long and has a rectangular cross-section of breadth 
h ft and dejrth k ft. It Carnes a lo*id whose dtnsitj w ir lb /ft * and whose depth 
la proportional to the distance from the free end Neglecting the weight of the 
tieam find the maximum deflection 

68 \ lieam of hngth 2Z, ft , carrjing a uniform load of q Ih /ft , is supported 
at Its ends and at its middle point Taking the origin at the middle point. And the 
equation of the clastic curve of the nght lialf ol the beam Show tliat the maxi- 
mum ihfliction IS (39 + 55v/33 )i7bV2'®J?/ and that tliLs is 42% of the value it 
would have if the beam were cut m two at its middle l>omt 

69 A stmplj supported beam L ft long cames a concintratcd load of P lb at 
a dHtanee of e ft from the left end (n) Taking the ongm at the left end, find the 
er|uation of the elastic curve of the |>ortion of the Uam to the left of P and of that 
to the nght of P (6) If c < Z,/2, show that the distance from the left end to the 
jioml of maximum deflection is greater than e and less than L/2, and find the 
maximum deflection. 


PART n LINEAR EOLATIONS OF HIGHER ORDER 

8. Definitions and properties. In enginccnnK applications, the most 
important and most frequently occurring (IifTcrcntin! etiuations of onkr 
liiglier than the first are tho<«o calletl linear equations A linear lUffrr- 
cnttal equation of order n is one of the form 

d^l/ dy 

Oo(x) — + OiCo-) + + a^-i(T) ~ + a^iz)y « f(z), (I) 

dx" dx* ' dx 

vvhort oo Ol. . Un. / nrc functions of the independent tunable x 
<mb o«> 5^ 0 It denves its name from the fact that it is linear, j c, 
of the hrvt degree in the dependent variable y and its dcnvativcs 

We have alremly considered, in Vrt 5, the lincir equation of first 
onler and we found a formula m terms of the coefficients P and Q for 
the general solution of this particular linear c<iuation I nfortunntcl>, 
It js impossible to find a similar formula for the general solution of (1) 
when tt IS greater than umt> It is posMble, however, to fiml the 
general solutions of certain linear equations of special t>pcs, ns vve 
shall sec 

Ilefore tiisciming rnet!io<!s of solving an equation of the form (1), 
Itt us investigate the iiropcrties of such an eciuation Wc can detlttce 
one of tts properties from our knowlerlge about the first-onbr linear 
C4|uitinn, j 

Y + Py^ Q. 

di 


( 2 ) 
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It was found in Art. 5 that the general solution of (2) is of the form 

y = M + cy, (3) 

where u and v are functions of x determined from P and Q, and c is an 
arbitrary constant. Now if we set c = 0 in (3), we get a particular 
solution y = u] that is, 

(l + p)„.Q 

““ fp 

identically. Moreover, since y = e •' by equation (6), Art. 5, we 
have 

/ d \ —fPdx T\ ^ 

f — -|- Pj cv — —cPe + cPe •' =0 


identically. Thus the right member of the general solution (3) of 
equation (2) consists of the sum of two parts; one of these parts, n, when 
substituted for y in the left-hand side of (2) yields the function Q, 
while the other, cv, yields zero. In other words, y = m is a particular 
solution of (2), free of any arbitrary element, and y = cv is the general 
solution of the equation obtained from (2) by replacing the right 
nierabor b}'^ zero. 

This property of the first-order equation is possessed by the linear 
equation (1) of any order n. For, if y = Yp is any particular solution 
of (1), and if y = Yc, involving n arbitrary’- constants, is the general 
solution of the equation 


d'-y 


cP-hj 


dy 




dx 


dx 


obtained from (1) by replacing /(x) by zero, then 


o& 


d\Yp -h r,) 


dx” 


fli 


d”-Hrp -H Yc) 


dx 


,n — 1 


+ ---+On(Yp-l- Y,) 


( 4 ) 


/ d"Yp \ / d"Ye \ 

(oo— + • • •+ a„Ypj + (^a,~ + ...+ a„Y.j 


= / + 0. (5) 

Since y = Yp + Ye is, by (5), a solution of equation (1), and, more- 
over, is one containing n arbitrarj' constants, it is the general solution 

of (1). 

Any function I p, satisfying (1), is called a parltcidar mlcgral of (1), 
and the e.\prcssion 1 a satisfying (4), is called the complementary ftinc- 
ho.i of (1), An equation of the form (4) is said to be a homogeneous 
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Imear equation, an equation of type (1), with /(x) 0, is called 

nonrhomogeneous The result found ma\ then be stated as foUo\r« 
The general solution of a non homogeneous linear equation is made up 
of the “mm of a particular mtegral of the gi\cn equation and the 
general solution of the corrcspondmg homogeneous equation 
Xoa suppose that p = yi is anj solution of the homogeneous equa- 
tion (4), so that 

oq -pr + cj - - ■ + + OnPi ~ 0 (6) 

dr" dr" ^ 


identicallj Then y — cipi, where Ci is an arbitrary constant, will also 
«ati*f\ (4) For uc ha\ e 


d"(ciyi) d"~ 
Cq — b Oi — - 


‘(cit/i) 


-f OnCciyi) 


( d"ju 
‘ V ° dr" 


"b Qi 


d" Vi 
dr"-* 


+ + c«yi 


) = 0, 


b\ (6) If y = 1/1 and y ~ y 2 are anj two solutions of (4), we can 
«hou also that y ~ y\ + y 2 be a solution. For bj h^-pothesis we 
ha^e 


d"i/i d"-*i 

dr" dr" 

d"i/2 d"-*! 

“o “7^ + oi " 
dr^ dr 


-b o„yi « 0, 
-b OnVa « 0, 


whence 


d"(yi -b yj) . d"-*(y, + p^) ^ 

0 j";; d- fli — — r -b 


+ flnfyi d" Vs) 


d"yi d" V, 

* = Qo d- Oi -- ■ - d- OnUi 

dir dr” * 


<rp2 d" 
+ »o — + 


d-c-yr 


From these two facts it further folloivs that, if y = yi, y = yj, » 
p = Pn flJc n solutions of the homogeneous equation (4), the linear 
combination 

«iyi -b C2P2 -b Cnpnt 

where the c’s are arbitrary constants, will likewise satisfy (4) Now 
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it may happen that there exists among the functions yi, y2, yn 
a linear relation 

+ ^ 22/2 ^ H = 0 > (®) 

where the h’s are definite constants not all zero, satisfied identicallj’’ in x. 
For example, suppose that yi = sin x, 7/2 ~ cos x, 7/3 = cos (x + tt/S). 
Then since 

/ 7r\ TT . . TT 

7/3 = cos 1 X + - ) = cos X cos sin X sin - 

\ 3 / 3 3 

1 Vs . 

= - cos X sin X, 

2 2 


there exists the identical linear relation 


Vs 


2/1 — “ 2/2 + 2/3 = 0 , 


of the form ( 8 ) with bi = \/ 3 / 2 > &2 = “"2) ^3 = 1 - When a relation 
( 8 ) does exist among 7/1, 7 / 2 , ‘ * ‘j 2/n, these n functions are said to be 
linearly dependent; and when no such relation exists, the functions 
are linearly independent * liyi,y2, 2/n are linearly dependent, the 
linear combination ( 7 ) may be expressed in a form involving less 
than 11 arbitrary’’ constants. Thus, for 7/1 = sin x, yo = cos x, 7/3 
= cos (x + 7 r/ 3 ), we have 


CiVi + C22/2 + C37/3 = Cl sin X + C2 cos x + 


C3 

— cos X — 
2 


CaVs . 

“Sin X 

2 


= Cj sm a; + Co cos Xj 


where Ci = Ci — C3,Vs/2, Co = C2 + C3/2. If, however, yi, ya, ‘ yn 

arc linearly independent, the constants Ci, C2, •• •, c„ in ( 7 ) are all , 
c.=seiitial, and hence the linear combination ( 7 ) will be the comple- 
mentary function of equation ( 1 ): 


— Cif/i -{- C22/2 d f- c„ 7 /„, ( 9 ) 

and 7/ = 5 ’’,. will be the general solution of ( 4 ). 

"* 'Hiore nrc several wa>-s of testing a set of functions for linear dependence, the 
mo':! conunon of which depends upon the vanishing or non-vanishing of a functional 
determinant rallwl the Wronskian. It is beyond the .«ropc of tliis book to consider 
the tht'o!>- involved; the interested student is referred to E. L. Ince, "Ordinary 
Differmuial Equations,” 



42 


ORDINARY DIFFERENTIAL EQUATIONS 


[Chap 


In order to solve a linear equation (1), we therefore proceed as 
follows We first find n hnearly independent solutions y ~ yu V 
= y 2 , ,y — Vn of the corresponding homogeneous equation (4) and 
form the complementary function (9) , if f{x) = 0, = F# gives us the 

general solution of the equation If /(x) 5 ^ 0, we next find a particular 
mtegral Fp, then y ~ Fp + F* will be the general solution sought 
When the coefficients oq, ui, ,071 of equation (1) involve x, the 
process of findmg the general solution usually requires special methods 
When however, the a's are all constants, or when the given equation 
may be transformed mto a linear equation with constant coefficients, 
the methods for findmg the general solution are of an elementary nature 
We devote the remamder of Part II of this chapter to a discussion of 
these methods 

9 Operators In order to solve a linear equation with constant 
coefficients, 

d^V dy 

Uq V + + Un— 1 — + 0,ny ~ (1) 

dx dx dx 

we mtroduce the concept of a differential operator Let D be a symbol 
denoting the operation of differentiation with respect to the inde- 
pendent variable, 

( 2 ) 

dx 

D IS not a quantity but an operator, when placed to the left of any 
function of x, it mdicates that the function is to be differentiated, and 
the result of operating on the function wuth D is the derivative of that 
function Thus, 

D(3x2) = 6 a:, D(sm 2x) = 2 cos 2a:, D(ie*) = (x + l)e* 

We may generalize the definition ( 2 ) by wntmg D' to indicate the 
operation of findmg the rth derivative, 

(r« 0,1,3, ), (2) 

ox 

thus, 

D*(3x^) « 6 , D^(sm 2 x) = —8 cos 2 x, D’’(xe*) = (x + 

Although these operators are not algebraic quantities, they have 
many of the properties of such quantities, for they obey the following 
fundamental laws of algebra 

1 j j , f (I) The commutative law, o -f 6 » 6 -h a 

\ (II) The associative law, a (6 -|- c) = (o + 6 ) + c. 
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Multiplication 


(III) The commutative law, ab = ba. 

(IV) The associative law, a(bc) — (ab)c. 

(V) The distributive law, a{b + c) — ab + ac. 

(VI) The index law, a’‘o* = a’"*'®, r and s positive 

integers. 


By the formulas of the calculus, for u a function of x, we have 


analogously, 

(I) 

(D’- + D')m = (D® -b D0«. 

(II) 

pr ^ ^ [(pr + 35,) 

(III) 

(D^-D»)tt = (D®-D0w. 

(1^0 

D’'(D*-D0« = (D"-D®)D'm. 

(^0 

D’‘(D’ -b D0« = (D’'-D® -b D''-D')m. 

(\T) 

(D''-D®)m = 

Moreover, 

D’‘(cu) = cD^'u, 


when c is any constant. Hence we may say that these operators, and 
suras of such operators with constant coefficients, behave as if they 
were algebraic quantities, and may be manipulated algebraically sub- 
ject to the above laws. 

Using operator notation, equation (1) may be written as 

(ooD" + aiD"~^ -1 b a„_iD -f a„)y = f{x), 

or, biieflj'’, as 

<^(D)y = Six), ( 3 ) 

where 

<#)(D) = ooD" -f + * • • + On— iD -f- On- (4) 

We employ the funetional notation <#)(D) to indicate that the operator 
( 4 ) is a poljraomial function of D vith constant coefficients, and as such 
may be treated in accordance with the above laws in the same manner 
as any other polynomial in a single letter or argument. In particular, 
<;!'(D) may be e.xpresscd in factored form as the product of n linear 
expressions in D. If n, r-, • • • , r„ arc the n roots of the equation 

4>im) Hs oowi" + oim"-* 1- a„_im + On = 0, (5) 

we have 

p(m) £= ao(m. - ri){m - r2)- • -(ra — r„), 
and coirscqucntly 

<.(D) = ao(D - r,)(D - ro). • .(D - r„). 


( 6 ) 



44 ORDINAUY DIFFERENTIAL EQUATIONS (Chap I 

It should be noted that the roots n, rj, , Tn of the auxiliaiy equa- 
tion (5) may be arranged m any order, so that the order of the factors 
in (6) IS mimatenal 

Let us illustrate what we are domg by means of a concrete example 
Consider the operator 

<#»(D) - - 3D + 2, 

and let <^(D) operate on the function u — — 3 sm ar Then we have 

4>(D)u = (D2 - 3D -f 2 )(x 2 - 3 sm x) 

= D^(i^ — 3 sm x) ~ 3D(x^ — 3 sm x) + 2(x^ — 3 sm x) 

= 2 + 3 sm X — 6x + 9 cos X -h 2x^ — 6 sm x 
= 2 — Gx 4- 2x^ — 3 sm X + 9 cos X 
Now the roots of the auxiliary equation, 

= 771^ — 3to 4- 2 = 0, 

are 1 and 2 Hence 

<^(D) ^ (D - 1)(D - 2), 

or, alternatively, 

0(D) ^ (D - 2)(D - 1) 

Then 

0(D)u = (D - 1)UD - 2)(x^ - 3 sinx)] 

= (D — l)(2x — 3 cos X — 2x^ 4- 0 sm x) 

= 2 4- 3 sm X — 4x 4" G cos X — 2x 4- 3 cos X 4" 2x^ — 6 sm x 

= 2 — 6x 4- 2x^ — 3 sm x 4~ 9 cos x, 
or 

0(D)u = (D - 2)[(D - l)(x2 - 3 sinx)] 

= (D “ 2) (2x — 3 cos X — x^ 4- 3 sm i) 

= 2 4- 3 sm X — 2i 4- 3 cos X — 4x 4- 6 cos x 4- 2x® — 6 sm x 

= 2 — 6x 4- 2x^ — 3 sm X 4- 9 cos X 

We thus get the same r^ult when operatmg upon « — x^ — 3 sm x 
with aU three forms of 0(D) 

The factored form (6) of the operator (4), obtained by the algebraic 
process of determmmg the roots of the auxihary equation (5), will be 
of considerable utility m our later work 
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We proceed now to the consideration of a few formulas involving 
operators. To begin -with, we have 








where in is any constant, whence 


= (ooD” + + • • • + a„_iD + an)e”’* 

= (aom" + d H a„_im + a„)c’"® 

= (7) 

Now if u is a function of x, 


D(c^^u) = c"’^Du + me”'^u = e’"*(D + m)u, 

D^(c’"^w) = D[c”*®(D + 7/t)u] = e”'®(D^ + mD)u + me"‘^(D + m)u 

= c’"®(D^ + 2mD + m^)u 

= e”'“(D + inyu. 

These two relations suggest that 

D^(c"“m) = + myu ' (8) 

for any positive integer r. Let us prove the truth of equation (8) by 
mathematical induction. If we operate on both members of (8) with 
D, we get 

D’-+He”’*u) = + mYu] 


= c”'®D(D + mYu + 7«e’”®(D + ‘tn)''u 

= + inY-^hi. (9) 

Therefore, if (8) is tme for any particular value of r, it is trae for the 
next higher value of the axponent, since (9) is the same relation as (8) 
except that r + 1 replaces r. But Ave have found that (8) holds for 
r = 1 and for r = 2. Consequent!}’-, it holds for r = 2 + 1 = 3, and 
therefore for r = 3 + 1 = 4, and so on, so that it is true for any positive 
integer r. It follows that 

i^(D)(c’"^a) = (oqT)" d* OiD”“^ d"* • Oti— iL) -}■ 

= c”*[oo(D d- niY d- fli(L) d- mY~^ -f* • • 

d- On-iCD d- ni) d- On]u 
= c"* 9 (D d- nx)n. 


( 10 ) 



Fonnula (10) tells us that, when operating with ^(D) on the product of 
e’”* and any other function w, we may shift c”* from the right-hand side 
of the operator to the left if we change D in the operator into D + m 
and act with the resulting operator on u alone. 

As an example, let <^(D) *= — D + 4, and let m = 3. Then, 

by (10), 

(D2 - D + 4)(c3*n) = e3*[(D + 3)^ - (D + 3) + 4lu 
= e3*(D2 -f 5D + 10)u. 

To verify this relation in a particular case, suppose that u = Then 
we have, on the one hand, 

(D^ - D + 4)(e^^x^) = D=(e3V) - D(e^*x*) + 4c^V 
= 26^* + 12x6^* + 9x2^3* - 2zc^* 

- 3x2c 3* 4- 4x2e3* 

= e^^(2 + lOx + lOx^), 

and, on the other, 

e3*(D2 -f 5D + 10)x2 = c 3*(2 + lOx + lOx^). 

Thus the two methods yield the same result. 

The theorem expressed by the relation (10) has the following corol- 
lary. If, in particular, ^(D) =: (D — my, then 

CD - my(e”^u) = (11) 

For example, if m = 3, r = 2, and it = x^, 

(D - 3)2(e3^i2) = = 2e^^, 

as may be readily verified by operating upon with (D — 3)^ 
directly. 

PROBLEMS 

Perform the indicated operations m Problems 1-5 

1 (2D* — 3D + 5)(x cos X — 3) 

_2./D* 7I--2D 

3 (3D* + D +2)0n2x - Vx*) 

4 (D» + 2D - 4)(e-* sm x + e**) 

6 (2D* - D* + l)(ln cos X - 2 tan x) 

In Problems 6-10, resolve the given operator ^(D) into linear factors, and arrange 
these factors in all possible orders Operate upon the gi\ en function u with «(D) 
nntten m each form, and verify the fact that the results obtamed are the same 

6 4<D) = D* - 1, « « + 2e-* 

7. *(0) = D* -1- 3D 4- 2, « = e-*' + 3x* 
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8. <^(D) = 2D^ + 3D — 5; 7/ = cos x — 2c*. 

9. <^l(D) = + 2D + 2; u = c“* sin x + 2t^. 

10. .^.(D) = D^ - 2D2 + D - 2; 7/ = sin x - 2 cosx + c-*. 

Using formula (10), or its special form (11), carry out tlie indicated operations 
in Problems 11-19. 

11. (D'^ + 2D - l)(c*cosx). 

12. (D--2D + 5)(e*sin2x). 

13. {D- + 4D - G)(xc-2*). 

14. (D^ - GD’^ 4- 12D - 8)(x^e% 

16. (D* - 2D- + D)(xc*). 

16. (D^ -GD +9)(c5*cos=x). 

17. (D - 7n)’-tc"*(Ci + C2X + • ■ • + CrX*-!)]. 

18. (D - In 2)=(2*x-). 

19. (D + a)*o*. 

20. Using Leibnitz’s formul.a for the rth derivative of a product, 

D'(uv) = cDV + r(D'~'u)(Da) + (D^-vO(D-v) + • • • 

+ r(D«)(D'’”*v) + uVe, 

where the coetBcients are the binomial coefficients, derive formula (10). 

10. The complementary function. We are now in a position to solve 
completely the homogeneous linear equation with constant coefficients, 

4>(D)7/ s (aoD" -f- aiD"-' + • • • + a„_iD -f a„)2/ - 0. (1) 

^45t ri,rs, • • • , r„ he the roots of the auxiliary equation 

4>(m) s aom" + H J- a„_im -f a„ = 0, (2) 

and v,Tite the operator d>(D) in factored form, 

4>iD) = ao(D - r^)(D - r^) • - • (D - r„_0(D - r„). 

Tlicn equation (1) may he written 

oo(D - ri)(D - ra) • • • (D - r„_i)(D - r„)y = 0. (3) 

It is easy to see that any solution of the equation 

(D - r„)7j = 0 (4) 

"■ill likewipo he a solution of equation (3). For, if y„ is a function 
sntistying (4), so that (D — r„)?/„ = 0 identically, we get 

<^>(D)y„ = ao(D - ri)(D - ro) - • - (D - r„_i)[(D - r„)ij„] 

= ao(D - ri)(D - ra) • • • (D - r„_i)(0) 

== 0. 
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js a solution of (7) If ^i(w) = 0 has a repeated root T 2 (r 2 5 ^ rO, 
a solution of (7) corresponding to this root may be found simdaxly 
Continuing this process as often as may be tiecessaiy, we amve at the 
general solution 

As another example of this type of problem, consider the equation 

(D® - 2D3 + D)y =. 0 

We find as roots of the auxiliary equation m® — 2m^ -h m = 0, the 
numbers 1, 1 , —1, —1, 0 Corresponding to the double root 1, we 
have the solution y “ (ci + C 2 r)e*, coire^pondmg to — 1 , we get 
(cs + C 4 z)e~®, and corresponding to the single root 0 , we have csc®* 
= C 5 Hence the general solution is 

t/ = (ci + C23:)e* + (C3 + C 4 :t)g~* C 5 

The result (9) may be easily remembered by notmg that the portion 
of the general solution arising from a p-fold root ri is gi\ en by 
multiphed by a polynomial m x of degree one less than the number of 
tunes the root ri occurs It is good practice also to check the final 
result by makmg sure that the general snlution contains as manj 
arbitrary constants as the order of the given equation indicates 

We ha\e now formally completed our discussion of the complemen- 
tary function, and may obtam by purely algebraic means the general 
solution of any Imear homogeneous equation vnth constant coefficients 
However, the case m which the auxihary equation possesses complex 
roots requires speciid mvestigation in order that the corresponding por 
tion of the solution be properly mterpreted aiid Tvntten m a form useful 
for further mampulation This is particularly important m engmeermg 
work, for, as we shall see m Art 14 and from time to tune m later chap- 
ters, the Imear differential equations ansmg m physical problems very 
often have as their most useful solution^ those correspondmg to 
complex roots of the auxiliary equation 
Consider, for example, the equation 

-f k^)y = 0, 

which appears m connection with a l-irge vanety of vibration problems 
Here we have -f = 0 , so that m = where i - V^i 
therefore the general solution of the above equation takes the form 

y = 

Now 6 ®, with X real, may be expanded m a Idaclaiirm’s senes, 
a? 

+ x + ^ + 
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If we mechanically replace i by ikx in tliis series, and make use of the 
relations!^ = — 1; •••,weget 

fcV fcV .fcV 

^ikr — 1 -{- ikx r: i —Z7~ d TT" d" ^ ' 


2 ! 


3! 


4! 


5! 



But the first of the series in parentheses is the familiar expansion of 
cos kx, and the second series represents sin kx. Formally, therefore, 
it appears that 

^ikx _ gQg -}- 1 * sin fee. (lOi) 


In a like manner, or by changing x into — x in (lOi), we find 

g— I'te _ gQg fcx — f sin kx. (IO 2 ) 


The relation (lOi), which really includes (IO 2 ), is known as Euler’s 
rclalion. It should be noted that we have not proved Euler’s relation, 
since we have used a series originally derived under the assumption 
that the variable is real, to obtain a result involving complex quantities. 
I^t us nevertheless make use of (lOj) and (IO 2 ) in the general solution 
above, and examine Avhat we get. Wc find 


y ~ ci(eo 3 kx + i sin kx) + C2(cos kx — i sin kx) 

= (ci + C2) cos kx + t’(ci — C2) sin kx. 

Since cj and cn are arbitrarj’-, (ci + C 2 ) and i{ci — C 2 ) are also arbitrary. 
Denote the latter expressions by A and B, respectively, so that we have 


y = A cos fcr + jS sin kx. 


Is this the general solution of the equation (D“ 4- k~)y = 0? A sure 
answer to this question is obtained by substituting for y the above 
expression. We then get 


(I)' -f ^•')(A cos kx + B sin kx) 


== -1 cos kx — l?B sin kx + cos kx + k^B sin kxc) s 0; 

tlius wc do have the general solution. 

Let us now con.«iclcr the matter of complex roots of the auYiljai^’ 
equation in the general^ case. Wc shall suppose that the coefficients 
Co, 'b. •••, a., of equation (1) are all real constants; this assumption- 
IS nearly alway.s fulfilled in the equations ari.ring in practice. Th<^!^ie * 
algcbRue theory of equations tells us that any complex root^ bTdhe 


« -3 • 


I 
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equation *= 0 will occur m conjugate pairs Let a rfc z/3 be such 
a pair, so that the corresponding part of the solution of the differential 
equation is 

y = ( 11 ) 

If we take for granted that 

gO+i& _ gagi 6 „ e<*(cos 6 4- 1 sm 6 ), ( 12 ) 

equation (11) becomes 

y = e“*I(ci + C 2 ) cos + t(ci — C 2 ) Bin /3j] 

= e“(A cos /3a; + 5 sm ^x), (13) 

where A and B are arbitrary We may show that (13) satisfies the 
equation 0 (D)y = 0 when 0 (a ± 1 $) = 0, as follows Corresponding 
to the root pair a ± ijS we must evidently have {m — a)^ + j 8 ^ as a 
factor of 0 (m) Hence ^(D) = ^i(D)[(D — a)^ + and 

^(D)[e“*(il cos /9a; + B sm ^x)] 

= ^f>i(D)[(D - af + p^]e’^iA coa^x + B am px) 
= «^.t(D)e"(D2 + ^2) {A cos ^x + Bsm px) 
by formula (10) of Art 9 But 

(D^ + P^){A cos ^x B sm ^x) = 0, 


and consequently (13) is a solution 
Smee the relation (12) is formally obtamed from the senes for c* 
by settmg x — a + ib, and smee the form (13), mto which (11) trans- 
forms by use of ( 12 ), satisfies the differential equation, it is manifestly 
desirable that the exponential function with complex exponent be 
defined so as to make (12) true It is shown m Chapter X that such a 
definitioa is consudJirdi ami desucahln an. other gcounda as well we shall 
m aU our subsequent work consider ( 12 ) as a kiiown and vahd relation, 
and shall make free use of it 


The expression e'^(A cos ySx -f B sm /9x), vnth A and B arbitrary, 
can be written m two other useful forms These arise from the tngo- 
nometne identities 


A. cos 0 -f- B sm 0 = 4 - B^ sm 


^0 4 - tan 
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which are easily verified by expanding the right-hand members. We 
then have 

e°^(A cos /3x + jB sin sin (^x C), 

= Cc"® cos (/3a: + C"), (14) 

where C, C, C" are new arbitrary constants, 


C = + Br, 


C 


= tan ^ 


A 

Ib’ 


C" 


— tan ^ 


B 

T 


As another example, consider 

(D^ - 2D- + lOD)?/ = 0. 

We find 

— 2rr? -h 10m = 0, 
m = 0, 1 ± di, 

and therefore the general solution may be written in any of the forms 
y = Cl + c®(c 2 sin 3x -}- ca cos 3a:), 
y = d + CoC® sin (3.T -f- c'a), 
y = Cl + C 2 (f cos (3a: + c^). 

Wlicn repeated complex roots appear, the procedure is similar to that 
given above; it is necessar}’’ merel}’’ to interpret the exponential factor 
with complex exponent. Thus, if the complex root pair a ± f/3 occurs 
p times, the corresponding part of the general solution is 

^"'^((••1 1 *f Aox -| h /ipa:^~^) cos /3x 

-f (Bi + B^x d h BpX^~^) sin /Sa:], 

or 

r"^Ci sin (^x + C^i) -f Cox sin (/3a: -f C^) d 

, (15) 

d- CpxP sin (fix d- Cfp)], 
or 

c"^{Ci cos (0x d- (fi) d- Cax cos (0x d- C^') d* • • • 

d- Cpx'P~^ cos (fix + (fp)]. 


PROBLEMS 


Find tlip Rrncnil .«olution of cncli of the 

1. (11" d* oil "t* 0);/ *= 0. 

3. (O’* - ',1)5 d- 30)0 ^ 0. 


following differential equations. 

2. (2D= - oD - 3)2/ = 0. 

4. (D’ - 3D5 - D 4- 3)2/ = 0. 
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6 (9D» - 6D + l)y = 0 

7 (D® - 6D* + 12D - 8)1/ = 0 
9 (D* + 9D)i/ = 0 

11 (D* + 3D* + 9D - I3)jf =» 0 
13 (D«-2D*)y=*0 

16 {D< - 2D*)y « 0 

17 (D< - 81)5/ - 0 

19 (D« - 4D< 4* 4D*)j/ = 0 


6 (4D* - 4D* + D)s/ « 0 
8 (D^ - 2D* + D> = 0 
10 (D* - 4D + 5)5/ = 0 
12 (D* + 8D* + lGD)j/ = 0 
14 (D*4-8)y = 0 
16 (D* + 4D*)y = 0 
18 CD® + 9D*)y = 0 
20 (D^ + 4)1/ = 0 


11 Particular integrals Having discussed ways of obtaining the 
complementary function Vg of a linear differential equation nith 
constant coefficients, 


0(D)y = (aoD" + + + a„_iD -f a„)y = /(z), (1) 

we turn now to a consideration of methods for findmg a particular 
integral Yp For brevity, we shall say that Yp corresponds to the nght 
band member f(x) 

In the first place, ne note that, if the nght-hand member /(x) of 
equation (1) consists of the sum of two or more terms, then the process 
of findmg Yp may be broken up into parts, where m each part ne find 
the portion of Yp correspondmg to one term of f(x) For suppose that 
f(x) =/i(x) -f-f 2 (x), and consider the equations 

.^>(D)y = fi(x), </»(D)y = /six) 

If y = Fpi satisfies the first of these equations and y = Yp 2 satisfies 
the second, so that 

<f>(D)Ypi = Mz), Hr>)Yp 2 = Mx), 
identically, then 

<f>(D)(Ypi 4- Yp 2 ) = ^(D)rpi + <^(D)rp 2 . = /i(x) + Mx), 

so that y « Fpi + Yp 2 will be a particuh r integral of (1) Thus, if 
we find Ypi corresponding to /iCx) and also Ip 2 corresponding to 
Mz), the sum Ypi -f- Fp 2 will correspond to/i(x) +Mz) 

Smce there are, as we shall see, several methods of determining a 
particular mtegral, it follows from what has been said that we may, 
if we find it eonvement, apply one method to find the part of Yp corre- 
spondmg to one term of f(x) and use a different method to find the 
portion of Yp corresponding to another term of f(x) 

We shall confine our attention m the followmg discussion of methods 
of attack to the problem of finding a particular mtegral y — Fp corre- 
opondmg to a nght-hand member f(x) consisting of a single term 
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(a) Reduction of order. One method of getting a particular integral 
is suggested by writing the operator 0(D) in factored form, 

0(D)r/ = ao(D - ri)(D - rg) • • • (D - r„_i)(D - r„)y = f{x). (2) 

If we let %i = Oo(D - r2)(D - rg)- • - (D - r„)y, equation (2) is re- 
placed by the first-order equation 

(D - Ti)u = fix). 

We may solve this equation for u by the method of Art. 5. Supposing 
this done, and the expression so found (omitting the constant of inte- 
gnition since we are seeking the simplest particular integral) substi- 
tuted in the expression defining u, we get 

Oo(D - r2)(D - rg) • • • (D - rn)y = u. 

This is another linear equation for y similar to the original equation (2), 
with the known function u as right-hand member instead of fix), and 
of order n — 1 instead of n. We may treat this in the same way as 
before; letting v = ao(D — rg) • • • (D — r„)y, solving the new first- 
order equation 

(D — r 2 )v = u, 

and substituting back, we have 

oo(D - rg) • • • (D - r„)</ = v, 

an equation of order 7i — 2. Evidently we may continue this process, 
solving a first-order equation at each stage and reducing the order of 
the equation by unity each time, until we ultimately obtain y. 

As an example, consider the equation 

(D3 - 2D2 4- D)y = X. 

Factoring the operator, we get 

(D - 1)(D - l)Dy = ». 

Then the complementary function is 1% = ci -f- (cg -}- Cgx)e*. Letting 
u = (I) — 1)D!/, we have (D — 1)7/ = x, whence 

I/C-* = -e-*(x -f 1), u= -X- 1. 

Lonsoquently 

(D — l)Dy = — X — 1. 

Letting i- = Dy, we find 

(D - l)a = -a; - 1, 

= c“=(x + 1 )+ c-=, 

V ~ x + 2. 
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Hence 

and 


Thus 


Dy = a: + 2, 

y,.- + 2. 

y = --f-2x+Ci-f(c2+ C3x)e^ 


Although this method will alwaj s work m theory, it may sometunes 
lead to labonous and difiBcult integration problems Thus, jf the 
nght-hand member m our example had been x"* mstead of z, the three 
integrations involved would have been much longer and more tedious 
It should be remarked also that the order m which the factors of ^(D) 
are written may often affect the amount of ’nork necessary to complete 
the solution, the student should solve the precedmg equation for each 
of the other two orders of factors and compare his solutions with the 
one given 

(6) Undetermined coefwients The next method we shall descnbe 
has the decided advantage that it requires no integration but only dif- 
ferentiation On the other hand, it does not apply to every form of 
nghl^hand member /(x) We shall show that it does apply to any 
function /(x) such that/(x) and a fimte number of its successive denva- 
tives form a set of Imearly dependent functions, 

hof^ix) + + + hs-i/'W + bsf(x) = 0 (3) 

For example, /(x) = is of the stated form, smce we have 
/'(x) = (3x2 ^ 2x)e2* f'(x) - (9x2 -f- 12x + 2)^^, 

/"'(x) (27x2 4. 543. ^ 

and consequently 

/"'(x) - 9/"{x) + 27/'(x) - 27/(x) 

= c2*(27x2 -4* 54x + 18 - Slx^ - lOSx - 18 + Slx^ + 64x >- 27x2) 
= 0 

identically, here jS = 3, bo = Ij hi *= — 9» ^2 = 27, bg =» —27 
It IS easy to find the form that/(x) must have m order that a relation 
of the type (3) shall hold For (3) is evidently a Imear homogeneous 
differential equation with constant coefficients, 

(boD® + biD®-^ 4* *f b^.iD -j- bs)f ~ 0 
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Hence, by tbe theory of Art. 10, f(x) must be expressible as a sum of 
terms of the form 

Cx^c’’^, Cx^c°^ cos ^x, Cx^e“ sin /3i, (4) 

•where p is a positive integer or zero; q, a, and p are any real constants 
(including zero) ; and C is any constant. 

Suppose, therefore, that we have the equation 

^(D)2/ = (floD" “b uiD" ^ + • • • + On— iD + fln)2/ — (5) 

Consider first the simpler case in which g = 0, so that the given equa- 
tion is of the form 

<^.(D)y s (ooD" + oiD"-^ + • • • + Cn-iD + a^)y = Cx^, (6) 

with p a positive integer or zero. Since the required particular inte- 
gral Yp is to be such that <^>(D) operating upon Yp produces Cx’’, 
it is reasonable to as.sume that Yp -will be a polynomial in x, for a posi- 
tive integral power of x vill be obtained as the derivative of only an- 
other sucli power function. Now if the constant term On in i^)(D) is not 
zero, the degree of the assumed polynomial Yp need not exceed p. 
To illustrate, suppose the given equation to be 

(D2 - 1)2/ = x2. 


If we were to take as Fp a polynomial of degree tliree, say 

Yp = Ax^ + Bx^ + Cx + E, 

we should get 

(D- - l){Ax^ j^Bx^ + Cx + E) 

= 6Ax -t- 2jS - Ax^ - Bx2 - Cx - E, 

which could not reduce to x^ unless A were zero. Consequently, 
when On 0, wc assume as a particular integral of equation (6) the 
polynomial 

Yp = AxT + Bx^-^ -I- • • • + + A, (7) 

with (at present) undetermined coefficients A, B, • • •, L. We then 
substitute (7) in (6) and find values oi A, B, • • •, L that reduce the 
resulting equation to an identity. 
sVs an example, consider the above equation, 


We take 


(D- - i)y = 


o 


^vhoTlce 


3 /> = Ax^ + Bx + 


fD- l)(*»lx* -f- Bx 4“ C) = 2 A — Az^ — Bx — C = 
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This -will become an identity if the total coefficients of each power of x, 
in the two members, are equated We then have 

-A ^ 1 , -B = 0 , 2 A - C = 0 , 
whence A = — 1 ,B<= 0 ,C= — 2 , and 

Vp = -22 - 2 

If, on the other hand, = 0 in 0(D), the auxiliary equation <f>(m) 
= 0 will have the root m = 0 Suppose that m = 0 is an r fold root, 
so that 0(D) yjb = 01 (D) D’'Fp = Cz^, where 0i(O) ^ 0 Since the 
constant terra m 0i(D) is not zero, the degree of D^Vp need not exceed 
p and hence the degree of Vp need not exceed p + 1" Moreover, 
since the complementary function of the equation 

0i(D)DV == Cx^ 

will contam, by \'Trtue of the r-fold root m = 0 , the sum 
Cl -f C2a: + + 

those terms of degree r — 1 or less in the assumed Yp need not be 
included, since such terms can be absorbed by the complementary 
function Hence we now set 

Yp = AzP+' + + + Kz'+^ + Lx' ( 8 ) 

It should be noted that Fp as given by (8) is then equal to the expres 
Sion ( 7 ), taken m the case where a„ 0 , multiphed by x' Thus ( 7 ) 
13 merely a special case of (8), wnth r = 0 
To illustrate, consider the equation 

(D^ + D2)2/ = 22 

Here the auxiliary equation — 0 has zero as a double root 

and consequently we take 

Fp = x^(Ax +B) = Ax^ + Bx^ 

That is, if the operator m our equation had contamed a constant term 
we should have taken Fp = ^2 + B in accordance with the right-hand 
member 22, but since 0(D) contains the factor O'" = D^, we take 
Ax + B multiphed by x' = x^ We now get 

(D^ + D^)(Ax^ + Bx^) = GAx + 2 B = 2 x, 
whence A = 3, B = 0, and 

2^ 
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We may now readily reduce the more general case of equation (5), 
with g 0, to that already discussed. The exponential function e®® 
reproduces itself, with mere change of coeflBcient, upon successive 
differentiation, and hence it is apparent that Yp should contain the 
factor in order that </>(D) operating upon Yp shall jdeld We 

therefore set Fp = where « is a function to be determined, and 
apply formula (10) of Art. 9, 

= e5*<|)(D + g)«. 

Since we are to have 4>{D)Yp = Cx^c^^, it follows that u should be 

sucli that _ , , 

<^.(D + g)u s F(D)« = Cx^. (9) 

But this equation is of the form (6), and consequently the methods 
explained above maj’’ be applied to find the function u. 

If/(x) = with g 7 ^ 0, ■we may then either set 

Yp = (Ax^+® + d h Kx^+^ + LxOc’^ (10) 


in the equation 

<^.(0)7/ = C'x^c'^® (5) 

directlj’-, or -we may set 

u = Ax^+^ + BxP+®-^ + • • • + Jfx®+^ + Lx'' 

in equation (9), obtained from (5) by dropping the factor e'^® on the 
right and changing D into D + g. Here r is the number of times zero 
appeal's as a root of F(ni) = 0, or, since F(0) = <^(g), the number of 
times g appears as a root of 4 >( 7 n) = 0. 

To illustrate the procedure, consider the equation 

= (D^ - 3D + 2)y = (D - 1)(D - 2)y = xe^®. 

For the first method, since p = 1, g = 2, r = 1, w’e take 
Fp = Ax^c^® d- J3xc^®, 

so that 

DFp - 2 Ax2c=® d- 2Axc2® -f 2Bxe~^ + Bc^^, 

D^Fp = 4 A.tV* d- 8Axc^® -f 2A(r® -}- 4Bxe^® -f 4 jSc'®. 

Substituting in the given equation and dropping the common factor 
w*o obUiin 

d- 8.4x d- 2A d- 4Bx d- 4J5 - GAx= - 6Ax - 6Bx - ZB 



d- 2Ax" d- 2Bx = x, 


and 
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Bytte second method, we get 

<i,(D + 2)u « (D^ + D)u = x, 
u^Ac^ + Bx, Du = 2Ax + B, D^u = 2A, 
2A+2Ax-{-B >= Xf 
A^l B^-1, 

Yp ~ ue^* = "" ^ 

We now have to consider equations of the forms 

i#>(D)j/ = Cix^e“* cos ^x, ( 111 ) 

c/>(D)t/ = Czx^’e"* sm 0x (II 2 ) 

For defimteness, we fix our attention on the first of these equations, 
our discussion will apply equally well to the other equation From 
the Euler relations, 

= cos ^x '{• tsm I3x, 

g— _ gjjg ^2- _ ^ gm 

we get by addition 

cos px = 

whence (lli) becomes 

Elvidently the precedmg theory may be apphed to each of the two 
terms on the nght, then we have from (10), 

Yp = Ypi + Yp2 

«= (Ax^'^’’ + -f + (A 

= ^[(AxP-^' + -f LiO (cos ^x + i Sm |di) 

+ (A'x^'^ -f- + i' 2 ’')(cos 0x —t sm /Jx)] 

= e“*[4ix’’+’- -}- + Lix^) cos 0x 

+ (^ 22 ’’+" + -f XsxO sm &xl (12) 

where Ai = A + A% A3 = %{A - A'), etc Equation (12) is then the 
assumed form of Yp for equation (Hi) and, as may be similarly shown. 
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for equation (II 2 ) also. As before, r is tbe number of times g = a + 
appears as a root of <i)(m) = 0. 

2 \s an example, let there be given the equation 

(D“ + l)y = (D + f)(D -{)y = x sin x. 

Here p = 1, g = 0 + 1-t = f, r = 1, and consequently we take 

Yp = AiX^ cos X + Bix cos x + A 2 X^ sin x + B 2 X sin x. 

Then 

T>Yp = -Aix^ sin x + 2Aix cos x — BiX sin x + Bi cos x 

+ A 2 X^ cos X + 2 A 2 X sin a; + B 2 X cos a: + H 2 sin x, 
YrYp = —Aix^ cos a: — 4Aia;sin.T 

+ 2Ai cos X - BiX cos x — 2Bi sin a: — A 2 X^ sm x 

+ 4A2a: cos x + 2 A 2 sin x — B 2 X sin x + 2 B 2 cos x, 
(D^ + l)7p = (-4AiX - 2Bi + 2 A 2 ) sinx 

(2A1 ”}~ 4 ^ 2 ® “b 2H2) cos X 
= X sin X, 

Ai = -i, A 2 = 0, jSi = 0 H 2 = i 
and 

x^ X . 

Yp — cos X d — sm x. 

4 4 

We ma}’’ summarize all of the foregoing results as follows* 

Given either of the equations 

<|)(D)j/ = Cx^c" cos iSx, = Cx’'e°^ sin /3x, (13) 

where p is any positive integer or zero, a and /3 are any real numbers 
(including zero), and C is any constant different from zero. Let r be 
the number of times a + f/3 appears as a root of (f>(m) = 0. Let 

1 /• = (Aix’’ + BiX^~^ d b Li)x’'c“* cos /5x 

-b (A 2 X'’ -b Bzx^-^ d- • • • d- L 2 )x"e“^ sin ^x, (14) 

substitute in the given equation, and determine the constants Aj, 
dj. •••, Li, Ln so as to reduce the resulting relation to an identity. 
'Idle function Yp thus obtained will be a particular integral of the 
idvon equation. 
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The student should convmce himself that each of the special cases 
considered above properly falls under the above statement by partio- 
ulanzing the constants p, a, $ 

In our work we have not shown that the Imear algebraic equations 
of condition on the constants Ai, A^, , Li, L 2 , obtained when (14) 13 

substituted in either of equations (13) and the coefficients of like terms 
are equated, are necessanly consistent and suffice to determme these 
constants This may be proved,* however, and the procedure outhned 
13 always apphcable 

When the nght-hand member f(x) consists of two or more terms 
of the forms given m (13), ve may at once set up a smgle expression 
for Yp correspondmg to the entire right member It may happen also 
that the parts of the complete Yp correspondmg to the sum of terms 
compnsmg /(i) contam expressions of the same form In this case, 
only one such expression with a smgle undetermined coefficient wdl 
evidently suffice in the assumed Yp To illustrate, consider the 
equation 

(D^ - \)y = - 4a; 4 - 2e* 

Correspondmg to the terms —4a:, 2e®, we have, respectively, 

Ypi = 4- Biz 4- Cu Yp 2 = A 2 X 4 - fia, and = Exe^ 

Smce the expressions B^x and A 2 X are of the same form, only one term 
m X need be taken m Yp, likewise, since Ci and B 2 are of the same form 
(which may be considered as either Jcx^ or only one constant term 
need appear m Yp Consequently we set 

Yp = Ax^-t-Bx + C + Exe^, 

whence we get 

2A 4- Exe 4- 2I7e* - - C - Exe^ = 3x^ - 4x 4* 2c* 

A ^ - 3 . 5 - 4 . C - -Q. J7 = 4 . 

and 

Yp « -3z=* 4- 4x - 6 4' xe* 

The expression (14) may be apphed to any of the cases considered, 
but it is somewhat difficult to remember, and, moreover, does not bring 
into evidence possible simplifications such as appeared in the above 
problem In practice, it will be found more convenient to apply the 
followmg equivalent rule for the formation of Yp when the nght-hand 

•See A B Coble American M(dh Monthly Vol 26 p 12 1919 
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member of the difierential equation consist-'s. of a sum of terms of the 
forms given in (13) : 

Write the variable parts of the terms in the right-hand member f{x) and 
the variable parts of any other terms obtainable by differentiating f(x)* 
Arrange the terms so found in groups such that all terms obtainable from a 
single term of f(x) appear in only one group. Any group consisting of 
terms none of which appears as a term of the complementary function Ye 
is left intact, but if, in some group, any term is a term of Yc, all terms of 
this group are multiplied by the lowest positive integral power of x that will 
malx them all different from any term of Yc. IT^c then multiply each term 
in all the groups by a general constant and taJze the sum of the expressions 
so obtained as Yp. 

Thus, in the preceding example, we have as the variable parts of 
/(x) and of the terms obtained by differentiation, 

X, 1, e®. 

We then get two groups, the first, 

(I) x^, X, 1, 

consisting of all terms obtainable from x^, and the second, 

( II ) c", 

containing the onlj' term obtainable from c*. Since, in this case, 
r, = ciC^ + coc"*, no terms in group (I) appear in Yc, but e® does. 
Hence c® must be multiplied by x, which makes it distinct from any- 
thing in Fc, and we get 

Yp = Ax^ -k Bx + C + Ex<Y. 

(c) Variation of parameters. The method of undetermined coeffi- 
cients applies, as has been stated, only to a right-hand member f(x) of 
a certain form. Although nearly all the linear differential equations 
arising in practice have a right-hand member of the form considered 
i« {!>), we occasionally encounter an equation to which undetermined 
coefficients do not apply. Tire method (a), in which the order of the 
equation is reduced step hy step, mar' of course be used whenever 
method (6) breaks down; we give now, as an alternative method, and 
because of its elegance, complete generality, and importance in the 
theory of linear differential equations, another method, due to the 
French mathematician Lagrange, and called the method of variation 
01 ]>rtramctcrb*. f 

* hm n term Is n otimiixnU vro %vntc 1. 
t Sfimetimcs enllod the method of variation of constants. 
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Lagrange’s method applies to a Imear equation of any order and with 
constant or vanable coefficients It assumes knowledge of the com- 
plementary function (which can certainly be obtamed when the coeffi- 
cients are constante by the method of Art 10), and enables us then to 
find the general solution We shall give the theory of the method for 
the Imear equation of second order, and merely indicate the maimer m 
which the method is applied to equations of order higher than the 
second 

Consider the equation 

(ooD^ -f aiD + a2)y = /(i), (15) 

where the a s are constants or depend upon z Let the complementary 
function for (15) be known, and denote it by 

Yc = CiU 4- C 2 V, (16) 

where u and v are specific functions of x We employ a device similar 
to that used in Art 10 for findmg the complete complementary func- 
tion m the case where the auxiliary equation has equal roots, that is, 
we replace the constants in (16) by unknown functions or parameters 
P and Q and assume the general solution of (15) m the form 

y = Pu + Qv (17) 

The problem then is to find P and Q as functions of x such that (17) 
IS the desired general solution Usmg prunes to denote differentiation 
with respect to x, we have 

y' = Pu' + Qv' + P'u 4- Q'v 

Now m order to determme the two quantities P and Q, we need two 
relations mvolvmg them If (17) is to be a solution, substitution m 
(15) wdl give us one such relation, we choose as the second relation 

P'u 4- Q'v = 0 (18) 

There are two reasons for makmg this particular choice In the first 
place, if we remove terms contammg the derivatives of P and of Q 
from y', the resulting expression for y" will contain no second denva- 
tives of the parameters, this situation may be brought about by setting 
P'u 4- Q'v equal to any function of x Secondly, we choose zero as 
bemg the simplest function of x Then y' becomes 

y' = Pu' 4- Qv', 

and a second differentiation gives us 

y" = Pu" 4- Qv" 4 - P'u' 4 - Q'v' 
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Substituting for y, y', y” their expressions as now given, (15) leads to 
the relation 

oo(Pu" 4- Q»" + PV + Q'a') + ai(Pu' + QuO + asCPn + Q«) = /(a:). 
But since u and v are particular solutions of (15) when/(x) = 0, 
aou" + oiu' + 02 U = 0 and oou" + oiv' + OzV = 0. 
Maldng use of these relations, the preceding equation reduces to 

OqPV + a^Q'v' — f{x). (19) 


Since Oo, u, v, u', v', and / are knoivn, equations (18) and (19) together 
constitute a pair of linear algebraic equations in the unknowns P' and 
Q'. We therefore solve * (18) and (19) simultaneously for P' and Q' 
and integrate the resulting expressions to get 

P = Fi{x) + Cl, Q = Fzi^) + C 2 , 

where Cj and C 2 are constants of integration. Substituting these in 
(17) then gives us 

y = Fi{x)u + F 2 (x)v + ciu 4* C 2 a. (20) 


This is the required general solution, w4th Fp = FiU 4- F 2 V and 

Te = CiU 4- C 2 V. 

As an example, consider the equation f 

(D° 4 - 4)2/ = tan 2 x. 

Here 


Fc = Cl cos 2x 4- C 2 sin 2x, 
and we therefore put 


Then 
if we set 
and 

y" 


y = P cos 2x 4~ Q sin 2x. 

7 / — — 2P sin 2x 4- 2Q cos 2x 
P' cos 2x 4- Q' sin 2x — 0, 

—iP cos 2x — 4Q sin 2x — 2P' sin 2x 4- 2Q' cos 2x. 


• It nm- 1)0 Phown that the determinant of the aystem, ao(uv' - u'v), cannot 
Vfltibh if u and v arc linearly independent; see Ince, op. at. Hence it is aUvavs 
rxroiililo to find P' and O'. 

t The student should trj’ to solve this equation by method (a) of this article. 
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Consequently 

— 4P cos 2a; — 4Q sm 2® — 2P' sm 2x + 2Q' cos 2x 

+ 4P cos 2a: + 4Q sm 2a; = tan 2x 
or 

— 2P' sm 2a: 2Q' cos 2a; = tan 2a: 

Coupling thts equation with the equation P' cos 2a: Q' sm 2x *= 0, 
we get 

0 sm 2a: 

p, tan 23 : 2 cos 23 : sm^ 23 : 

cos 2a: sm 2a: 2 cos 2a: ’ 

—2 sm 2x 2 cos 2x 

\ cos 2a: 0 

I —2 sm 2a: tan 2a: sm 2a: 

^ ~ 2 ~ 2 ’ 


1 /*sm^2a: 

! I ax = 

2 J cos 2a: 


sm 2a: 1 

In (sec 2a: -f* tan 2a:) + Ci, 

4 4 


sm 2a: cos 2a: 1 

y cos 2i In (sec 2a: -|- tan 2a:) -j- ci cos 2i 

4 4 


= — 4 cos 2a: In (sec 2x + tan 2x) + ci cos 2a: + C 2 sm 22 : 

In the case of an equation of order n, we take as the expression for 
the general solution that obtamed from the complementary function by 
replacmg the constants by variable parameters, 

y — ijl’" 'V' dhr 

For this to be a solution imposes one condition on P, Q, R, I^^f* 
ferentiatmg this expression, we get 

y*=Pu’ + Qv’ 4- Ry>' 4* + P'u + Q'f + R'w + 

Take as a second condition the equation 

P'u + Q y + P'u? 4 - « 0, 

y' » Pu' 4 - Qv' 4- Rw' 4- 


Bo that 
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y" = Pu" + Qv" + Rw" -}-••• + PV + Q'v' + RW + • • •, 
and we take as the next condition 


PV + QV + PV+--- =0, 

whence 

y" = Pit" + Qv" + Rw" H . 

We treat similarly y"', •••, setting the portion containing the 

derivatives of the parameters equal to zero at each stage: 

P'u" + Q’v" + R’w" + . . . = 0, 

P'u"' + Q'v’" + R'w"' + . . • = 0, 


Then compute and substitute y,y', * • • , in the given equation. 
Solve the n linear algebraic equations in P', Q', R', • • • obtained by this 
process, integrate to get P,Q,R, • • • , and substitute in the expression 
y — Pu -p Qv -p Rw . 

As may be supposed, the labor involved in applying this method 
increases rapidly as the order n increases, so that, from the practical 
standpoint, the usefulne.ss of the method for large values of n is limited. 

Tliere are other methods of finding a particular integral, including 
sjTnbolic methods into which inveree operators and resolution into 
partial fractions enter. We shall not discuss these methods here, how- 
ever, as we have, in the foregoing, ample means of solving completely 
most of the linear equations arising in practice. Symbolic methods are 
con.sidered in Chapter XI as a topic in operational calculus. 

PROBLEMS 

I'ind the Rcneral solution of each of the following equations. 

1. (D= - 4)i/ = 4x - 

2. (D- - 6D + G)r/ = 12x® - 20x + 4 + 

3. (IP -}■ D')i/ = Gx + G — 2c~*. 

4. (IP + 1)!, = 2 cos X — 3 cos 2x. 

G. (1)^ -f 2D +o)t/ = sin x — 10. 

G. (D* — 31)- ^ « 21 sin 2x — 

(D« 2D3 + D")i/ « Gr^ - 2. 

6* + 4D)t/ + J2 + S sin 2t. 

0, (21)" ~ 3D - 2)1/ « (I5t" 4* 12x 5)r=^ -- 18c^. 

10, (D- ^ .jx) 4- 3)f; n 2jr(sin x 4* 2 cos x) 4~ 4 sin x 4- 2 cos x — 2c~^. 

11, (D* -V D")j/ « ISx — 4 jnn x. 

12, (D* -- 4D + 5);/ « 2f^ cos x — 5. 
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13 (D* - 8D + 16 )y « 12e^*/2r^ 

14 (D* - 4D + 4)y = e** sec^ x 
16 (D* + 9)y * 18 - 9 sec 3x 

16 (D* -f 1)1/ * 3x - 8 cot X 

17 (D* + 2D + 5)1/ = 4e-* tan 2x + 5e* 

18 (D* + D)i/ = 2 - sec x 

19 (D»-D)j/ = -^ 

20 (D” - 3D* + 4D - 2)y = e‘ esc x 


12. Euler’s equation * One of the most important of the hnear 
equations with variable coefficients is Euler's equation, 

(box^V^ + -f brOy = f(x), (I) 

•where the 6’s are constants, bo ^ 0, and D = d/dx It is readily 
recognized from the fact that the powers of x and of D m any term of 
the operator are the same 

Euler’s equation may alwaj s be transformed mto a hnear equation 
with constant coefficients by changmg the mdependent vanable from 
X to z by the substitution 

I = e*, or z = In X 

Usmg D* to denote d/dz, we have, smee dz/dx = l/x, 
dy dy dz 1 

’ T = 3" 3" = 
ax dz dx 


( 2 ) 


T>y-. 


d d/1 \ 1 

ox dz\x / xdx ar 


Id dz 1 1 , 

= = 

X dz dx X XT 






Id ^ dz 




whence 




xDy = D,y, 

x^DV - - D,y = D,(D, - l)y, 

« Dly - 3Dfy + 2D*y « D,(D. - 1)(D* - 2)y 

• Also referred to as Cauchy's equation or as the homogeneous linear equation. 
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These results suggest the formula 

= Dj(D. - 1) (D, - 2) • • • (D. - r + l)y. (3) 

That the formula holds in general is readily proved by induction. For, 
if 

mj = - D,(D, - 1) • • • (D, - r + l)y 
x’’ 

for any positive integer r, then 

W+hj = D [- D.-(D.. - 1) • • • (D^ - r + I)?/] 

Lx’’ J 

1 dz 

= -r D.[D.(D, - 1) . . . (D, - r + l)y] — 
x*^ ax 

- [D.(D, - 1) . . . (D, - r + l)y] ■ 

= - 1). • -(D, - r + 1)(D, - T)y, 

or 

jr+lj^r+ly ^ _ 1) . . . - r)y. 

Since this is of the same form as (3) vdth r replaced by r -}- 1, it fol- 
lows from the usual argument that (3) is true when r is any positive 
integer. 

Substituting in (1) the values of x'"D''y (r = 1, 2, • • •, n), as given 
hy (3), and at the same time replacing x by e~ on the right, e'cidently 
yields a linear equation vitli constant coefficients, 

(floB" + aiD"~^ -1 h a„_iD. + an)y = F(z), (4) 

in the variables z and y, where the a’s are constants and F(z) = f{e~). 
liquation (4) may then be solved by the methods previously given to 
obtain y as a function of z, whence replacement of z by In x leads to 
the general solution of (I). 

As an example, consider the equation 

(x^D^ -h x“D“ — 4xD)y = Sar. 

'lliis becomes 

IB,(D, - 1)(D, - 2) -1- D,(D, - 1) - 4D,]y = 

(D?. - 2D:. - 3D,)y = 


or 
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Since the roots of m® — 2771^ — Sm = 0 are m = 0, —1, 3, the comple- 
mentary function of the new equation is 

= Cl -f C 26 ~* + 

Also, settmg 

Yp f= 

we get 

8A - 8A “ 6A = 3, A = 

and 

Kp == 

Therefore 

y=Yp-\-Yc= -y + Cl -f cac-* -f cac^* 

C2 „ 

h Cl -I f- Caa:^ 

2 X 

13 Simultaneous equations We consider next a system of n linear 
equations involving one independent and n dependent variables 
The orders of the denvatives in these equations may be any positive 
mtegers, also we suppose that the coefficients of the dependent vanables 
and their denvatives are constants Just as m the case of simultaneous 
hnear algebraic equations, the first step is to combme the equations of 
the system so as to get a smgle equation contammg only one of the 
dependent vanables and its denvatives In this elumnation process, 
the algebraic properties of operators enable us to treat simultaneous 
hnear differential equations in much the same way as a set of Imear 
algebraic equations 

We shall illustrate the general process for a system of two equations, 
-#>i(D)y + -/>2(D)z=/i(x), (Ii) 

<^’3(D)y + </»4 (D)z = /a (a:), (I 2 ) 

where the ^’s are operators with constant coefficients, D ^ d/dx, and 
y and z are the dependent variables Operate on the first equation with 
<#i 4(D) and on the second with 1^2 (D)> obtammg 

<#>4(D)^i(D)y + '^4(D)^2(D)2 — 04 (D)/i, 

<j!>2(D)03(D)y + ^2(D)04 (I>}z =« 02(D)/2 
Smce the operators ^2(D) and ^4(0) are commutative, subtraction 
ehmmates z, givmg us 

I^4(0)<^i(D) ~ ^2(D)<^'3(D)]j/ “ <#>4(D)/i — 02(D)/2 
This equation, contammg only x, y, and the derivatives of y, may be 
solved by the methods of Arts 10-11 
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AVe might also have eliminated 7j between (li) and (I 2 ), getting 
instead of (2), 

[<^>4(D)^i(D) - <^.2(D)<^.3(D)]^ = 4>i{W2 - (3) 

Since the left-hand operators in (2) and (3) are the same, the work of 
finding the complementary’' function vdll be the same for both cases. 

Having found the general solution y from (2), or the general solution 
2 from (3), we may proceed in either of two V'ay’s. On the one hand, 
we may substitute the expression found in (li), (I 2 ), or any’- relation 
obtained by' combining these equations — -whatever allows for the 
determination of the remaining dependent variable most easily. Al- 
ternatively, we may use both equations (2) and (3), obtaining expres- 
sions for y and for 2 . It must be remembered, however, that our 
problem is to find values of y and z satisfy’^ing equations (li) and (I 2 ). 
Consequently, if the first alternative is employ'ed, say by' using (li), 
then, whenever constants of integration are introduced, possible rela- 
tions among the constants of integration must be determined by mak- 
ing sure that (I 2 ) is identically satisfied. If the second procedure is 
followed, an identity' must likewise be obtained by substituting the 
expressions for y and for z in either (li) or (I 2 ); this will determine 
poB-sible relations among the arbitrary' constants. 

Let us e.xamine the various possibilities in solving the simultaneous 
equations 

(D - l)y - (2D +l)z=l-x, 

Dy -f (D -b 4)2 = 1 -1- 4x. 

Operating on the first equation with D, and on the second w'ith (D — 1), 
we get 

D(D - l)y - (2D2 -b D )2 = -1, 

(D - l)Dy -b (D= -b 3D - 4)2 = 4 - 1 - 4a: = 3 - 42 :. 
Subtracting the first equation from the second gives us 


(3D“ -b 4D - 4)2 = 4 - 4.T. (5) 

Since 3wr -b Am — 4 = (3?n — 2)(m -b 2), the complementary func- 
tion fore is 

Zr — -b C2C~‘^. 


Abo, taking for the particular integral 


Zp = Ax -b H, 


AA — 4 . 42 : — 41? = 4 — Ax, 

A = 1, 5 = 0, 

Zp = X, 


've got 
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+ ( 6 ) 

In this instance the best way to continue is as follows Subtracting 
the first of equations (4) from the second, member for member, ne get 
a relation free of derivati\ es of y 

y + (3D -f- 5)3 =» 5r 

We then get directly, without the need of further mtegration, 
y = 5r - (3D + 5)3 

= 5a; — 3 — — 5x — — 5c2e“^* 

y = -3 - 7cie2-/3 + (7) 


Equations (6) and (7) together constitute the general solution of the 
system (4) 

For purposes of comparison with the above method and to dlus 
trate the second alternative method, let us find y directly from (4) 
Operatmg on the first equation with (D -(- 4) and on the second with 
(2D + 1), we get 

(D^ + 3D - 4)y - (D + 4)(2D + l)z = -1 -f* 4 - 4x = 3 - 4r, 
(20^ + D)y + (2D + 1)(D + 4)z = 8 + l + 4a:=9 + 4r 


Addmg, we have 

(30^ + 4D - 4)jf = 12 

The complementary function is found as before, 

Yc = C3e2*/3 c4e-2^ 


Also, we see by inspection that Yp = —3 Hence 

y = Cse^-t^ + c,e-^-^S (9) 

Substituting from (6) and (9) mto the firet of equations (4) gives us 

-2 - 4- 4c2e-2* - a: _ * 1 - r 

liich will be an identical relation only if 

~3<^3 “ ~ ^ — 3c 4 + Sca = 0 

Hence 

C3 «= — 7ci, a - C2, and y — 7cie^*/® + C2e"‘’® — 3 

as before Substitution of the expressions (6) and (9) into the second 
of equations (4) would similarly have yielded C3 = — 7ci, C4 = ca 



APPLICATIONS 


73 


Anr. Ml 


As indicated in the above example, the total number of arbitrary 
constants in the general solution of a system of simultaneous equations 
of form (1) will be equal to the degree in D of the determinant 

M'D) 

Thus, since 


D-1 -(2D + 1) 
D D + 4 


3D2 + 4D - 4 


is of the second degree in D, two arbitrary constants appear in (6) 
and (7). 

PROBLEMS 


Fiml the general solution of each of the equations in Problems 1-8. 

1. (x-D= -I- 2xD - 2)2/ = 4 + 

2. (2x'0= -xD - 2)2/ = 3x - 

3. (xHT- - xD + 1)2/ = Gx + 2x2. 

4. (x’D^ + 3xD + 5)2/ = 10 - 4/x. 

e. (I’D’ + 3 x2D2 + xD - 8)2/ = 7x - 4. 

6. (x’D’ + 2x2D2 - xD + 1)2/ = 3x= In X - 8x. 

7. (i^D^ - 3 x 2D2 -f 7xD - 8)2/ = 12x2(ln x)2. 

8. ((2r - 1)2D= - 4(2x - 1)D + 8]// = 8x. Hint: Let 2x - 1 = c*. 

In Problems 9-20, solve each system of equations. 

9. 2y + Dx = (2D - 3)2/ + D-z = 2c2^ - G. 

10. D// + 3z = 4x, 0^2/ + (2D + l)z = 3. 

11. (D 4- l)t/ + D; ■= <4 sin x, (D + 3)2/ 4- (D + 2)z = <4 cos x. 

12. (1)2 - 3)2/ - 2 = <r, Dx - 2// = 0. 

13. (O’ - D)2/ 4- 2 = 1, (D - 1)2/ 4- Dz = 4?“='. 

14. SDi/ 4- 2x = 0, (D 4- l)z 4- 3ur = 15 - 3x, Dhj - 2w = -10. 

IG. Di/ = z, Dx ■= te, Di(> = y. 

1C. (.3xD - 1);/ 4- (xD 4- 4)x = 21, (2xD 4- 11)2/ 4- ^Dx = -11. 

17. (xD - 1)1, 4- 52 .= 20x - 7, x-Dhj 4- (GxD 4* 2)z = 32i - 2. 

18. (xD 4- 2)2/ — 2x '= 0, 3// — (xD 4- 1)2 = — x. 

10. (I'D^ 4- 2)2/ 4" xDx = 4x, 2x01/ 4" z = 5. 

20. (x’D* 4- 2)1/ — 2xDx «= 4 sin In x, (xD — 5)// 4* 82 = 7 sin In x. 

14. Applications. It has been stated that linear differential equations 
arc of marlccd importance in engineering because of their frequent 
W'currcnee. Wo .shall at this point discuss only a few types of motion, 
electric circuits, and a chemical reaction; further applications will 
appear in connection with other topics later in this book. 

(<i) RccdUnrar motion with acceleration proportional to dis])Iaccment. 
Consiilcr a particle moving in a straight line, which we take as the 
a'-axis, under the action of a central force located at the origin 0 , the 
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magnitude of the force being proportional to the displacement x of the 
particle at any tune t By Newton's second law of motion, the force 
13 proportional to the acceleration, hence the given motion is such that 
the acceleration ^xjd^ is proportional to the displacement z, or 


le 


= Cx, 


( 1 ) 


where C is a constant 

Equation (1) is a Imear differential equation, and its solution is 
easily obtamed by the methods of Art 10 However, the form of the 
solution will depend upon whether the constant C is positive or nega- 
tive This mdetermmacy is not surprismg, for we have not as yet 
specified whether the force is one of attraction or of repulsion Suppose 
first that we are dealmg with an attractive force, which therefore acts 
always toward the ongm 0 Then if a: is positive, the acceleration 
and the force will be negative, and if x is negative, d^x/df will be 
positive Hence, for any position of the particle, the acceleration and 
displacement mil be oppositely signed, so that C m equation (1) must 
be negative To emphasize this, write C = whence our differ 
ential equation takes the form 


^x 

de 


5= — 


(ll) 


Lettmg D denote d/dt, (li) may be written as 

(D2 + L^)z = 0, 


the general solution of which is 

z ~ A cos kt -{• B sm ki, (2i) 

where A and B are arbitrary constants The displacement z from the 
center of attraction at time t is thus given by (2i), and the velocity at 
this instant will be 

dz . 

— = —KA sm ?t + kB cos kt (3i) 


If zo and Dq are, respectn ely, the displacement and velocity nhen 
i “ 0, we have the conditions 

dx 

z = Zo, — “ ^0 for i = 0 
dt 
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which suffice to determine A and B. 3?rom the first condition we get, 
bv (2i), xo = A; from the second, by (3i), t>o = kB. Hence 


z 


Vq 

xo cos kt H sin kt. 

k 


(4i) 


Motion defined by a relation of the form (4i) is called simple har- 
monic motion, and (li) accordingly is the differential equation of simple 
harmonic motion. If we write (4i) in the alternative form 


X = 


4 




^0 + ^ sin 


+ tan 



or, for brevity 


X = a sin {kt + a), 


(5i) 


where a - Vxq + t’o/F, a = tan“^ (kxo/vo), we see that the particle 
(Ksciilatcs between the extreme positions x = ±a. The distance a from' 
the center 0 to either extreme position is called the amplitude of the 
motion; it ewdently depends upon the initial conditions. 

Now' let xi and {dx/dt)i denote the displacement and velocity at 
any time ti, 

.Ti == osin {kti + a), 


— ) — ka cos {kti + a), 
dt /i 

liie smallest time interval T that must elapse before x and dx/dt 
ag-ain take on the values xi and {dx/dt)i, respectivelj’’, Avill be 
such that sin [k{ti + T) + a] = sin {kti + a); cos + T) + a] 
= cos Qdi -h a). But these relations w'ill be true if k{ii + T) + a 
= Idi + a + 2-ir, or 



and for no smaller value of T. The time interv'al T, called the period 
of the motion, represents the time required for the particle to complete 
one oscillation, say from one extreme position to the other and back 
again. By ihct frequency f is meant the number of complete oscillations 
occurring in unit time, so that/T = 1, or 



(7i) 


Ttic period and frequcnc\' are seen to depend only upon the constant k, 
and not upon the initial conditions. 
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K, now, the force is one of repulsion, it will be du-ected always away 
from the center Consequently its algebraic sign, which is that of the 
acceleration, will be the same as that of the displacement, so that the 
constant C m equation (1) is here positive, C — Then we have 


or 

whence 




h^x, 


p2 - l^)x = 0, 

X = + C2e~^\ 


(I 2 ) 


( 22 ) 


dx 

h 


kcie^* — lcc2e 


( 32 ) 


where Ci and cz are arbitrary Usmg the same mitial conditions as in 
simple hannomc motion, we get Xq = Ci -h cz, Vq ~ kci — kcz, and 
consequently 


z 


kXQ + Vq 

s e 

2k 


kxo — Do 

g 

2k 


ih) 


This type of motion is not oscillatory and does not occur m practice 
nearly so often as does the more important simple harmonic motion 
We shall, how ever, meet these two kinds of motion agam m Chapter II, 
where the close analytic analogy between them is exhibited by means 
of hyperbohc functions 

(6) Damped vibrations Because of the occurrence of fnction or 
other resistmg forces vibratory motion may often not be considered as 
simple hannomc If the resistmg forces are large, the motion may not 
even he oscillatory, 1 e , the particle may simply move toward the 
equihbnum position For small resistmg forces, the vibrations will 
decrease in size as tune goes on, we say then that the particle executes 
damped vibrations 

Suppose that a particle of weij^t m fib ) is attracted toward the 
ongm O by a force proportional to the displacement x (ft ), and that 
the motion takes place m a medium m which the resistmg force is 
proportional to the velocity dx/dt (ft /sec ) By Newton's second law 
of motion, one expression for the resultant force actmg on the mass is 

— ^ , where g = 32 17 ft /sec and this force will also be given by 
g dr 

the algebraic sum of the attractive and resistmg forces As in simple 
harmomc motion, the attractive force will be represented by —k x 
for its sign must be opposite that of x The magnitude of the resisting 
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force mil be K dx/dt, where K is a positive constant of proportionality; 
it remains to determine the proper algebraic sign of this force. Now 
if the mass, at some time I, is moving in the direction of increasing x, 
so that dx/dt is positive, the resisting force will be negativel}’’ directed 
and consequently will be given algebraically by —K dx/dt; if, on the 
other hand, the motion is in the direction of x decreasing, so that 
dx/dt < 0, the resisting force ‘svill act in the positive direction and is 
therefore again equal to —K dx/dt. Hence for any position and for 
motion in either direction we have the -elation 


m d^x „ dx 

= -J^x - K — 

g dt dt 


( 8 ) 


9 

2a — — , 
m 




Relation (8) is evidently a linear differential equation with constant 
coelBcients. For simplicity, we wi-ite it in the form 

(D^ + 2oD + b^)x = 0, (9) 

where D = d/dt, and a and b are positive constants given by 

m 

Tlie roots of the equation auxiliarj’’ to (9) are — a db and it 

is seen that the nature of the general solution wDl depend upon the 
relative values of a and 6. If the motion takes place in a viscous 
medium, K ■will be large, and it may be so large that a > h; then we 
sliall get 

where Cj and co are arbitrarj’’ constants. Since — 6® < o, the 
coefTicients — a ± V^a“ — b~ of t will both be negative, and therefore x 
will npjn'oach zero as t becomes infinite whatever the initial conditions 
may he. As a concrete example, suppose that a = 5, h = 4, and let 
the mass start from rest at x = a:o 'when ^ = 0. Then we have from 
( 10 ,), 

X — CiC' 
dx 
dt 

and from the initial conditions, 

^0 = c, + Co, 




= — 2cic — Scoc 


•hence 
c, = 


•Hn 


C = - — 


0 = — 2ci — Sco, 
4x0 


and 
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The nature of the resriltmg motion is indicated by the graph (Fig 7) 
It IS seen that no oscillation takes place, x being positive for all t > 0, 
and that the damping is rapid, when i = 1, « = 0 ISOxq 
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If the medium is sucli that a = b, the general solution of (9) becomes 
x = (ci + (IO2) 

With the same initial conditions as before, namely x = Xo, dx/dt «= 0 
for t = 0, and taking a = 4, ne get 

X = Xo(l + 

This motion is non-oscillatory as in the preceding case 

Finally, if a < i, the roots of the auxiliary equation may be wntten 
— a zh t, and the general solution of (9) takes the form 

X = cos ~ or t + C 2 sin 0 (lOa) 

If at time t = ti the body is passing through the origin in a given direc- 
tion, then at time t ti + 27r/ V it will again be passing 0 in 
the same direction, we call the interval 2Tr/‘^b^ — a® the period of the 
motion The factor is called the damping factor Taking a = I, 

i» = 4, and applying the conditions x »= xo, dx/dt = 0 for I = 0, it is 
found that 

X = xoe“* ^cos vTb t -f 

Hence we now have damped oscillatory motion, as indicated m Fig 8, 
with period T = 27r/\/T5 *= 1 62 sec 
As a physical example of damped motion, consider a spring fixed at 
its upper end and supporting a weight of 10 lb at its lower end As- 
sume that Hooke’s law holds, so that any force producing an elongation 
of the spnng is proportional to the elongation produced, the constant 



applications 


79 


iiRT. 14] 


of proportionality being called tbe spring constant. Suppose that the 
10-lb. weight stretches the spring 6 in. and that the resistance in pounds 
is numerically equal to the speed in feet per second. Tl'e W’ish to 



find the equation of motion of the w'eight if it is drawm domi 3 in. below 
its equilibrium position and released. 

Wc first determine the spring constant. Since a force of 10 lb. 
•stretches the spring 6 in. or ^ ft., %ve have 10 = c(|-), and the spring 
constant is c = 20 Ib./ft. In solving a problem of this type, it is im- 
portant that Ave specify and keep clearly in mind the direction chosen 
as positive and the origin from 
which the displacement is meas- 
ured. Wo shall take the down- 
w.nr(l direction as positive and our 
reference point O at tlie equilib- 
rium position of the Avcight, that 
is, the position of the weight when 
it is han^ng at rest (Fig. 9). Let o— r 
- (ft.) be the displacement of the x 
weight from its cquililiriura iio-si- * 
tion at any time I (sec.) ; then the Pig. 9 

‘•lastsc force tending to restore the 

Weight to its equilibrium position is —cx — — 20.t, the minus sign 
deaoiing (bat this force and the displacement arc opposite in sign, 
'^e abo h.ivc a resi.'iting force whose sign is opposite that of tlie 
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velocity dx/dt, namely —0 1 dx/dt, so that the resultant force tending 
to restore the weight to its equilibrium position is ~2Qx — 0 1 dx/dt 
We equate this resultant force to the product of the moving mass 
and its acceleration and obtain the differential equation of motion 


or 


md^x 

g dt^ 


dx 

1 — , 
dt 


(D^ -H 0 OlgB + 2g)x = 0 


Solving this equation^ we get 

X = PQg iVSff - OOOOlff^ t + CzBm iVSg - 0 0001 j?® i) 

Usmg the conditions ^ dx/dt = 0 when t = 0, and settmg 
^ = 32 17, it IS found that 

X = c“° 250 cos 8 02^ -f 0 00502 sm 8 02^) 

The period of vibration is T = 27r/8 02 = 0 783 sec , and the damping 
factor e~^ decreases by half m (In 2)/0 IGl = 4 31 sec 

(c) Forced vibrations The motion of the iv eight considered above 
was due to the inherent elastic forces of the sprmg-wei^t system and 
to the resistance, the iibrations are accordingly called free or natural 
vibrations If, however, the system is subjected to an external periodic 
force, we say that the body executes forced vibrations 

Suppose that the particle of mass m is acted upon by the forces 
— and —K dx/dt, as m the analysis leading to equation (8), and m 
addition is subjected to an external force C sm «t of amphtude C and 
period 2ir/w Then (8) is replaced by 

md^x „ dx 

= ~k^x K 1- C sm cot, (11) 

g dt^ dt 

which may b^wntten as 

(D^ 4- 2aD -f b^)z =s — sm ut, (12) 

m 

where, as before, 2a » Kg/m and = l?g/m Smce the operators m 
(9) and (12) are the same, the complementary function for (12) will be 
given by (lOi), (IO2), or (IO3), accordmg asa>6, a=h a 
Consequently the general solution of (12) js ob tamed by addmg to the 
complementary function x^, previously determmed, a particular mte- 
gral xp of (12), and xp will give us the effect of the external force 
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We shall consider onl}’' the most important case, in which the resist- 
ing force is small, so that a <b and 


\ci cos 


t + C 2 sin — a“ t). 


Let us suppose first that K is so small that we ma}'' take a = 0 wdthoiit 
much error being introduced, i.e., we take the ideal situation. 


for which 


gO 

(D^ -{- b^)x = — sin at, 
m 

Xc = Cl cos bt + C 2 sin bt. 


It is evident that the form of a particular integral of (12i) wall depend 
upon whether a 9 ^ b or a = b. li a 9 ^ b, we may set 

Sp = A sin coi + cos at, 

where and B are undetermined coefficients; w'e then get 

o g^ 

—a'A sin at — a^B cos at + b^A sin at + b^B cos at = — sin at, 

whence 

A = gC/mib^ - a^), B = 0, 
and 

gC 

= ~775 57 (^^1) 

7n(b^ — a^) 

Consequently the general solution of (12i) is, for a 9 ^ b, 

gC 

X = — — sin. at + Ci cos bt + Cz sin bt. (14i) 

77 ! — a^) 

Ilcncc the effect of the sinusoidal force C sin at is to superimpose a 
simple harmonic motion as given by (13 1 ) ; the period of this added 
motion is the same as that of the impressed force, and the amplitude 
is constant for a fixed value of a but becomes larger as a approaches b. 
^ Now if the period of the external force is equal to the natural period 
~~/b of the vibrating system, the differential equation of motion, Avhen 
0 b still negligible, is 

aC 

-i-b-)x sin bt. ( 122 ) 

licre we set 

„ xp - At sin hi + Bt cos hi, 
and ivc then find 

Drn = hAl cos hi + A sin bt — bBt sin bt + B cos bt, 

D 'P “ ~b~ At sin bt -f 2bA cos bl — b^Bt cos bt — 2bB sin bt. 
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■whence 


gC 

2bA cos ht — 2bB sm bt ~ — sm bt. 


26m * 


A = 0, ^ - 

arp = 1 cos bt, 

26m 


gO 

X — 1 cos hi -f- a cos bt C 2 Bmbt 

26m 


(132) 

w 


From (ISa) "we see that, since the coefficient of cos bt increases mdefi> 
nitely ivith /, the vibrations get larger and larger Of course this 
situation cannot occur in practice, since some resistance to the motion 
13 alwaj^ present, but it is evident that the displacement may become 
seriously large If, for example, a weight is suspended by a spnng and 
the upper end of the sprmg is made to move with simple hannoDic 
motion of a period equal to the natural period of vibration, the dis* 
placement x may become so large that the elastic limi t of the spnng is 
exceeded, and a permanent set or distortion occurs 
Consider next the general equation (12), -with 0 < o < 6 We put 


xp = A sm oit -{- B cos cut, 
and substitution m (12) gives us 
— sm ui — cos cot + 2awA cos cot — 2awB sm ct 


+ b^A sm cot -j- 6^B cos «t 


g(^ 


from which we find 
, 5(7(5= - »=) 


2gCac>! 


ml(b^ - co2)2 -h dfl^co^J ' 

gC 

“ m[(b=* - co2)2 + 4aV2] 
gC 


m[(b^ - + dflVJ 

[(6^ — co^) sm cot — 2aco cos cot] 


mV(b^ - to2)2 + 4a^c 
If, in particular, co *5= 6, this reduces to 
gC 
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Tlic period of zp as given by (ISa) is 2r/a), the same as that of the 
impressed force, and since the complementary function Zc approaches 
7 cro as t increases, the forced motion xp ultimately predominates and 
the vibration becomes more and more nearly in tune with the external 
force. 'WTien a? = &, we see from (Ids) that the amplitude of xp may be 
dangcrousl}’^ large if a is small, i.e., if the resistance is small; this agrees 
with what has already been said. For fixed values of a and b, the ampli- 
tude m (ISa) will be a maximum when w is such that (b^ — co^)^ 4o^<o^ 

has its least value; if we set the derivative of this expression with 
respect to w equal to zero, we find that the critical value of co is 


Wc = — 2a^. 


(ISs) 


TVlien a is small compared to b, Wc is nearly equal to b. If the period of 
the impressed force is 2Tr/o}c, we say the force is in resonance with the 
vibrating mass. The phenomenon of resonance is of great importance 
in engineering. It is sometimes necessary, as in our spring problem, to 
avoid a resonant condition so that no undue stresses occur; on the other 
hand, resonance is desirable in many acoustical and radio-circuit 
problems. 

(d) Electric circuits. In Art. 7(c) we considered a simple circuit 
containing an inductance L (henries) and a resistance R (oluns) in 
series with an e.m.f. E (volts), and w'ere led to a linear differential 
equation of the first order. We shall discuss now a series circuit con- 
taining in addition to the parameters L and R a capacitance C. 

Tlic charge on a condenser varies directly as the potential difference 
across it, so that 

Q = CEc; (16) 

if the charge Q is given in coulombs and the potential Ec in volts, the 
capacitance C is measured in farads. Since current I (amp.) is the 
rate of flow of electric charge, we have also 


r r 

It’ (17) 

vherc time t is measured in seconds. Hence 

- ^dEc 1 r 

*■0 that, ju.st ns inductance opposes a change in current, capacitance 
opi>n<.es ji change in voltage. 

> Firchhoff’s fir.st law to the circuit shown in Fig. 10, in 

•' la 1 an inductjmcc L (henries), a re.‘'’Lstance R (ohms), and a capaci- 
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tance C (farads) are connected m senes with an e m f E (volts), we get 


r,£„ Cldt^O 

dt CJ 


Using relations (17), this may be wntten 


■nhere D = d/dt When L ^ 0, this second order Imear equation with 
constant coefficients may be solved for Q, I obtamed from (17), and the 
^ two constants of integration deter 

mmed "nhen the values of Q and / 

for t = 0, say, are known If 
L = 0, (20) reduces to an equation 
of first order, so that Q and J are 
^ ' “T~ completely deteimmed when only 

one mitial condition is given 
As an example, let L = 1 hemy, 
Q Q Q Q R — 100 ohms, C ~ 10~* farad, 

^ volts Suppose that 

jQ no charges are present and no cur 

rent is flowmg at time t = 0, when 
the e m f is applied, so that Q — 7 — 0 for t = 0 Equation (20) 

gives us _ j 

^ (D2 + lOOD + 10^)Q « 100, 

and we easily find 

Q = (ci cos 50V^ i + ca sm 50V3 t), 

/ = ^ = e-^‘ (-50\/3 Cl sm 50 VS i + 60\/3 cj cos 50\/3 t 
dt 

-50 Cl cos 50\/3 t - 50 C 2 sm 50\/3 1) 
Usmg the imtial conditions, we get 

0 = XSTT '4' Cl, 0 = 50\/3 C2 “ 50 Cl, 

so that 

1 Vs 

, ^ ” 100 ’ “ 300 ’ 

and 

Q = ^ 1^ 1 - (cos 50 t ^ sm 50 Vs 0 j, 


3 


sin 50 Vi i 
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We see that the frequency / of the current is 50\/3/27r = 13.8 oscilla- 
tions per second, that the current rapidlj’’ damps out, and that Q rapidly 
approaches the steady-state value tIi) coulomb, 'which is that given 
by (16). 

(c) Physical chemistry. TV^e shall consider here merely a system of 
simultaneous equations arising in a certain type of chemical reaction. 
If a substance A forms an intermediate substance B, which in turn 
changes into a third substance C in this reaction, it is found that the 
respective concentrations x, y, z of the three substances obey relations 
of the form 

dx 

]- ax = Q, 

dl 

dz 

- = hy, ( 21 ) 

di 

a: + 2/ + z = c, 

where a, h, c are constants depending upon the substances. We ■\vish 
to solve these equations subject to the conditions z = dz/dt = 0 when 
/ = 0 . 

Since the given initial values involve z and its first derivative, we 
eliminate x and y from (21) so as to get a single equation in t and z. 
From the last equation y = c — x — z; substituting in the second 
equation and writing D for d/dl, "wc get 


bx -{- (D -h 6)z = be. (22) 

Operating on (22) wrth (D -1- a), and using the first of equations (21), 
wc find 

(D + a) iB + b)z = abc. (23) 

Wo have to distinguish two cases, according as a 9 ^ b or a = b. If 
a b, we get from (23) 

, z = c + ciC-°‘ -f coc-^', 

whence 

dz 

— = — flcic""' — bc',c~^K 
dl 

From the initial conditions we then have 


so that 


0 = c -j- Cl Co, 0 = — oci — bc 2 , 
be ~ac 


Cl 


a-b’ 


Co = 


a-b’ 


and 


= c 4 - 


{b 




(24i) 


a — b 


ac-'"). 
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From the second of equations (21), there is then found 

\dz oc , . . 

-« )» 

hdl a — 6 

and from the third equation, 

X ^ c — y ~ z 




e-“‘ - 

a — b a — 6 




a — 6 a — o 


i2h) 


If a = 6, (23) jnelds 

s = c + (ci + C 2 t)e~“\ 
and consequently vre have 


— = (<^ — aci — aC2t)e~“\ 

dt 


Using the initial conditions, we get 

0=0 + Cl, 0 = Cz — oci, 


so that Cl = 

— c, C 2 = — oc, and 



z = c — c(l + af)c“®^ 

(25,) 

Then 

Idz 

y = = acie~~“*, 

a 6i 

(252) 

and 

X = c — acte~^* — c + c(l + af)e““' 



cc-^K 

(25d 


Equations /24I and /2q') jdve the required solutions for a 6 and 
a *= b, respectively. 

PROBUEMS 


1. A particle mores mtb siiapJe harmonic motion in a straight line Blipn 
1 = 0, the acceleration is 9 ft /sec *, the velocity is 3 ft /sec , and the displacement 
j = — J ft Pind the amplitude and penod of the motion 

2. A simple pendulum consists of a weight of tr lb suspended by a siring of 
negbgible weight and length L ft If (rad ) is the angular displacement of the 
string from the vertical at time t (sec ), and if resistance is neglected, show that 
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If the complete anple of swing 2a is so small that sin 9 may be replaced by 6 without 
much error, find the period of \nbration and the equation of motion when the initial 
conditions arc 6 ^ a and dO/dl = 0 for t — 0. 

3. A simple pendulum swings through an angle 2a which may be so large that 
the assumption of Problem 2 regarding the replacement of sin 0 by 9 cannot be 
made. If the pendulum is drawm aside through an angle a and released, find its 
actual maximum angular velocity and show that this is never as great as the maxi- 
mum obtained under the assumption of Problem 2. 

4. A particle moves with simple harmonic motion in a straight line under the 
action of n force located at the origin x == 0. If it starts at x = —4 ft. with, a 
velocity dr/dt ~ 8 ft.Asoc., and if it reaches an extreme position at x ~ 4\/2 ft., 
at wimt siKJcd does it pass through the origin? 

6. One end of a mbber band is ftxed at a point A. A 1-lb. weight, attached to 
the other end, stretches the rubber band vertically to the point B. The length AB 
is C) in. greater than the natural length of the band. If the weight is released from 
a point 3 in. above 5, wlint will bo its velocity when it passes B1 

6. A cubical block of wood C in. on an edge and weighing 4 lb. floats in water 
{62.4 Ib./ft.^). If it is depressed so that its upper face lie.s in the water surface and 
h then released, find its period of vibration and equation of motion. Neglect 
n^istance, 

7. A cylinder 18 in. in diameter floats with its axis vertical in water (62.4 
Ih./ft.^). When the cylinder is depressed slightly and released, the period of vibra- 
tion is found to be 0,86 see. Neglecting resistance, find the weight of the cylinder. 

8. The attraction of a spherical mass on a particle within the mass is directed 
toward the center of the sphere and is proportional to the distance from the center. 
Siippo'jc a stmight tube bored through the center of the earth and a particle of 
weight w lb. to be dropped into the tube. If the radius of the earth is 3960 miles, 
find how long it wdll take (a) to pass through the tube; (6) to drop halfway to the 
center. Neglect resistance. 

0. A lO-lh. weight is suspetidcd by a spring which is stretched 2 in. by the 
Weight. A.ssumc a resistance whose magnitude (lb.) is 40/ times the speed 
(rt.^Ft*c.), If the weight is drawn down 3 in. below its equilibrium position and 
released, find the equation of motion of the \veight. 

10. A 10-lh. weight suspended from a spring \nhra tes freely, the rcsistiince (Ib.) 
K'-ing numerically equal to twice the speed (ft./scc.) at any instant. If the period 
of the motion is to i)e 4 .«ec., find the suitable spring constant (Ib./ft.). 

11. A body executes damjicd \ibrn lions, its motion being repnjsented by an 
equation of the form (D* 4* 2aD -b ?r)x = 0, where T> == d/dL If the period is 
1.25 ^ec. and the damping factor decreases by 25% in 8.2 sec., find a and 6. 

12. A weight w (lb.) h suspended by a spring whose con‘?tant is 20 Ib./ft, The 
motion of the weight is subject to n re^ristanco (Ih.) numerically equal to twice the 
vriocity p./sec.). If the motion is to be oscillator>' with period 1,00 sec., find the 
two po«.H}bl(> values ic may have. 

13. A 4-ib. weiglit Mi*f{>ended from a spring causes an elongation of 2 in. It is 

vibrating anil the jx’riod Is measim^d as 0.5236 sec. Assuming resistance pro- 

to the velocity, find tlie time required for the damping factor to decrease 

tw ^5%. 

^ A rortaln dumped frcf* ^^h^vt^on Ims a ppricnl of 1 soc., in which time the 
‘-Wipsni; factor by If tlie period made in^c CTcatcr by chansinc 

dntnpinR factor at the end of the first 
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16 A weight, hung on a spnng and vibrating with neghgible damping has a 
penod of 1 sec Next it is set vibrating n ith a practically w eightless darapmg vane 
attached to it* thereby causing a resistance proportional to the speed, and the 
period IS then found to be 1 5 sec Determine the differential equation correspond 
ing to the damped vibrations 

16 The damped vibrations of a weight suspended from a spring have a penod 
of 1 sec , and the damping factor decreases by half in 5 sec Find the acceleration 
of the weight when it is 3 in below its equilibrium position and is moving upwards 
with a speed of 2 in /sec 

17 A body weighing y = 32 17 lb is suspended from a spring which is stretched 
g/12 ft by the w eight Assume a resistance (lb ) equal to 7 tunes the speed (ft /sec ) 
at any instant The body is displaced 2 ft below its equihbnum position and is 
given an initial velocity to (ft /sec ) directed upward (a) Find the value of m 
which will bring the body into equilibrium position in 1 sec (h) Find the numen 
cally smallest value of vq which mil prevent the body from reaching its eqinlibnum 
position in any finite time 

18 A container weighing 1 lb is half filled wath 5 lb of mercury and is hung on 
the end of a spring which is thereby stretched 1 in The penod of oscillation u 
found to 0 350 sec When 5 lb more of mercury are added the penod becomes 

0 454 sec Determine whether the resistance can be proportional to the velocity 
under these eonditions 

19 The small oscillations of a simple pendulum with penod 2 sec are subjected 
to a resistance producing an angular deceleration equal to 0 10 times the angular 
velocity If the pendulum is released from rest at an angular displacement of 1 , 
find the displacement at the end of 2 complete vibrations 

20 An 8-Ib weight of specific gravity 2 stretches a spring 3 in when immersed 
m water Because of resistance proportional to the velocity, the penod of vibra 
tion 13 0 017 sec longer than it would be without damping By what percentage 
wall the damping factor be decreased in 1 see ? 

21 A 5-lb weight is to be supported by a spring and made to execute damped 
vibrations in which the resistance is proportional to the velocity If the damping 
factor IS to decrease by 90% in half a cycle, and if the period is to be 0 30 sec more 
than it would be if there were no resistance, find the amount by which the weight 
should stretch the spnng 

22 A weight of 32 17 lb is suspended from a spnng w hose constant is C lb /ft 
There is a resistance Ob ) equal to 5 times the velocity (ft /sec ) at any instant 
The weight la drawm dow n 6 m below its equilibrium position and then released 
(ffl) Fmd the equation of the ensuing motion, and sketch its graph (6) Determine 
the displacement from equihbnum position when } sec has elapsed 

23 A particle moves along the x-axis in accordance with the equation 
(D* 4" lOD + 9)x = 0 where D « d/di At time i = 0 the particle is 2 ft to the 
right of the ongm and is projected toward the left at the rate of 20 ft /sec Tind 
(a) the time required for the particle to reach its leftmost position, (6) the total 
distance traveled by the particle at the end of 1 sec 

24 A particle mo\ es along the z axis in accordance w ith the equation 
(4D* + 41) -b l)z = 0 where D = d/dt If it starts from a point 2 ft to the 
right of the ongm with a speed of 3 ft /sec directed toward the left find the time 

1 when the speed is zero and the displacement i at that time 

26 A body executes damped forced vibrations given by the equation 
(D' -{- 2flD 4- = C<““‘ sin where the impressed force is damped by a factor 
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equal to the damping factor for the nat ural \nbrati ons. F ind a particular 

integral for this equation if (a) w 5 ^ Vt- — or; (b) w = V^- — a-. 

26. A 10-lb. weight is hanging at rest on a spring which is stretched 3 in. by the 
weight. If the upper end of the spring is given the motion y = sin <ct (ft.) and if 
rcsisUmce is neglected, find the equation of motion of the w’eight when (a) 
L 3 *= rad./sec.; {h) w == 2\/g rad./scc. For both (a) and (b) find also the 
dbplaccment of the wxight from its equilibrium position when t = r/V^ ^ec. 

27. Solve Problem 2G(a) assuming a resistance whose magnitude in pounds is 
equal to 20/ \/^ times the velocity in feet per second. 

28. A body weighing 32.17 Ib. is supported by a spring whose constant is 36 
Ib./ft. As.sume a resistance (lb.) equal to 13 times the speed (ft. /sec.) at any in- 
stant, and take the dowmw’ard direction as positive. The bod}^ is displaced xq ft. 
from its equilibrium position and released, %vhilc at the same instant the upper end 
of the spring is given the motion y - sin 6f (ft.). If the body then executes simple 
Itannonic motion, determine whether the initial displacement a:o was above or below 
the equilibrium position, and its amount. 

29. A weight of = 32.17 lb. is suspended from a spring w'hich is stretched g/2b 
ft. by the weight. At a given instant an external vertical force, which is propor- 
tional to the function cos 5f, is applied to the weight. The motion of the weight is 
subjected to a resistance (lb.) equal to G times the velocity (ft. /sec.) of the weight. 
If the weight is 0.1 in. below its equilibrium position at the end of x/2 sec., what 
was the initial external force? 

30. A bcKly weighing g « 32.17 lb. is hanging at rest on a spring which is stretched 
<j/41 ft. by the weiglit. Assume a resistance (Ib.) equal to 8 times the speed (ft./scc.) 
at any instant of the motion of the weight, imparted b\' gi\nng the upper end of 
the spring the motion « sin u*/ (ft.). After the transient motion, represented by 
Ihe complementary function, has died down, tlie displacement x (ft.) of the weight 
will be given by the particular integral xp. (n) Find the amplitude of xp when 
the period 2r/w of the external force is equal to the natural period of vibration of 
the weight, (b) Find the amplitude of xp when w « 3 rad./scc. (c) Discuss the 
relative v-aluc-s of the two amplitude.s from the standpoint of resonance. 

31. A weight of g = 32.17 lb. is banging at rest on a spring which is stretched 
3 in. l)y the weight. The upper end of the spring is given the motion y = sin 2 Vff t 
(ft), and the resistance (lb.) is I\ times the velocity (ft. /sec.), (a) Find K such 
that any smaller value would make the transient motion (represented by the com- 
pk"mf-nlar\' function) of the weight oscilla1or>\ (b) Using the value of K found in 
(a), fuid the equation of motion of (ho weight. 

32. A particle undergoes vibratory motion in accord.ance ^ritli the equation 
(D* 4-0.4D 4- 13)x *=* 0, whore x (ft.) Is the displacement at time t (sec.) and 
l> d/dt. If ibti velocity at n certain lime is 1 ft./scc., find the velocity one 

later. 

33. A 2-lb. weight is lianging at rest on a si)ring which is stretched g/25 ft. by 

lljc weight ^(17 32.17). The upper end of the spring is given the motion 

V ^ I ^ resulting motion of the weight is subjected to a resist- 

(lb.) equal to 20/(7 times the velocity (ft. /sec.). Find the displacement of the 
from equilibrium porition at the end of 1 sec. 

31. A particle unde rgof*^ non-vibnitor>* motion in accordance with the equation 
(kV X 2al) 4 - ?*)x «« 0, wiiere x (ft.) Is the disphicoment at time ( (sec.), D « d/dt, 
van ! n > h. At time / 0. x « xo > 0 and Dj *= ro (ft./sec.). Show that the 

remains to the right of the oripn if ^ — Xnfa -f V V — hut tlmi 
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it passes through the ongin, reverses its directi on of m otion, and ultimately ap- 
proaches X = 0 from the left if t<o < — iroCo + — 6® ) 

35 Discuss the motion of a particle satisfying the equation (D* + 2aD-|- a*)z •» 0 
and the imtial conditions x = zo > 0, Di ta tio, for 1 = 0 (Cf Problem 34 ) 

36. A coil of inductance 1 henry and negligible resistance la connected m senes 
with a capacitance 10“® farad and an e m f E volts Takmg Q 7 >= 0 for 
t = 0, find the charge Q and current 7 when t = 0 001 sec if (o) E = 100, (6) 
E = 100 sm soon, (c) E ^ 100 sm lOOOi 

37 An inductance of 1 henry, a resistance of 1600 ohms, and a capacitance of 
10“* farad are connected m senes with an e m f 100 sm 6001 volts If the charge 
and current are both zero n hen i = 0, find the current when 1 == 0 001 sec 

38 An inductance of 1 henry, a resistance of 1200 ohms, and a capacitance of 
10“* farad are connected m senes with an e imf 100 sin 10001 volts The charge 
and current are both zero initially For 1 =*0 001 sec,, determine whether the 
transient current or the steady-state current value is niimencally the larger 

39 Using the data of Problem 38, find the ratio of the current actually flowing 
to that which would be obtained if there w ere no resistance, when i = 0 001 sec 

40 An inductance of 1 henry, a resistance of 3000 ohms, and a capacitance of 
5 X lO'"^ farad are connected m senes with an e m f of 100e“^™‘ volts If the 
charge and current are both zero when t = 0, find the current when t = 0 001 sec 

41 An inductance L hennes, a resistance R ohms, and a capacitance C farads 

are connected in senes with an e m f Eo sin wt volts If the charge Q and current I 
are both zero for 1 = 0, and if 4Zi > R^C, find expressions for Q and 7 at any tune 1. 
For convemence, let a = R/2L, = V4LC - R?<^/2lJC, E = Lw ~ 1/C«, 

= E* -h E* What value of u will produce resonance? 

42 Solve Problem 41 if 4L = R^C 

43 Solve Problem 41 if 47- < R^C (Here let to, = -ALCI2W) 

44 * The pnmary of a transformer has inductance L\ hennes and resistance Ei 
ohms, the secondary has mductance hennes and resistance Ej ohms, and the 
mutual inductance is il7 hennes, where LiLi > The free oscillations in the 
two circuits are then given by 

-f- A/D/i -f- Ri/i => 0, 

MD7i + LiDIi + Ea/z = 0, 

where /i and /2 are the currents m pnmary and secondary, respectively, and 
D = d/di (o) Show that 7i and h numencally diminish as i increases (6) R 
El, Ej, and il7 are 1, 2, and 1 henries, respectively, Ei and Ej are 5 and 24 ohms 
respectively, and /i = 1 amp , = 2 amp when / = 0, find /j and Js when 

< = 0 I sec 

46 A condenser of capacitance C farads and an e m f Eo sin are connected m 
senes with the pnmary of Problem 44 and the secondary is short-circuited, so that 
the equations for /i and h become 

EiD7i -h AfDI^ + Rili 4* ^ J'7i di = Eg sin wt, 

Jl7D7i 4" E 2 D 72 4* E 272 = 0 

* The differential equations of Problems 44-46 can be denved by the methods 
of Art 109, Chap XI 
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By what amount must tlie inductance Li of the primarj' be changed if the forced 
oscillations, represented by particular integrals, are to be the same when the con- 
denser is short-circuited as they are here? Hint: Take the particular integral for 
I\ in the form A sin (ut + a). 

46. When the j)rimaiy and seconder}" circuits of the transformer of Problem 44 
contain capacitances Ci and C 2 , respectively, and the resistances Ri and I ?2 are 
negligible, the currents h and h arc given by 

L{D-h + ^fD"h + h/Ci = Eo^ cos w/, 

AfDHi -h L2D=72 + I 2 /C 2 = 0. 

Find the steady-state current values represented by the particular integrals. Show 
al^o that the complementary functions represent periodic oscillations when 
Li/v2 > 

47. Tank A contains 100 gal. of brine in which 100 lb. of salt are dissolved. 
Tank B contains 100 gal. of water. Water flows into A at the rate of 3 gal./min., 
and the mixture flows into B at the rate of 4 gal./min. From B, the solution is 
pumped back into A at the rate of 1 gal./min. and also flows into a third tank at 
tlte rate of 3 gak/min. Find the maximum amount of salt in tank B. 

48. A body f tills from rest in a liquid whose density is one-third that of the body. 
If the liquid offers resistance proportional to the velocity, and the velocity ap- 
proaches a limiting value of 40 ft./soc., find the distance fallen in 1 sec. 

49. A projectile of weight w lb. is fired from a gun at the origin 0. If the initial 
velocity is I’o ft./.scc. in a direction making an angle a with the horizontal x-a.xis, 
show that when resistance is neglected the path is a parabola, and find the maxi- 
mum licight and the range of tlie projectile on a horizontal plane tlirough 0. 

60. If resistance proportional to the velocity is taken into account, find the para- 
metric equations of the path of the projectile of Problem 49, Find also the maxi- 
mum licight reached. 

61. Two bodies, each of weight 1 lb., slide freely in horizontal grooves perpen- 
liicubr to each other, and are connected by a spring 1 ft. long and with a 50-lb./ft. 
constant. If the weights arc placed 9 in. from the point of intersection of their 
groove> and released, find their equations of motion. 

62. A jiarticle lies on the line connecting two centers of equal attraction. If 
each attractive force is proportional to the distance of the particle from the corre- 
rponding center, and if the particle is released from rest at a point nearer one 
center tlmn the other, show that the resulting motion is simple harmonic. 

63. If the particle of Problem 52 starts wnth velocity i»o along u line perpendicular 
to thr‘ linr* connecting the centers of attraction, show that the path of the particle 
is nn ellipse. 

64. A particle slides freely in a tube which rotates in a vertical plane about its 

midpoinl with constant .angular velocity w. If jr is the distance of the particle from 
tie* maiiKunl of the tube at time t, and if the tube is horizontal when i ^ 0, show 
that tfir motion of (he particle along the tube is given by ^ sin 

v.hf m D ij/dt and {7 is the gravitation constant. Solve this equation if x = xo^ 
IV « ^vheri ( ^ 0, For what values of xo and t\) is the motion simple harmonic? 

65. A particle of unit mass is at (meted towani a fixed point 0 by a force F. If 
(%<») am the iK)lar coordinates of tlie particle at any in'^tant, and if u = 1/r, then 
tlv mobnn of the pariieie. is given by the equation (D- -h l)u F/fihr, wliore 

d'd'^ nnd h h a constant representing twice tfio area! velocity. Given that 
c Dii 0 when a l/r^, solve this equation if (a) F « il-u-; (6) F ^ In 
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(fl), where the force vanes inversely as the square of the distance r, show that the 
path IS a conic 

66 (o) For steady heat flow through the wall of a hollow cyhndncal steam pipe 
whose inner and outer radu are ri and rj, respectively, show that the temperature u 
at a radial distance r (ri < r < rj) from the axis of the cjhnder is given by 
rD*u + Du =« 0, where D = d/dr (h) If ui and U 2 are, respectively, the tempera 
tures at the inner and outer surfaces of the pipe, find u as a function of r (c) If 
rt » 6 cm , rj = 8 cm , tti = RX>® C , uj 90® C , find « for r = 7 cm 

67 (a) For steady heat flow through the wall of n hollow sphere of inner and 
outer radu rj and rj, respectively, show that the temperature u at a distance r 
(n < r < rjl from the center of the sphere is given by rD^u -f 2Du = 0, where 
D = d/dr (6) If «i and uj ate the temperatures at the Inner and outer surfaces 
of the shell, find u in terms of r (c) If ri = 6 cm , r 2 =• 8 cm , mi IOO®C, 
112 = 90° C , find u for r =a 7 cm 

68 The small oscillations of a certain system with two degrees of freedom are 
given by the equations 

D*x + 3z — 2y = 0, D*^ -f- — 3^ + = 0, 

where D = d/dt If x = 0, p = 0, Dx •= 3, T)y = 2 when i = 0, find x and y when 
t = 2 

69 A weight m (lb ) is suspended by a spring whose upper end is fastened to a 
second weight U 2 (lb ) The weight W 2 is m turn supported by a second spnng the 
upper end of w hich is fixed A force A sin wf (lb ) is applied to wi Show that the 
displacements xi and X 2 (ft ) from equilibnum positions of wi and u ’2 respectively 
are given by 

(ici/ff)D*xi = — fci(xi — X 2 ) + A sm wf, 

(lt)2/'ff}D^X2 = ki(xi - X 2 J — ^212, 

where fci and ^2 are the spring constants and D = d/dt Find the forced vibrations 
represented by the particular integrals for Xj and xj For how many values of w 
does resonance occur? 

60 If the external force is removed the elastic double pendulum of Problem 59 
executes free oscillations Take icj — fif/100 lb , tci = ff/SO lb , Jfci = 2 lb /ft , and 
^■2 => 4 lb /ft , and suppose the equilibrium positions of the two weights to be 1 ft 
apart If xi = 4 in , zj « 2 in , Dxi = 0 and Dx 2 0 when t = 0, how far apart 
are the two weights when <^01 sec 7 

61 For small displacements the motion of the bob of a gyiostatic pendulum is 
given by the equations 

D*x + 2oDy + 5®x = 0, 

D*y - 2oDx + b^y = 0, 

where a and b ere positive constants and D »= d/d( (a) Show that the solutwa 
of this system is 

x » Cl cos («lf 4* o) + C2 cos (ant + 0), 
y « fl sm (uil + a) — C 2 sm + 0 ), 

whefe 6 J 1 = Vo" 4 - 5* 4-0 W 2 = 4- — n, and ci f 2 a, and 0 are arbitrary 

constants (6) If o = 3 and h »= 4, discuss the motion w hen the initial conditions 
are (i) X = 2, y •• 0, Dx ** 0, Dy « —4 for t = 0, (ii) x *= 0, y “ L Dx -> 8 
Dy 0 for f = 0 
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62. In Thomson’s experimental determination of the ratio rn/c of the mass to 
the charge of an electron, in which the electrons were subjected to an electric field 
of intensity E and a magnetic field of intensit}" //, the equations 

777 + HcDy = Ee, mD^y — HcDx — 0, 


where D = d/dl, were employed/ If x — y — Dx — T)y = 0 for / = 0, show that 
the path is a cycloid whose parametric equations are 


X 


Em / 
lFc\ 


1 


— cos 


lJ€t \ 

777 / ' 


y 


Em /Hcl 

n^€\^ 


— sin 



63. A cantilever beam of length L in. and weighing w Ib./in. is subjected to a 
horizontal compressive force of P lb. applied at the free end. Taking the origin 
at the free end and the y-axis positive upwards, the differential equation of the 
elastic curve is Ely^* ^Py ^ (o) Show that the maximum deflection is 

given by the formula 

wEI / 0- \ 

VL ~ I 1 - “ - sec 0 + (? tan Oj , 

whore 0 e h^ypJEI, (li) Find the maximum deflection of a wooden beam 2 in* 
by 4 in. by 10 ft., with = 15 X 10^ ]b./in.“ and weighing 40 Ib./ft.^, if the 2-in. 
side is horizontal and P = 500 lb. 


♦ See Phil. Mag., Vol. 48, p. 547, 1899. 
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16 Introductory remarks Hyperbolic functions are useful in a 
variety of physical problems The hyperbolic functions, hyperbolic 
sme, hyperbolic cosme etc , are connected with a hyperbola m a man 
ner analogous to that m Tvhich the cucular functions, erne, cosine, etc , 
are connected with a circle Correspondmg to the formulas of ordinary 



trigonometry, a dual set of formulas can be developed m hyperbolic 
trigonometry In order to exhibit this duality, the idea of sector area, 
rather than angle, is fundamental 
We recall from calculus that a sector element of area POQ (Tig 11) 

13 

dA — dB, 

or, m rectangular coordmates, since 

, \ x/ + r 

we have 

dA s= \{xdy—y dx), 

where x, y are the rectangular coordinates of the pomt P 
16 Definitions of the six hyperbolic functions Now consider a unit 
circle and a umt equilateral hyperbola (Fig 12) 

Reprcsentmg by u the sector area OPAP\ with OA = 1, we shall 
express the rectangular coordmates x, y of P in terms of u As the 
94 
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rector open.s out, P moves to Q and P' to Q'. Thus the differential of 
tlie sector area n is to’ice the area of the sector element POQ, that is, 

du = xdy — y dx. 

-hi/ = 1 a? ~ if = \ 



Substituting first the value of y from the equation of the circle, then 
the value of y from the equation of the hyperbola, we have: 


For the drdc 


f/u » X c?\/ l — a:- — ’\/l ^ x? dx 



X w C05 U. 




For the hyperbola 
X 1 — Var — 1 t/x 

-1 

(lx 

dx 


du - X dV ar — 1— Var — Ic 


- 


In (x + Vx- - 1 ), 


€“ = X + Var - 1, 

c'“ - 2 X 0 “ + - 1 , 

e“ -f e-“ 

X = cosh u. 


^ bus, in order to express x in terms of jq wo are led in the case of the 
Drdf to the familiar circular function, cosine. Usually we think of a 
<-'•^'^100 as l>eing the cosine of an angle, but wc could just as well think 
it :v< being the cosine of the number representing an area. For 
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instance, if OA = 1 m , the number of square mches m the circular 
sector u equals the number of radians in the angle POA^ so that the 
length OB m the circle can be regarded as the cosme of either number 
In the case of the hjqierbola Tve am\ e at the fact that i is a particular 
exponential function of u (c“ + c~^)/2 It is natural to call this, bj 
analogj, the hyperbolic function, hj-perboUc cosine, of the area « 
Thus we ha'v e the first definition m hjperbohc trigonometry 


In order to express y m terms of u, we ha\e 



The second definition in hj perbohc tngonometiy is 


Hence we ha\e the first derived formula m hj perbohc tngonometr} 
cosh^ u — 1 = smh^ u 

The other four hyperbohc functions, hyperbohc tangent, hjrperbolic 
cotangent, hj perbohc "^ecant hjperbohc cosecant, we define as follow's, 
by analogj to the circular functions 


csch u 

smh u 

We regard the^ six defimtions as definmg the slx hyperbohc functions 
also uhen u is negativ e 



Anr. 17) SOME FORMULAS OF HYPERBOLIC TRIGONOMETRY «7 

17. Some formulas of hyperbolic trigonometry. Following are 
twenty-three of the formulas of hyperbolic trigonomctiy, some of 
which we proceed to derive. 


cosh^ u — sinh" « = 1, 

sech^ 1 / = 1 — tanlr u, 
csch^ 11 = coth” t/ — 1, 
sinh (— w) = — sinh ii, 
cosh (—a) = cosh u, 
tanh (— w) = — tanhu, 
scch (— m) = sech u, 
csch (—n)— ~ cschw, 
coth (— w) = — coth u, 
sinh (w + v) = sinh v cosh v + cosh u sinh v, 

sinli (u — v) — sinh v cosh v — cosh v sinh v, 

cosh (n -f v) = cosh n cosh v -f sinh u sinh v, 

cosh (» — t') = cosh K cosh v — sinh u sinh v, 

smh 2u = 2 sinh •» cosh u, 


cosh 2» = cosh“ It -}- sinh" u, 


d 

d 

du 


■ sinh n = cosh u, 

■ cosh V — sinh u, 
|'sinh XI du = cosh v, 


f 


cosh It du — sinh it, 


. , xr n-’ XI' 

sinh It = 7/ 4 1 1 L 

3! 5! 7! 


cosh « = 1 -| n 


ot 


XI* li° 


.‘^inh ill j pin 
cosli ill - cos It. 


( 1 ) 

( 2 ) 

(3) 

(d) 

(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 
(17) 
(IS) 

(19) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 
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Formula (1) was obtained in Art 16 To obtain (2) from the defini 
tions, we have 

1 - tanh^ w « 1 - [ =» 7 ^ — - g = sech^ w 

\e« -f 5-“/ (e« + g-“)2 

To obtain (4) from definition (2) of Art 16, we have 


sinh (— u) : 


' = — sinh u 


To obtain (10) we first add and subtract (1) and (2) of Art 16 
e“ = cosh u + smh tt, 

= cosh u — smh w 

Then, from (2), Art 16, 

smh (u + v) = - e— e"*) 

Hence, from (24), 

smh (u + t;) = ^[(cosh u + smh u) (cosh v + smh v) 

— (cosh u — smh u) (cosh v — smh t?)] 
= smh u cosh v -f cosh u smh i> 

To obtain (16) and (19), we have 

e“ + 


d d e” — c' 

— smh u 

du du 2 


= cosh u, 


and therefore 


To obtam (20), (21), (22), (23), we have 
smh u » ^(e“ — c~“) 


(24) 


^cosh u d 
2), (23), W( 


'■+«*»* 


coshu = - (e“ + O = 1 + — + — + 
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Wc may regard these series as defining the functions sinh u, cosh u, 
when V is imaginarj'. Letting u = iv, we have, 


sinh (ir) = m + — + — d 


|r 1 )=?sm» 

V 31 5! / 


cosh (nO = 1 + 1 ~ 


^*^4! 


cos V. 


From (22) and (23), we obtain 

1 1 • . 

sin V = - sinh (m) = — (e" — e 
i 2t 

cos V = cosh (fy) = |-(c”’ + c"’'’), 


(25) 


the exponential expressions for the sine and cosine. By adding and 

.subtracting the second of equations (25) and i times the first, we obtain 

the Euler relation , . . . 

c±*’' = cos a ± t sm v. (26) 


PROBLEMS 


1. Derive all the formulas (1)“(23) which arc not derived in the text. 

2. Find the values of sinh 0» coshO, tnnh 0, sinh^^^O, cosh~^ 1, tanh~^ 0, 
iim tanh x, liin (sinh"“* x — In x). 

1 «e 2 i—* fc 


3 . Draw graphs of the equations y = sinh x^y = cosh x, y = tanh x, y = coth x, 
y « such X, y » csch x. 

4 . Find the derivatives ^\'ith respect to x of the six inverse hyperbolic func- 
tion*?: sinh~^ x, cosh’"^ x^ bmh"*' x, colh^' x, soch“^ x, rsch“^ x. 

5. Show that, foro > 0, 


sinh ^ = In 


X + \^x* -f n- 


o 


tanh”^ i 1 In 
a 2 


a 

a -b X 

' I 

a ~ X 


I -1 3: , 1 ^ 

cosh * - — zh In , 

a a 


csch * - In * 


Vo^ 


^ 0 ), 


6. Sliow Uiat 

sin (x -f iy) *= i^in x cosh |/ + i cos x sinh ?/, 

cos (x -f iy) *=: ros x cosh y — t sin x sinh i/, 

sinh (x *b iy) = sinh x cos 2/ -f i cosli x sin i/, 

cosli (x -f t\»/) = cosh X cos y 4* t sinh x sin t/. 


A tangent line is drawn to the curve y « sinh*“* x at a j>oint on the curve 
jriwre r « >5. Find the distance from the origin to the point where the tangent 
line ruts tla* x«nxis. 

8. .\ hinc.-nt liiip !■: dniwu to the curve i/ tanh~’ x at a point on the curve 
'•here .* n. I'imi the coorilinate.s of the point.s in which tlie tanpent line cuts 
t.ir a'-ymptotes to the rurv‘e. 
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9 Fmd the area m the first quadrant between the curves y sinhi anj 


y S3 cosh X 

10 Transform (1 + tanh x)/(l — tanh x) into cosh 2x + sinh 2z 


18 Rectilinear motion with accelerafaon proportional to displace- 
ment In Art Chapter I, we obtained the general solutions of 

the follo^vlng differential equations 




= -I<^x 


General solution x = A-i cos fct + -Bi sm kt, 


( 1 ) 


— ~ — k^x General solution x = 
dt 


( 2 ) 


m which Aj, Bi, Cif C 2 are arbitraiy constants These equations (1) 
and (2) represent respectively rectilinear motion of a particle under 
attractive and repulsive forces proportional to the di'?piacement 
In order to exhibit the analogy between the solutions (1) and (2) we 
replace the exponentials by their hyperbolic equivalents as given by 
equations (24), Art 17 


cic** + C 2 e = Cl (cosh ki + smh kt) + C 2 (cosh It — smh kl) 


= A 2 cosh kt + B 2 smh kt, 

where A 2 and B 2 are arbitrary constants related to the ongmal con- 
stants by the equations, A 2 = Ci \- C 2 , B 2 = Ci — C 2 Instead of 
(2) we may then write 
d^x 

— T = k^x General solution x = A 2 cosh It + B 2 smh kt (3) 

dr 

For an attractive force we have the solution (1) expressed by circular 
functions, for repulsion we have the analogous solution (3) expressed 
by hyperbohc functions 

Consider two particles each startmg from rest at a distance a from 
centers of attraction and repulsion respecti\ely, the accelerations being 
numencally equal m both cases at x = a We have for the two cases 

Repidaion 

=■ A 2 cosh kt + Bi smh kt, 

= Ai, (x « a, < =» 0) 

» ak Binh ki + Bti cosh kt, 

- s , (1-0, .-0) 

= 0 cosh Kt 


df 

X = Ai C03 At -b Bi sm kt, 

O’ = Au ix — a, 1 = 0 ) 
dx 

— •-al ein It + Bik cos kt^ 
a( 


0-B„ (1-0, ,-0) 
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The cli'^placement. is a circular function of the time for the attractive 
force, and the corresponding hj'perbolic function of the time for the 
repulsive force. 

If ti and (2 are respective!}’’ the times required b}' the particles to 
travel the first a/2 units of distance, let us find the ratio h/h- We have 

f: <1 co3~^ 0.5 ti 1.0472 

— = ; , = 1.09. 

7 : 12 cosh ’ 1.5 to 0.9625 

19. Motion under resistance. Suppose that a body falls from rest 
in a medium offering resistance proportional to the square of the 
velocity, and that the limiting velocity (when the acceleration becomes 
zero) is V (ft./scc.). If w (lb.) is the weight of the body and we meas- 
ure y positive downwards from the starting position, we have for the 
differential equation of the motion 



where X is a constant of proportionality to be determined, and g = 32.17 
ft./scc.* llcplacing dy/dt, the velocity, by v, we have 


ID dv ^ 

ro — 'Kir, 

g di 

and. since v = V w'hen dv/dt = 0, ta — XF* = 0, or X = w/V^, so that 
the equation becomes 

di '^\ vy 

Scp.arating the variables, •v\-c obtain 

dv 


gdt, 


2 

which, upon integration, }-iolds 

V 

V tanh”' — = gt c. 


F 


Since t’ c= 0 when 7 = 0, we find c = 0, so that 

gt 


r = Ftanh-- 
7" 


( 1 ) 


itr placing v by dy/dt and integrating again, we have 

1 '- gt 

y = — lnco=di-, (2) 

the constant of integration again being 0, since y = 0 when ( = 0. 
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We may eliminate i from equations (1) and (2) as follows 

11 IF 






Substitutmg in (2) we have 

y2 

y = — In 


V F^ - 1^2 


( 3 ) 


Equations (1), (2), (3) give the v, t relation, the y, t relation and the 
y, V relation, respectively for this problem 

20 The tractnx. A heavy particle P is dragged along a rough 
horizontal plane by a string PQ of length a (Fig 13) Fmd the path of 



P liQ moves along the x-axis and starts at the origm when P is on the 
j/-axis at a distance of a from the ongm 

The equivalent geometric problem is Fmd the curve the length 
of whose tangent, from pomt of tangency to a^-axis, is constant The 
curve 13 called the tractnx 

Denotmg by 8 the mchnation of the tangent hne PQ to the positne 
*-axis, we have , 

dy . ^ y 

~~ = tan 8 , 

dx V _ y2 

Separating the variables, 

dx « ~ ^ dy 

y 

Integratmg (Peirce, 130, fn ), 

X = —Vo® — 4- a sech“^ - + c 
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Airr. 21] 


Since v = a when x = 
tractrb:, 

X = 


0, c = 0, and we have for the equation 

— V a? — + a cosh"^ -• 

y 


of the 

( 1 ) 


Denoting by s the length of the arc AP, positive in the direction AP, 
we have, since s increases as y decreases, 


,h = - ^1 + (|) <i!/ = - ^Jl+^-^ds 

Tlien for the length AP we have 




( 2 ) 


21. Schiele’s pivot. Consider a vertical shaft rotating in a bearing 
(Fig. 14), M-hich is to he so constructed that the vertical wear between 
pivot and bearing is to be uniform at 
alt points. 

I/!t 7? (Ib./in.^) be the vertical 
prc.ssure per unit horizontal area, 
ir (11).) the weight of the shaft, and 
/I (in.") the horizontal projection of 
the rubbing .surface; then R = lY /A 
~ const. Let R (Ib./in.") be the nor- 
mal preetsurc exerted on the bearing 
by an area of pivot whose horizontal 
projection is a unit area; let 
F (ib./in.“) be the corresponding hori- 
zontal thrust on the bearing. Tlien 
r and R arc the components of A’’. 

Taking the x- and y-axes as shown in the figure, if PQ is the tangent 
from the point P of the curve LM of the pivot, to the x-axis, we have 
by similar triangles PQ/y = A^/P; hence PQ is proportional to Ny, 
since P i.s constant. But the wear is proportional to the work done 
by friction in one revolution, viz., fiN •2ry, where ii is the coefficient of 
friction; since this wear is to be constant, it follows that PQ is of con- 
stant length and the curve LM is a tractrix, equation (1) Art. 20, 

X = — Va* — jT -}- a cosh~* -, 

y 

where a PQ = OL is the radius of the shaft. Tlic pivot so con- 
strw'tod is knowm as Schick's pivot. 
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22 A cantilever beam problem Suppose that a cantilever beam of 
length L m and u eighing w lb /m is subjected to a horizontal tensile 
force of P lb applied at the free end (Fig 15) Taking the origin at 



the free end and the y axis positive upwards, we have for the differ 
ential equation of the beam 

wj:^ 

Ely’^ = Py~—, 

where E (lb /m is the modulus of elasticity and I (m is the mo- 
ment of inertia of the area of a cross section about a horizontal line 
perpendicular to the axis of the beam Then 


CD2 ~ a^)y = 


wa^ 


where D = d/cfr, a = wPjEl The general solution of this equation 
IS, by Art 11, Chapter I, and Art 18, Chapter II, 


u) in 

y ~ A cosh ax~{‘ B smh ax~{ sr 

2P Pa^ 

Since y — 0 when z = 0, A = —w/Pc?, and 


Since y' 




w wx 

smh ax -b Ba cosh cue H 

Pa P 


0 when x ^ L, 
B » 


w wL 

— smh aL 

Po ^ 

a cosh aL 


and the equation of the curve of the beam becomes 

wL\ smh ax 
smh aL — ) 


in / u) 

,___C0Sh=X + (^^ 


-1 ? 

PaJ cosh aL 2P P® 


A CANTILEVER BEAM PROBLEM 
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Akt. 22 ) 

Tlie maximum deflection is 

-i w / If’ . it}L\ 

_ cosh aL + I — r sinn. aL — — j 

Pa^ ^ \par Pa/ 


y 


tanh aL 


wL^ 


w 


2P Pa^ 


w 

P^ 


w r 


1 + 

1 + 


a^L^ 

T” 

a^L^ 


+ sinh aL tanh aL — cosh aL — aL tanh aL 


— scch aL — aL tanh aL 


]■ 


or 


V 


Ji=L 


wEi f e’^ 

— — (id sech 6 — 0 tanh 6 

p2 V 2 




where 6 = aL — L'\/ P/ El. 

If P liad been a compressive force instead of a tensile force, the dif- 
ferential equation of the beam would have been 

.2 


Ely” = -Py- 


wx 


Since this is like the first differential equation except that — P replaces 
P, we can immediately deduce the expression for the maximum deflec- 
tion in the new case by changing P into — P in the above result. We 
then have 0 = LV —P /El = iO' , where O' = L^/P/EI and i = "V — 1, 
whence * 


y] 





Qf2 

sec 0’ -J- 0' tan 6’ 

2 


since scch iO' = sec 0' and tanh iO' = i tan O’. 

This is another instance of the advantages of dealing with hyper- 
bolic functions as such, instead of with their equivalent exponential 
PKpn'.s'iions. Analogies betAveen two related phj'sical problems whose 
differential equations arc of nearly the same form, the difference in- 
volved being that of an algebraic sign in a key term, can often be 
emplia.'-ized when circular functions on the one hand and hyperbolic 
functions on the other arc suitably utilized in the respective solutions 
of the difierenlial eciuations. IMorcover, it is then frequently pos.sible 
to avoid the ncco-s.'^ity of solving both dilTerential equations separately; 
the .solution obtained for one of them can be transformed, as was done 
hi re, into the corresiionding solut ion of t ho other. .Additional examples 
of Hich atuilogicts will be found in the following problems. 

* t’i. I’rebtcai AT foHiwinf; .'trt. 1-1. 
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PROBLEMS 

1 A body falls from rest in a medium offering resistance proportional to the 
Square of the velocity If the limitmg velocity is 32 17 ft /sec , find (o) the velocity 
at the end of 1 sec , (6) the distance fallen at the end of 1 sec , (c) the distance 
fallen when the velocity is half the limiting velocity, (d) the time required to fall 
200 ft 

2 A body falls from rest against resistance proportional to the square of the 
velocity at any instant If the limiting veloaty is 160 ft /sec , find the time re- 
quired to attain half that speed 

3 A body falls from rest in a medium offenng resistance proportional to the 
square of the speed The himting speed is 120 ft /sec Find the speed attained 
after fallmg 50 ft and the time required to reach that velocity 

4 If a body falling from rest encounters an air resistance proportional to the 
square of the velocity and acquires a velocity of 110 ft /sec in falhng a distance 
of 300 ft. find the time elapsed and the limiting velocity 

6 The downward acceleration of a falhng body is equal to 32 — where v 
IS velocity (ft /sec ) If the initial velocity is zero find the velocity and distance 
from the starting point at the end of 1 sec 

6 A body falls in a medium offenng resistance proportional to the square of 
the velocity If the motion starts with an imtial velocity of 5 ft /sec and if the 
hmiting speed is 20 ft /sec find the distance fallen m 0 1 sec 

7 If motion under resistance proportional to the square of the velocity starts 
wth a speed ro (ft /sec ) and if the hmiting speed is V (ft /sec ), show that the 
distance fallen m t sec is 

\ V Y V/ 

8 A body falls into a hquid which offers resistance proportional to the square 
of the speed If the hmiting speed is 10 ft /sec , and if the body attains a speed 
of 8 ft /sec 0 1 sec after entering the hquid what w as the speed at entrance? 

9 A body falls in a medium offenng resistance proportional to the square of 
the speed If the irutial speed is 1 ft /sec and if the limiting speed is 20 ft /sec., 
find the time necessary for the body to acquire a speed equal to one-third of its 
limiting value 

10 A body weighing = 16 1 lb suspended from a spnng whose constant is 
32 lb /ft 13 put into motion by giving the upper end of the spnng the displace- 
ment 1/ = 2 sinh St (ft ), w here 1 (see ) is time Find the displacement and velocity 
of the body sec after the motion starts 

11 A body V eighing p = 32 17 lb is repelled from a point 0 by a force (lb) 
mimencally equal to the distance x (ft ) of the body from that point This motion 
is retarded by another force (lb ) numencally equal to the function e* — e~* where 
t (sec ) 13 time If the body starts from rest when t = 0 at r = 2 ft , find the dis- 
tance it has traveled and its veloaty w hen t ** | sec 

12 If a particle is acted upon bj a force Mrjnng inversely as the square 
distance from a point 0 the differential equation of motion is d*r/d<* = 

for an attractive force and cTr/dt’ = I*/z* for a force of repulsion Assume that 
the force has the same magnitude for both motions w hen x = a so that the same t 
apphes in both instances and that the particle starts from rest at x = <J 
case (o) Sohe the differential equations using tl e substitutions x = a cos ana 
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j « c cosh* u, 
trrittcn as 


respectively, and hence show that the two x, t relations may be 
t = ^ j^\/ar(a - x) + a , 

i s= i x(x — a) + a cosh*“^ • 


(b) Find the ratio of tiic time intervals required to travel the first a/2 units of dis- 
tanre in the two motions. 

13. For tlie tractrix, if the length of the tangent PQ is 1 ft., how far have P 
and Q traveled from their initial positions if (a) P is 4 in. from the a:-axls; (b) P is 
[ in. from the j/-axis? 

14. If a particle is mo\dng along the tractrix T^dth a constant ^-component of 
velocity, dx/dt = w, find the value of y when the speed along the path is 2m. 

16. If the upper radius and length of Schiclc^s pivot are 2 and 1 in,, respectively, 
find the lower radius. 

16. A wooden cantilever beam 2 in. by 4 in. by 10 ft., with = 15 X 10® 
Ih./in.^, and weighing 40 Ib./ft.^ is subjected to a horizontal tension of 500 lb. 
llnd the doficction of the free end if the 4«in. side is horizontal. 

17. Find the deflection of the free end of the beam of Art. 22 to which a vertical 
load of Q 11). has also been applied at the free end. 

18. The replacement of A* by ik in one of the clifTcrential equations of Problem 
12 produces the other. Show that this replacement in either of the x, t relations 
ohtnined in Problem 12(a) likewise transforms it into the second, so that only one 
Imlf of that problem need bo solved, the other then being immediately dcduciblc. 

10. Establish the relations 

A co^^h u A- B rinh u == V/i‘ — /l-sinh [« A- tanh”^ (.4 /B}], | B j > j A |, 

A cosh n B sinh a = — B" cosh [u *4- tanh"^ (B/A)\ } A ( > | B [, 

(a) by using formulas (10) and (12) of Art. 17; (5) by transforming the trigonometric 
i‘h'ntilios cited on page 52. 


23, The suspended cable. We now consider a uniform flexible cable 
f^uspendctl from two points and hanging under its own w^eight (Fig. 
Ih)* Let 11 (lb.) be the weiglit of a portion of the cable measured 
toward the right from the low'cst point A to any point P, T (lb.) the 
tension in the direction of tlic tangent at the point P, 0 the acute angle 
which (his tangent makes with the horizontal, and H (lb.) tlic hori- 
3:ontal tension at the lowest point A, Then, resolving vertically and 
horizontally the forces acting on the portion AP of the cable, we have 

TsmO ^ Tr, 

T cos 0 == fL 


TT^ 


(an e ~ — 
H 


Divi sion gives 



108 HYPERBOLIC FUNCTIONS [Caxt II 

Taling the positive upwards and the ai-axis p(»itive to the 
nght (althou^ we have not yet locsated the origin), tan = dy/dx, 
also, letting w (lb /ft ) denote the weight per unit length of the cable 


and 5 (ft ) the length of arc AP, 
W = ws, hence 

dy w 
d^^^H ^ 

This IS the differential equation of 
the cable, but it contains three 
variables x, y, s In order to 
eliminate s we differentiate with 
respect to x and replace ds/dz by 
"V^l -h (dy/dx)^, then 




To solve this differential equation, write dyfdx = p, d^y/di^ = dp/dx 
(Art 6), and separate the variables 

dp w 

VfTF 

Integrating, we have 

sinh p =* — X + Cl 
H 

We now choose the y-axis through the point A so that p *= dy/dx = 0 
when a: = 0, and cj =* 0 Then 

dy w 

— = smh — x 
dx H 

Integrating again, we have 

H w 

y - — cosh ~x + C 2 
w H 

Now choose the z-axis through a pomt at a distance ll/w below A, bo 
that when y « H/w, a; = 0, and C 2 - 0 'Writing a = H/w, we ha\e 
for the equation of the cable 

y ^ a cosh - , 
a 


( 1 ) 
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which is the standard equation of a catenary; x and y are now the 
coordinates of any point P, referred to the origin which is at a distance 
a ft. below .-1. The length of the arc AP is 


= I Vl + 2/'^ dx — I \/ 1 + sinh^ - dx 
Jo Jo a 


cosh — dx — a sinh — 
a a 



Fig. 17 


JjCt d (ft.) be the dip of the cable suspended from two points at the same 
level, L (ft.) the span, and S (ft.) the length of the cable (Fig. 17). 
Tlicn 

L 

S — 2a sinh — , (2) 

2a 

'' - ’ A ., .12 - “ ” “ (“* ^ - O ' ® 

I lie tension at an}" point is 

T = 7/ sec 0 = 77 Vl = 77 cosh - = wy. (4) 

a 

txnntpk. A wire is fastened at the same level to two posts 100 ft apart and 
the dip i.« 25 ft. (o) Find the length of the wire, (b) Find the tension at the 
jK)int if the weight of the vam is tc = 0.10 Ib./ft. 

{«) From ef|uation (3), 

25 = a ^cosh ~ ^ 
nr 

L 4 > 1 5-t X, where X ~ — * 
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We solve this equation by tnal and error, using the table on page 125 (Peirce) 


X 

X/2 + 1 

cosh X 

10 

1500 

1543 

09 

1450 

1433 

0930 

1465 

1465 


X = 0 930, a = 50/0 930 


Substituting in equation (2), 

S = sinh (0 930) = = 115 ft , the length of the wire 

(fr) From a = ^ , fl = 0^0 ~ ^ tension at the lowest point 

24- The capillary curve, one vertical plate We first state the two 
laws of capillarity on which the derivation of the equation of the capil 
lary curve is based 

I At the bounding surface separating a gas from a hquid, there is a 
surface tension which is the same at every pomt and in eveij direction. 

n At the boundmg surface of a gas and a hquid with a sohd, the 
surface of the liquid js mclmed to the surface of the solid at a definite 
angle dependmg only on the nature of the sohd, hquid and gas 

Given a flat vertical plate MN partially immersed m a liquid In 
Iig 18, OA represents a vertical Ime m the plate We tale the 



Fig 18 


along OA and the x-axis perpendicular to the plate and m the distant 
horizontal surface of the hquid The xy plane cuts the «!urface of the 
hquid m the capUlarj curve AB, whose equation we proceed to find 
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Abt. 24) THE CAPILLAUY CURVE; ONE VERTICAL PLATE 

Take a strip ABA'B' of the liquid surface whose width AA' = 1 cm. 
Cut out a small element PQP'Q' of the strip, whose dimensions are 
PQ = As, PP' = 1, and whose area is therefore As cm.^ Consider the 



column of liquid PQP'Q'RSR'S' capped by this surface element. Refer- 
ring to Fig. 19, let 


T (djuies/cm.) = surface tension = force tangential to liquid sur- 
face per imit length of cut. 

0 — acute angle between tangent and vertical at any 
point P. 

a. = fixed angle of contact between liquid surface and 
plate, as given by the second law. 
r (cm.) = radius of curvature, PC, of cunm AR at point P. 

P (gr./cm.*'’) = density of liquid. 

tlic first law the surface tension T mil be the same on both edges 
of tlic surface element. Due to these tensions the resultant force nor- 
<nal to the surface element Avill be 

AO 

2-Tcos APKC = 2Tsm APCK = 2Psin — , 

2 


and the limiting resultant normal force on the surface element PQP'Q', 
per unit area, wiU be 


lim 


2P.sm 


AO 


A-« 0 As 


T 

— lim — 
-*0 r 


AO 
sin — 
2 


AO 

~2 


T 


r 
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Hie vertical component of the normal force on the surface element, 
namely (T/r) As sm fi, holds up the column of liquid PQP'Q flSRS, 
of height y and cross section area As sin 5, and hence of treight 
y As sm 0 pg, where g (980 5 cm /sec is the gravity constant 
Therefore 

— As sm 0 — y As sm 6 pg, 
r 

T 

— = pgy 

r 

Letting pg/T = 4/c^, that is, c 2V^ T/pg, and substituting (1 -f 
y'^)^/y" for r, we have the differential equation of the capillary curve 

yl ^ m 

(1 + 

To solve this equation let y' = p, y" = p dp/dy (Art 6), then 


Integration gives 


Smce p =* dy/dx 



( 2 ) 


Before contmumg with the solution of equation (2), suppose that "we 
let ho represent the height to which the liquid rises on the plate, i e , 
the value of y when a: = 0 At z = 0 we also have p = — cot a 
Substitution of these values m equation (2) yields a formula for h 


c" - 2kl 


ho s 






( 3 ) 


Returning to equation (2), we have, squaring the reciprocals of both 

(e*-2yV’ ” (c=-2y“/’ 

_ ^ 2y V c^ - ip 

dx — 2y2 ' 


P 
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choosing the negative sign when extracting the square root, since the 
slope of the curve is negative. 

&parating the variables, we have 

2r - (? ydy (? dy 

^ ^ 2j/\/ — if -yf f — if 2 2/V f — f 

Integrating, we have 

a: 4- Co = — V (P — i/ + - sech“^ -• 

2 c 

Since y = ho when x = 0, C 2 = — V^?"— ~/io + ~ sech~^ — . Hence we 

jlj c 

have for the equation of the capillarj'' curve 

I - Vf - ho + ^ sech“* — = —Vc^ - if + ^ sech~^ - , 

2 c ji c 

or 

X 4- Vc® — - Vc^ — ho = I ( cosh~^ - — cosh“^ , (4) 

2\ y ho/ 

where ho is given by (3), and c = 2^/ T/pg. 

25. The rotating shaft. Consider a horizontal shaft (Fig. 20) of 
length 2L (ft.) and weight w (Ib./ft.). Set it rotating \vith angular 



Velocity u (rad./.^^cc.). If the rotation is .slow and the shaft is jarred 
out of line the elastic forces will overbalance the centrifugal force and 
^tore the shaft to its original position. But if w is gradually increased, 
it will reach a critical value .such that if the shaft is displaced out of 
line the distortion will per.si.st and the shaft will form a curve revolving 
aiwut, the axis which was it.s original position. We say that the shaft 
will buckle at tliLs critio.al angular velocity «e* Take the x-axis in the 
original position of the .shaft, the y-.axis through the middle point of the 
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Solving this equation by trial and error gives kL = 2 365 Hence 
Met the critical value of w, is obtained by substituting fc *=» 2 365/L m 
equation (3) 



( 16 ) 


The ratio of the critical angular velocity with fiyed ends to the critical 
angular velocity with flexible ends is, from (10) and (15), 


^ _ (2 365)^ 

Me 31^/4 



2 27 


Solvmg (12) for ci and substitutmg m (5) gives 


/ cos kL 

1/ — C3 ( cos kx cosh kz 

\ cosh kL 


C 3 (cosh kL cos kx — cos kL cosh kx) 


When X == 0,y — yo, so that C3 = 


cosh KL 
yo cosh kL 


cosh LL — cos kL 


, and the equation 


of the curve of the shaft is 

cosh kL cos kx — cos kL cosh kx 


cosh kL — cos kL 


(16) 


where k is given by (14), 1 e , A- = 2 365/Z/ 

In the derivation of the differential equation (1), y" was used as an 
approximation for the curvature, which is justifiable only for small 
displacements Hence equations (11) and (16) should be used as equa 
tions for the shaft only for small displacements As u is mcreased 
beyond the cntical value the shaft is bowed out further from its original 
position until the equations (11) and (16) no longer furnish valid 
approximations as equations of the respective curves 
26 Voltage and current relabons m a uniform transmission hue 
under steady-state d-c conditions Consider an underground insulated 


k 


PAx 

L— 

Fio 2i 


R 


cable of length L (mi ), S and R denotmg, respectively, the sendiug 
and receiving ends (Fig 21) Let P be any point on the cable at 
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dktancc x from S, and Ax the corresponding small piece of cable. Let 


r (ohms/mi.) = resistance of cable; 

p (mhos/mi.) == leakance between conductor and sheath; 
c, El, En (volts) respectively = potential at P, S, R; 
i, h, In (amp.) rc.spectivcly = current at P, S, R. 

It is assumed that r, g, Ei,En,Ii, and In are constant, and that steadj^- 
htatc conditions prevail, so that c and i varj- onh'^ with x and not vith 
time. 

Wc apply Ohm’s law to get the changes in potential c and current i 
acro«s tlic small piece A.i:. These changes are given approximately by 


Ac = —ir Ax, 
At = —eg Ax. 


( 1 ) 


The minus sign in the first equation indicates a drop in potential 
across A.t due to resistance; the minus sign in the second equation 
indicates a decrease in cun'ent due to leakance. Dividing bA' Ax, 
pa.ssing to the limit as A.t approaches zero, and using D to denote 
d/dx, we get the dilTercntial equations 


Dc + ri = 0, 
!7C 4- Dt = 0. 


Wc have here a sy.«tem of first-order differential equations with 
coirslant coefficients. The method of solution (Ai-t. 13, Chapter I) is 
ti> eliminate one of the variables and solve for the other. First multiply 
the first equation by D, the second b}’ r, and subtract; then multiplj* 
the first equation by g, the second by D, and subtract; wc obtain 

(D- - rg)c = 0, 

(D“ — rg)i = 0. ^ ^ 

riius r and i satisfy the same differential equation of second order, but 
the constants of integration which appear in the solution will be 
<li!Tcrent in the two equations owing to different end conditions. 

I ho general solutions of equations (3) are, respectively, 

c = A cosh X 4- I? sinh Vt^ z, 

( 4 ) 

7 — A' cosh z B' sinli x. 

but Cfjuntions (1) with A. B, A', B' arbitrarj- do not represent the 
general .“ohition of equations (2); the relations tying up the four con- 
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slants B, A', B' must be fo\md by substitutmg the values of e and i 
from ( 4 ) in one of the equations ( 2 ), say the first, we have 

A\^ sinh X + cosh x + A'r cosh x 

+ B'r Binh 1 = 0 

Equatmg to zero the coefficients of cosh x and suih x, we find 

A' = -bJ^, -Ay^ 

yj. 

Substitutmg these values of A' and B' m equations ( 4 ), we have the 
general solution of equations (2) 

e = A cosh a; -f- B smh x, 

[g fg ^ ® 

I = — B \j- cosh vrg X — A Al smh "v rgx 

To determme the values of A and B we make use of the en d con ditions 
At 5 (ic = 0 ), € = El, i = Ii, hence El = A, = — BVp/r, and we 
have 

e = El cosh X — Ii smh x, 

<’ ( 6 ) 

t = Ii cosh "s/rg x — Ei \f^ smh n/t^ x 

These equations (6) g;ive the values of the potential and current at 
any pomt P of the cable at a distance x from the sendmg end 

We may WTsh, hoivever, to tie up the values of potential and current 
at S, and potential and current at R, with the length of the cable, L 
For this purpose we make use of the other end conditions. 

At R (x ^ L), e ~ E2, t ~ Iz Substitutmg m (6), 

Eg = El cosh '\/VgL — Ji y-sinh 

^ ( 7 ) 

Iz = Ii cosh V77 E — El smh Vi^ E 

These equations ( 7 ) give the potential and current at the receivmg end 
m terms of the potential and current at the sendmg end and the length 
of the cable 



Aut.27) IONIZATION' OF A GAS 

Wc may ?olvc equations (7) for E\ and /j in terms of E^, h, and L. 
\Vc solve !)y determinants, first writing equations (7) in tlie form 



Wc note that the determinant of the coefficients is unity, namely 



by virtue of relation (1), Art. 17. Hence 



JJ'licsc cejuations (S) give the values of the potential and current at the 
sending end in terms of the potential and current at the receiving end 
and the length of the cable. 
t^prcial casrs of equations (8) : 

(a) If the receiving end is open. In = 0, and 



(t) If the receiving end is grounded, En — 0, and 



Ii = In co.«h N'''^ L. 

27. Ionization of a gas. Siippn.=e a volume V (cm.''*) of a gas to be 
Mihjectt'^l to iin ionizing agent , .«ueh ns X-ray.s, and placed in an electric 
fie!<l. It has beam found by experiment that a current will then flow 
tluvugli the g!\s. the v.ari.ation of current with potential being that 
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shown in Fig 22 For a small potential E (statvolts), the current I 
(statamp ) is approximately proportional to E As the potential is 
increased, the current increases more slonly than E until a stage is 
reached at which there is no appreciable increase of current with m 
creased potential, the current is then said to be saturated IVhen E 
has been increased sufficiently to produce additional lomzation, a 
second stage is reached durmg 
which I mcreases very rapidly 
with mcrease m potential 

For a given lonixmg agent, let 
there be produced, m 1 cm^ of 
the gas, Q positive and Q nega- 
tive ions per second, and let e 
(statcoulombs) denote the charge 
on an ion If a current 7 is flow- 
mg across the field betx\een two 
plates, 7/e positive ions are drn en 
against the negative electrode, and 7/e negative ions against the 
positive electrode, m 1 sec , that is 7/e positive and 7/e negative ion® 
are taken out of the gas m 1 sec by the current Smce the number 
of ions taken out cannot exceed the number produced m the same 
tune mter\al, we ha\e 7/c ^ QV, or 7 g QeV Consequently the 
‘saturation current 7, has the \alue I, — QeV 

Now let P and N, respectively, denote the number of free positn e 
and free negative ions m 1 cm ^ of the gas at time i These free ions 
will tend to recombine owing to collisions between them, the number 
of collisions per second between positive and negatn e ions being pro 
portional to the product PN If some of these collisions result m the 
formation of a neutral system, the number of positive (also the number 
of negative) ions which disappear per second m 1 cm ^ will be equal to 
aPN, where the constant of proportionality a is called the coefficient 
of recombmation This number a wtII depend upon the pressure of 
the gas, its temperature, and other physical properties of the system, 
but will be mdependent of P and N 
We then have the relation 



whence 


df 


Q - aPN 


~dt’ 


P ~ K ~ const 


( 1 ) 

12 ) 


Now, if the gas is mitially uncharged, as many positive as negative 
ions wull bo present at time t Makmg this assumption, and setting 
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n = P = iV, we obtain the single differential equation 


dn 


= Q- cctr 

= - 71 % 


(3) 


where 1:^ = Qja. 

Evidently (3) Is of the same form as the differential equation of 
motion under a resistance proportional to the square of the velocit}’- 
(Art. 10)- Solving (3), we get 


dn 


a dt, 


- tanh ^ — 

h h 


at -}- C. 


Since n = 0 when ? = 0, c = 0, and therefore 


71 = A; tanh JeaL 


(4) 


As / becomes infinite, tanh hat will approach unity, so that the steady- 

state value of 71 will be 

71q = k = Q/a. (5) 

Using the nbo^'c-mcntioned empirical results and relation (4) 
Ibiinclin * performed the following experiment for the determination 
of «. A gas was exposed continuously to an ionizing agent, and an 
electric field applied intcnnittcntlj’- by use of a rotating sector, the field 
being zero during part of the revolution of the sector and large enough 
to produce coinj^letc saturation during the remainder of the revolution. 
1'he re.^ullant current over a complete cycle of this periodic proc&ss was 
measured by an electrometer. 

l.eL T (sec.) be the time of revolution of the sectc*', Ti the part of this 
time during which the gas is not exposed to the field, and Tn = T — T\ 
the time during which the field acts. Then the number of ions in 1 cm.^ 
when the field is first applied is 7ii = h tanh haTi, so that the total 
charge to the electrometer for the time Ti is 


7iicV = A-cE tanh A-aTj. 

During the time T-j, saturation prevails, so that the total charge to the 
electrometer for this interval is 


/J’a. 

*l or r. <ikru-ii)n of vnrioiis ways of finding o, soc .1. .T. and G. P. Thoimion 
‘‘t’ondustion of Kt'ctriciiy tiirnugh Ga^>%’’ 1. RiimcUn'a resuUs arc given in 

ec’.iviiin iii'« PhyiknUache Zrilfd.rift, IPOS, and Aimnkn tkr PInjftk, 1014. 
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Hence the current I as measured by the electrometer is given by 
IT ^ UV tanh KaTi + I,T 2 
Now e = IJQV = so that 

IT — — tanh TiaTi + I»T 2 
ka 


Finally, let T 2 = rT, uhere r < 1, so that iTi = (1 — r)ir, and let 
X = kaTi Then we ha\e 


and 


I,Ti 7.(1 - r)T , 

(J - rIDT ^ tanh a: = — ^ tanh x, 

z X 

I ~ rl, 

X — tanh X 

(1 - 07 - 


( 6 ) 


Consequently, if 7, 7,, and r are known, x may be found by tnal and 
error from (6) Then, kno%ving the values of c and V, we get Q = It/eV, 
and, since x = kaTi = 7*1 “s/Qa, there is found 


_ ^ _ eV^ 

QTi' I»T\ 


( 7 ) 


PROBLEMS 

1 A cable has its ends fastened at the same level to two posts 30 ft apart 
(a) Find the dip in the cable if it is 40 ft long (h) How long is the cable if the 
dip IS 10 ft ? (c) Find the tension at the low est pomt, and at a point of suspension, 
of the cable of part (6) if the w eight is 1 5 lb /ft 

2 A cable 20 ft long is su'>pended from two supports at the same level If it 
dips 3 ft , find the distance betw een supports 

3 A cable, suspended from two vertical poles 25 ft apart, has the equation 
» 10 cosh (x/lO) referred to an x-asas passing through the feet of the poles. 

Guy wires, attached to the tops of the poles, are perpendicular to the cable at its 
end points and run down to the ground Find the distance between the lower ends 
of the guy wires 

4 Show that the right member of equation (4), Art 24, is the length of the 
arc AP oi the capillary curve 

6 Show that the length of the tangent o f the capillary curve, drawn from 
to the x-axis, approaches a limiting value V” ^ /p? as P moves out on the cur\c, 
and that the area under the curve is {T/pg) cos a 

6 A vertical glass plate is partly immersed in water If the surface tension w 
74 dynes/era and the contact angle is 25® 30', find (a) the maximiun height of e 
water above the distant honzontal surface, (i) the distance from the plate at whic 
the water is half the maximum height aboAC the honzontal surface 
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7, Show that an alternative form of equation (16), Art. 25, is 


sinh J:L cos kx + sin kL cosh kx 


V = yo 


sinh kL + sin kL 


8. Find the coordinates of the points of inflection on the curve of the rotating 
rhaft with fiNcd bearings. 

9. Given a rotating steel shaft 1 in. in diameter and 3 ft. long, weighing 4S0 
lh,/ft.^ witli /i = 3 X 10" Ib./in.^ (a) Find the critical angular velocity' for the 
shaft with flexible bearings and for the shaft with fixed bearings, (b) For each 

find the deflection at the quarter point in terms of the deflection at the 

center. 

10. Given a conductor 150 mi. long, r = 10 ohms/mi., g = lO^"^ mho/ini. (a) 
If the receiving end is open and the potential there is to be 100 volts, find the im- 
prf*s''cd potential and the current nccessarv" at the source, (b) If the receiving end 
U grounded and the current tliere is to be 0.1 amp., find the potential and current 
at the source. 

11 . Aciihlc lOOmi. long has a resistance r = 1 ohm/mi. and a leakance g = 10”® 
mho/ini. The potentials at source and load are, respectively, 500 and 440 volts. 
Find the current through the load. 

12. A conductor for which r = 4 ohms/mi. and g = 10~® mho/mi. is 200 mi. 
long. Tlic potential at the receiving end is 220 volts, and a current of 0.5 amp. is 
flowing through a load, (n) Find the iiecessarj' potential and current at the source. 
{b) With the same data as in (a), except for length of conductor, find how long the 
conductor must be if the impressed c.m.f. is 400 volts, (c) Determine the length 
if the current at the source is to be 1 amp. 

13. In an ionization experiment similar to Riimclin’s, suppose that the current 
to the electrometer is O.OGOO statamp., the saturation current is 0,0075 statamp., 
and the time of revolution of the sector is 0.840 sec. when 300 cm.’*^ of air are sub- 
ject inl to an ionizing agent and to a saturating electric field during onc-teiith the 
revolution of the sector. Find the coefficient of recombination, given that the 
charge on an ion is 4.77 X 10”^® stnl coulomb. 

14. A particle moves toward a center of attraction 0 with an acceleration pro- 
f>ortiomd to the function seclr t, where t (sec.) is time. When f = 0, the particle 
is 10 ft, from 0, and its speed and acceleration are mimericalty equal to 1 ft./sec. 
and 5 ft./^w.', respectively, directed toward 0. Find the velocity and position of 
the parlidi* 2 sec. later. 

16. inductance of 1 henr>’ and a variable resistance /? are connected in series 
with an e.m.f. of 10 sinh kt volts. If li = k tanh ht (ohms) at time ( (sec.), and if 
the nirrent / « 0 when ( « 0, find the vmhie of k in order that the current be 5 
amp. when ( » 1 st'c. 

1C. I or n certain curve, tlie length of the radius of curvmturc at any point P is 
ntiavrically equal to the length of Uie normal drawn from P to the r-axis. (a) 
Hjmw that the difTorential equation has one of the fonns 1 -f (b) 

lApl.dn tlic signifunnee of tlie positive and negative signs, and show timt one 
flmwc of Hgn le.nls fo a family of catenaries when^s the other choice leads to a 

fanuly t>f circles. 

17. A pirticle starts fmm rc^t at the point (4, 0) and moves thereafter subject 
tn ih- cqiwtious Dv « 3/, B-i; T, ^vhm' B = d/rf(. Obtain parametric equa- 

of ilif. path of the particio in tcnn« of IriKonomctric and hypcri)oIic functions 
t'l tifm- f. ami fimt the jtOMtion (r, y) of the particle at the end of 1 see. 
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18 A particle starts from rest at the point (—1, 0) and moves thereafter in 
accordance with the equations D^x = 2y = — 2j:, where D «= d/dt (a) Ob- 
tain parametric equations of the path of the particle m terms of tngonometnc and 
hyperbohc functions of time t (b) Plot the path up to the point where it crosses 
the a:-axi3, and find the coordinates of its maximum pomt 

19 A beam 2L m long lying on an elastic foundation, is subjected to a concen- 
trated load of P lb at its center, which causes the entire beam to be depres«ed 
below its original position Suppose that the load P causes a depression of yn in 
at the center of the beam, and that P is so large that the weight of the beam may 
be neglected Assunung the elastic force due to the foundation to be proportional 
to the displacement of the beam at any pomt, we have taking the y-axis positive 
downward Ely"' <=> — fcy (a) Taking the origm at the Center of the beam find 
the elastic curve equation and the relation connecting P, E, I, k, yo and L ( 6 ) 
For a steel rod 2 lu by 2 m by 24 in , with P »= 3 X 10^ lb /in P = lOO lb , 
and yo = 5 m , find the value of k and the depression of the ends of the rod. 
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28. Rectilication of the ellipse. In the calculus, the student encoun- 
tered the problem of finding the length of an arc of a given curve, and 
was al)le to rectify a wide variety of curves by the evaluation of familiar 
iiitcgr.als. He may have noticed, however, that one of the commonest 
curves, the ellipse, was not considered. If he asked about that curious 
omission, he was probably told that this apparently simple problem 
leads to a now kind of function, dilTerent from the “elemcntai’y” func- 
tions dealt with in a first course in calculus. 

Let us now underbake the solution of the problem prcviouslj’- ignored, 
and invc.sligate the new function we thus obtain. For later conven- 
ience, and in order to avoid subsequent transformations and manipula- 
tions, wc shall deal with a. pair of iiaramctric equations for the ellipse, 
bather Hum the rectangular equation 



( 1 ) 


in which a = OA, the semi-major axis, and h ~ OB, the semi-minor 
axis (Fig. 23). Let OP' be any radius of the circle with center at the 
origin 0 and radius a, and bike as parameter </> the angle between OP' 
and the positive direction of the y-axis. From P' drop a perpendicular 
P'Q onto the .-c-axis, cutting the ellipse at P(x, y). Then from the 
ligure wc get 


and 


X ~ OQ === a sin ift, 


y — PQ — - Va“ — a;“ = b cos <l>, 


( 2 ) 


by e(iunt ion (1). iNIonsuring arc length s from the upper extremity B 
of the minor axis, we therefore have 
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Since dx = a cos ^ and dy —bsm.^ and 'where the upper limit 
js the value of ^ corregiondmg to the point Pix, y) Replacing cos* ^ 
by 1 — Bin* <t>, we then have 


s = BP^ rVa*- (o*- 

•ffl 


6*) sm* <f> d4> 


r* I T 

- aj -yi — — smf <f>d4>, 

i = a(^ Vl — A:* sm* ^ d^, 


(3) 


where k = "s/a^ — b^/a is the eccentricity of the ellipse, and is evi- 
dently less than unity 

We may search m vam for a method whereby the mtegral (3) may be 
evaluated m finite form m terms of the elementary functions of ^ 
It has, m fact, been conclusii ely proved that no such evaluation is 
possible The mtegral of equation (3) therefore does define a new 
function, denoted by E(k, tp) 


E{k, Vf- J^smHd4> (0 < fc < 1), 

Jo 

which, because of its ongm, is called an elliptic inlegral It is to be 
noted that E(k, *#>), as is mdicated by the functional notation employed, 

• Algebraic, tngonometne, inverse tngonometric, exponential and loganthmic 
functions 
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is a function of two arguments: the number k, which is called the 
modulus of the elliptic integi-al, and which here represents the eccen- 
tricity of the ellipse; and the upper limit <p, called the amplihide of the 
elliptic integml. 

The French mathematician Legendre was the first to make a sys- 
tematic and thorough study of the integrals called elliptic, the name 
obviouslj' arismg from the connection of the integral (4) wdth the 
ellipse, as we have seen. Researches subsequent to Legendre’s, notably 
those of Abel and Jacobi, have resulted in the present-day classifica- 
tion, according to which the function E(k, <j>) is called the elliptic integral 
of the second kind, that of the first land being the function considered 
later in this chapter. 

It is evident from the figure and equation (3) that the total length 
of the ellipse will be 

L = 4a r ■'/l — sin® <#> dd> 

•^0 


= AaE 



( 5 ) 


This particular elliptic integral with upper limit </> equal to 7r/2 is 
called the complete elliptic integral of the second kind and is denoted by 
E{ji), or simply by E: 

E = E{k) s r ' Vl - sin^ 4, d<i> (0 < fc < 1). (6) 

do 

In the next chapter we shall show how it is possible to evaluate the 
integrals (J) and (0) by use of infinite series, and so consti-uct tables of 
the cllijjtic integrals just as fiibles of the logaritlunic function are 
formed. On pages 121 and 123 of Peirce’s “Tables” the student will 
find values of E{k) and EQc, tp) for various values of k and (p. 


hxnvipte. Given the ellipse x- -j- 3i/- = G; find (a) its entire length; (6) the 
teni^th of are from x ~ 1 to x == 1 .5. 

(a) Here the semi-.axc.s of the cHiiJse arc 0 = -v/o, = V^. Consequentb>- 


/- 

a 

ami the total length is 


Vg 

3 


0.81 G5, 


L r= -ioElk) - 4\/6E(0.SlG5). 


Kf icrring to Peirce's “Tahlc.s,” page 121, wc see that the wilucs of E there given 
to valut's of sin"' f: in steps of P, rather than to values of k itself. 
iScnce w get, from tables of trigonometric functions, .sin~^ 0.S1G5 = 54° 44'. 
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Now ^(siii 54*) => 1 2681, and E(sin 55*) = 1 2587, by interpolation we then 
have £(sin 54* 44') = 1^612, and 

L = 4\/6 X 1 2612 = 12 4 

(5) To find tbe length o{ arc from x =» 1 to i = 1 5, we have 


Now since x = a sm 


] x*»l 5 S 

= « -a 

x^X -li-=0 -J*=J 

4>y 

J »= sin“^ = 24* O', 


(/)] ^ sm-^ ^ = 37“ 46' 

5 4 

S J Ve [E(0 8165 37“ 46') - E(0 8165, 24* &)] 


To evaluate these two elliptic integrals requires double interpolation from the 
table on page 123 of Peirce To this end it will be found convenient to arrange 
the work as shown below, where we interpolate first with regard to a = sin“* h 
and then with regard to 0 * 



We then have ^ ^ 

sj' = y'6 (0 6285 - 0 4124) = 0 529 

29 The pendulum. We turn now to a phj'sical problem, which will 
mttaduce the elliptic integral of the first kmd 'The problem we are to 
consider is agam a familiar one, and one which could, without elliptic 
integrals, be only approximately solved m elementary mechanics 
Let there bo given a pendulum (Fig 24) m which the weight ta 0^) 
may be considered concentrated at a pomt distant L (ft ) from the 
pu ot, swmgmg through an angle 2a We suppose the pendulum to be 

• Interpolation m the reverse order would do as welL The student should try 
this alternative method also 
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rigid, so that its center of gravity describes a circle arc, of radius L, 
for which a may have anj' value between 0° and 180°. Take the pivot 
A at the point (0, L), the coordinate axes being situated as sho\vn. Let 
the weight w be, at any arbitraiy time t (sec.), at the point P{x, y) 
of the arc, and let 0 denote the angle between AP and the y-axis; 
evidently we have —a^O^a. 
measured from 0, the accelera- 
tion d's/dl" along the arc will be 
produced by the tangential com- 
ponent, of magnitude to sin 6, of 
the force actmg dovmw'ard. 

Now if the body is in the first 
quadrant and is moving upwards, 

8 is increasing, and ds/dt is 
positive but decreasing, so that 
d'(t/dl' is negative; again, if the 
motion is downwards, then s is 
decreasing, and ds/dt is negative 
and increasing in magnitude, that 
is, ds/dt is algebraically decreas- 
ing, whence dh/dt^ is negative as 
before. Thus d~s/d(“ is negative whenever 0 is positive; the student 
nmj' .show in the same manner that d^s/dP is positive when 0 is nega- 
tive. Hence, equating the product of mass and acceleration to the 
force, wo have 

to d~s 

=-iosinO, (1) 

g dt- . 

where g is the gravity constant (32.17 ft./sec.”). 

In elementary mechanics it is usual to assume the angle of swing 2 q: 
so small tliat sin 0 may be replaced by 0 without much error. Then 
since s = LO, equation (1) reduces to a linear differential equation, and 
the pendulum is found to oscillate with simple harmonic motion, the 
period beuig 2ff\/ L/g, which is independent of a. Wo shall not make 
that assumption here, but shall tr.y to solve the non-linear equation 
arising from (1). Letting o = ds/dt denote the velocity of the bodj’’ in 
its path, we have d"s/dt~ = dv/dl = v(dv/ds). jUso, sinti = dy/ds, 
so that (1) becomes 

dv dy 

ds ^ ds 

Multiplying both side-s of this equation by ds, we sec that we hax’c a 


If s represents the arc length OP 
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Simple first-order differential equation m the variables y and v Inte- 
gratmg this, we have at once, 

Ip’ 

— = -gy + Cl 

Now let h be the maximum height of point P above the x-axis, here h 
may have any value less than 2L Then smce v = 0 for y = A, we 
have 0 = —gh~\-Cu and 

- = gih- y), 


a = — = ±V2y(ft - y) 
at 

But ds ~ dy/sin 6, and smce, from the figure, 

^ Vl2 - (L - yf 


, L dy 

V2gVh~ yV2Ly - y^ 

Now if the body is movmg upward so that dy is positive, we take the 
plus sign m the precedmg equation, and write 

_ L P* ^ 

J1/-1/1 " V/i - yV 2 Ly-‘!p 

for the time required to go from Pi(zi, yi) to P 2 (x 2 , yz) 
other hand, the body is movmg in the opposite direction, dy will he 
negative, and we should take the minus sign in the expression for dt, 
•whence 

= r - 

Jv-v> V 2o di/t Vh ~ yV2Ly - ^ 


^ r ^ 

fj h — v^2i 


as before That is, 


’ Jyi Vk - yV2Ly - jp ' 


= il"’*'*, 

Jl^“Vl Jv-Vi 

so that the direction of motion is immaterial, the two mteiwals of time 
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required for the same arc to be traversed in opposite directions being 
equal. The student may feel that this fact is obvious on the grounds 
of physical intuition, but it is well to notice that such physical sensibil- 
ities should be logically verifiable. 

In particular, the time required to go from 0 to any point P {x, y), 
(or from P to 0) , will be 

r 

*^0 '\^ h — y'V' 2Ly — y^ 

Xow if wo let 

y — h sin^ 4>, (2) 


wc have dy = 2h sin </> cos (p dtp, V/i — y = cos <p, and 
L ^ 2h sin (p cos (p d<p 

•\/ 2(j da cos 2Lh sin" <p — sin'^ <#> 

_ p d^ 

■\/^ *^0 V"2L — /i sin^ (p 



where h - V/i/2L <: 1, and the upper limit <p corresponds to the 
point P(x, y)* The integral in this expression is the function called 
the elliptic integral of the first land, and denoted by F{lc, (p ) : 


Tiius wc have 


d(p 


and 


0 Vl — /r sin“ <p 

fL 
0 


{0<k< 1 ). 


' (1 


/I’'”*'-' = t] 

Jv-Vl -J 




^j-^[Fi}:,<P2) -F(k,<Pi)], 


where >/i = h gin* <pj^ and 7/2 = h sin" <p 2 . 


(3) 

(4) 


* Hvivr is, e, rorre-^ponds to p in virlnc of tlie rel-ation (2). The angle 4 , introduced 
•1'' a ptnimc'tcr .<.liould not be confused with t he angular di.'iplncenicnt 0 corre.'ponding 
t‘> t'l the relation Ix’lwecn siuii 0 is given by equation (G), 
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To interpret the modulus h and the amplitude 4> m this problem, 
wc note from the figure that ft = L(1 — cos «) Hence 


' >2L “ 


(5) 


^ ly (l — t 


( 6 ) 


If we denote by T the penod of the pendulum, we have 

-|y=A fL 
T = it \ == 4 V- 

Jp-o Jo 


V^l — 0 


= 4i 


When, as here, the upper limit tf> of the mtegral (3) is equal to ir/2, the 
function IS called the complete elliptic integral of the first kind, and is 
denoted by K(Jc), or merely K 

(0 < ft < 1) (7) 


K = Kik) 
Thus we have 


=r 


Vl — sm“ 4 > 


( 8 ) 


The elliptic mtegrals (3) and (7) have hkewise been tabulated, Peirce, 
pages 121 and 122, gi^es values of these functions for certain values 
of ft and if> 

Example A seconds pendulum is one taking 1 sec to awing from one end 
of its arc to the other, so that its penod is 2 sec Find (a) the length of a ‘leconds 
pendulum that swmgs through an angle of 120°, (6) the time required by this 
pendulum to descend through 30° of arc from its highest point 

(a) Here a = 60°, T = 2 sec Consequently ft = sin (a/2) = I'e 

get from (8) 




whence 
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(b) When 6 = G0°, 4> is evidently 90°; when 6 = 30°, ire have, also by 
equation (G), 


an ^ = 


. e 

an- 


sin 15° 0.25SS 


a sin 30° 0.5000 


= 0.5176, 


sin- 


<!> = 31° 10'. 

Therefore equation (4) gives us 


= 0.5000 - 


g 

0.5505 
2 X 1.G85S 


= 0.337 sec. 


30. Discussion of elliptic integrals and functions. If, in equation 
(.3), Art. 29, which is kno\vn as Legendre’s form, we make the substitu- 
tion X = sin <^, we get as another (Jacobi’s) form of the elliptic integral 
of the first kind, 


m <» = FiQc, x) 


-/ 


dx 


V(1 - a:-)(l - fcV) 


(0<A;<1), (1) 


where Fj is the function obtained from F by our substitution. Likewise, 
petting .T = sin in equation (4), Art. 28 (Legendre’s form), we have 
ii.s alternative (Jacobi’s) form of the elliptic integral of the second kind, 




Exile, x) 




(1 — Irx^) dx 

V(1 - a--)(l - Irx:^) 


(0 <k< 1 ). 


( 2 ) 


Wc notice that in each of the expressions (1) and (2) the integrand is a 
rational function of x and the square root of a quartic expression in x, 
tliat is, each integral is of the form 



00-4 + Oix''’ -b « 2 a:" + a-^x •+■ Ot )'dx, 


( 3 ) 


where /? denotes a rational function of its two arguments. Some 
integrals of the type (3) may be evaluated in terms of elementaiy’- 
functions; for example, 


/ 


+ 3aiT~ 4 - 2a2T + 03 






dx 


obviously be intofcrated. Tn general, however, (3) vriW include 
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m its expression the tv\o functions (1) and (2) and the elhphc integral 
of the third kind, 


IIi(n, x) 


-/■ 

^0 I 


dx 


*0 (1 + n3^)V(l ~ x^)il - k^x^) 


iO<k<l), (4) 


where n is anj constant Specifically, if, in the integral (3), the coef- 
ficients Oo and ai are both zero (and for certain other functions, as m 
the above example), the mtegral may be expressed in terms of ele- 
mentaiy functions alone, n hile if gq, «!, or both are different from zero, 
the elementary functions augmented by the functions (1), (2), and (4) 
wall surely suffice for the expression of any such mtegral The dis- 
cussion of this problem, as well as of the elliptic mtegral of the third 
kmd (4), will be omitted m this book since we shall have no occasion 
to make use of these topics m our applications * 

Let us now mspect the graphs (Tig 25) of the mtegrands of the 
elliptic mtegrals of the first and second Lmds as functions of 



We see that the first function is penodic with penod tt, with axes of 
symmetry at <f> = 0, ±ir/2, ±ir, , and that it oscillates between its 
mmimum value, unity, and its maximum value, depen ding upon 
value of the modulus k Similarly, the function y = Vl — kr sm 0 
IS periodic with period t, with axes of symmetry at <f) *= 0, ±ff/2, 
dcir, , but has unity as its maximum value, the mmimum value 

• See, for example Goursat Hedrick ' Mathematical Anilysiv ' Vol I 
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depending upon h. Because of the periodicity and sjmmetr}' exhibited 
by each graph, and smee the elliptic integrals F{k, <^) and EQc, <t>) are 
represented gcometricallj’’ by the areas under portions of the respective 
curves, it is necessary to tabulate F{k, (f) and E(k, (f) onlj'’ for values 
of <^> between 0° and 90°. 

Just as in elementary' work it is often necessaiy or desirable to deal 
with the inverses of the trigonometric functions, and with the two 
functions inverse to each other, the exponential and logarithmic func- 
tioas, so we sometimes speak of the function inverse to the elliptic 
integral of the first kind. Suppose the modulus k fixed, and consider 
the integral (3), Art. 29, as a function of its upper limit (p: 

d<p 

u s u{4>) = ^ / 

Jq — k^ sm^ 0 

Since 0 is the amplitude of u, we call the inverse of u by this name, and 
denote it by 

0 = am u, (5) 

or, sometimes, when the modulus k is to be brought into evidence, 

0 = am {it, mod k). 

Also, since 0 may be regarded as an angle, we sometimes deal unth the 
trigonometric functions of 0; in particular, we use the notations 

sin 0 s sin am tt s sn u, (6) 

cos 0 s V^l — sn^ u s cos am u ^ enu, (7) 

V^l — sin" 0 s A0 s dn u. (8) 

The functions (G), (7), (S) we call elliptic functions of v. They are 

connected by formulas somewhat similar to the trigonometric formu- 
la-c.* 


PROBLEMS 


1. Show (lint A (/;) continu.'ilK' incrua.‘=os, whereas E{k) continually decreases, 
ftH t. varies from 0 to 1. By cxaraininR the integrals defining K and E, for A = 0 

'*!!!^ \ maximum and minimum values possessed by the two complete 

elmitie integrals. 

V 2. The integral 


/' 


VI 


^ pin- 4 > 


w:..s defined ns the elliptic integral of the first kind when 0 < fc < 1. If A > L 
• fve, for example. Peirce, 'Tablc-s,” 705-734. 
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this integral maj also be e^ressed in terms of an elliptic integral By means of 
the substitution A. sm « sin x, show that 


x- 






ik > 1), 


where the amphtude x is evaluated from the upper limit of integration as x » sin~* 
(k sin 4) and the integral has a real value when fc sin ^ S 1 
Express the integral 


(0 < A: < 1) 


in terms of elliptic integrals What is the result w hen the upper hunt of integra- 
tion has the value ir/27 
/4 Show that 


0 Vl - sm^ 




tE(k,^X 


wh^ 0 < A, < 1 and evaluate the result for A: = \ 4 = 1 
The integral 

r V 1 — A^ sm* 4 cl4 

Jq 

was defined as the elliptic integral of the <;econd kind when 0<:A:<1 IfA>l| 
this integral may also be expressed in terms of elliptic integrals By means of the 
substitution A: sin = sin x show that 


J^Vl -A^sm*^ - a) P , x) -f KE x) (A > 1), 

where the amplitude x is evaluated from the upper limit of integration as X = sm 
(A sin 4) and the integral has a real value w hen A sm ^ ^ 1 

Using the same notation and substitution as m Problem 5 show that 




By means of the transformation x = v/2 — y, show that 



dy 

h V cos y 


Hence by letting cosy = cos^x show that those integrals are elliptic and find 
their common value 

^ 8 Using the identity cos x «= 2 cos* {x/2) — 1, and then letting x/2 => t/ 2 - 
show that the integral 



(Ol) 


19 elliptic and evaluate it for c 7, ^ = jr/2 
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9. Show that the integral 

\/3 -f cos X 

is elliptic, and rornputc its value, 

^10. B}' moans of the substitution x = -JaCl — sin 0), show that 



11. As an altomafive derivation of equation (3), Art. 28, begin with the rectan- 
gular equation (1), and show that the integral for the length of elliptical arc is of 
the form (2), Art. 30, whence the result follows. 

12. Given the ellipse x“ 4- “ 4, find (a) the length of arc from x = 1 to 

T ta 2; (6) the abscissa of the point bisecting the qiiadrantal arc. 

13. An ellipse of eccentricity I and a circle have the same area. Find the ratio 
of Ihi ir circumferences. 

Id. Given the curve y « sin x, find (a) the length of one arch; (6) the coordinates 
of the points? trisecting the arc from x *= rr/2 to x = 3r/2. 

15. Tlic length of a certain cllip.so of eccentricity n\/2 is twice that of one arch 
of the curve y — sinx. Find the length of arc in the first quadrant between the 
points on the ellipse witli abscissa.s {» and 1, respectively. 

10. Find the period of a pendulum 2 ft. long oscillating through an angle of 40°, 
By wluit percentage must the length be changed if the period is to be the same 
but the angle of swing is doubled? 

17. A pendulum, swinging through an arc of 00°, has a period of 1 sec. Find 
the time required to fall from the highe.st point of its swing through an arc of 10°. 

18. A pendulum 0 in. long 1ms a period of 1 sec. Find («) the angle through which 
the pendulum swings; (6) the time required to descend through the first quarter of 
itf. suing from an extreme position. 

19. A p{*ndulum hob, swinging through an angle of 2*10°, starts from its extreme 
pO‘*ition, which 3 ft. above its lowest level. Find how long it takes the bob to 
ru’qmre a velocity of 13.27 ft./sec. 

20. Two pendulums, of eq\ml length, swing through angles of 160° and 80°, 
respectively. Find the ratio of the times required to fall through the first quarter 
of the respt'ctive swings, from the corresponding highest points. 

21. A pendulum is 8.01 ft. long. Determine the vertical distance through which 
Uc' \)oh must fall to its lowest position if it starts from rest and if the time ncces- 

to fall the first Imlf of tliat distance is 0.401 sec. 

22. Find the arrm hounded by the curve ir(l — 2sin^x) = 1 and the lines 
^ ^ dbc. What is the limit of this area ns r approaches 7r/4? II ini: See Problem 2. 

23. Find the nn\a enclosed by one loop of the curve 3?r "“3 4-4 sin'x = 0. 

24. A particle, starting from rest, slides from the edge to the bottom of a smooth 
Iwmi'pheriral bowl of rrulius r (ft.), (o) If 0 (rail.) is the angular displacement in 
liUje ( show that the ditTerential equation of motion is » g cos 5, where 
J) d/d/ and g ra 32.17 ft./scc.“ (/>) If r = 2 ft., find the time of de.scent. 

25. A Ikjw), 2 ft. in diami'tiT and 1 ft. deep, is in tlie form of a paraboloid of 
tvvuUiFvm. I'ind the time required for a particle, st.arting from R'st. to slide from 
ilic «*«jge ii> bottom of the bowl. 

/2{>. (a\a-n the lemnisrjvte p' » cos2r^, find (a) Iks entire length; (6) the length of 
ihe .arc from C 0 to *« r/6. 
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27 (a) Find the length of one leaf of the rose curve p = sin n9 (b) Using the 
result of part (a) find the entire length of each of the curves p = sm 2d p =» sin 

28 The center of a sphere of radiut. a lies on the surface of a right circular cjl 
inder of diameter a/2 Fmd (a) the “surface area of the cylinder intercepted by the 
sphere, (6) the surface area of the sphere intercepted by the cyhnder 

^ 29 Establish each of the follovi mg relations (Cf Peirce 530 532 534, 536 ) 


x' 


Vd - 


= = F ^Vl — sin 


(5) r , =■ 2F(ifc sin-^V*), 0<*<l,0<x<l, 

•^0 Vi(l - i)(l - Fr) 

(c) f‘~=^^== = 2FfVr=rid,sm-iJ:J^Vo<A*<*<l, 

Js Vx(\ • :rhi -¥) V \ 1 - A V 


) r ■ =-f(^- ^Vo<z<b<a 

Jo V{a* - - x^) « 


31 A mechanical brake problem 



• An analysis of this problem was given 
p 443 Aug -Sept ,1941 


We consider now a mechanical 
type of brake,* a portion of which 
IS shotvn diagrammatically in Fig 
26 A ngid cylindrical shell C, of 
inner radius R (ft ), rotates about 
a fixed axis A A second cyhn- 
dncal shell, on part of which the 
brake lining is mounted, is inside 
C, and has its center original!} 
at i?, we suppose the brake lining 
to be an elastic stnp obeying 
Hooke’s law Let t (ft ) be the 
distance from the center B to the 
outer surface of the undeformed 
lining 

Now suppose the brake to be 
applied, thereby moving the point 
B to B', and let o (ft ) denote the 
distance A B' Let P be anj point 

by I Opatowski Am Math Monthlj 
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of contact of the lining ^vith the surface C, and let 6 (rad.) denote the 
variable angle PAB'. If the constraining surface C were not present, 
the point P would be situated at D', where B'D' = r. Thus the de- 
formation of the elastic strip at P, measured along the line AD', is 
X — PD' (ft.). From the figure we get for the deformation, 

x^PD' AM + MD' - AP 

= a cos 6 -f- sin^ 6 — R. (1) 

Now the radial force Af acting on an element of arc R AO is, by 
Hooke’s law, cx AO (lb.), where c is a constant of proportionality. 
Con.'-’cquently, if /i is the coefficient of friction between the brake 
lining and the surface C, the force of friction is AF — n Af — ficx AO 
(lb.), and the torque exerted by the braking action is AT = R AF 
- Riicx AO (ft-lb.). Therefore, if a and )3 are the values of 0 corre- 
sponding to the extreme positions of the contact point P, the resultant 
torcjuc is 

T = Rfic f (a cos 0 -{- -r — a? sin" 0 — K) dO 

u a 

= Riic[a (sin /3 — sin a) — P03 — a)] 

-1- Ppcr jVl - (aV?-2) sin2 0 dO. (2) 

If, in particular, r = a, (2) reduces to 

T = P/ic[2a (sin /3 — sin a) — R(^ — «)]■ (3) 

If «/r < 1, the last integral in (2) is an elliptic integral of the second 
kind, and ^vc have 

T - Riic[a (sin )3 — sin a) — 7f(j3 — a) -f rE{a/r, 0) 

- rEia/r, a)]. (4) 

finally, if a/r > 1, the intcgi-al appearing in (2) can be expressed in 
tenns of elliptic hitograks of both the first and second kinds. (See 
IVobloin 5 following .Art. 30.) 

32. Capillarity: two parallel vertical plates. In Chapter II, Art. 24, 
we discussed the theoiw' of capillarity, and derived the differential equa- 
tion of Ihc capillant’ curve in the form 

y" py 4 

(1 + y’-f ~ T •' ~ c- 

«hcrc p is the .‘specific gravity (gr./cm.^) of the liquid, g the grav- 
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ity constant (DSO 5 cm / ‘^ec T the surface tension of the liquid 
(dynes/cm ), and c = 2 V T/pg We also solved the differential equa 
tion (1) subject to the conditions prevailmg when a single vertical 
plate IS partly immersed m a large expanse of the hquid, and found 
that the height to which the hquid rises on the plate, measured from 
the distant horizontal surface of the liquid, is given by 



where a IS the contact angle between liquid and plate 

Let us suppose now that we have two parallel vertical plates AC and 
BD immersed m the hquid at a distance 2a (cm ) apart (Fig 27), \ve 



Fig 27 


wish to find the equation of the capillarj» curve AB between the 
plates We may do this by agam solving the differential equation (!)» 
subject now to the new physical conditions imposed by the present 
problem We choose the x-axis lymg m the distant (outside) horizontal 
, 51 ^ Ah? .mvf Aiv? iWivdivay iiivt.V'nsi’ Ah? /dates Let 
the y-mtercept of the capillary curve be yo and let h be the maxunum 
height to which the liquid rises between the plates 
As before, let y' «= p, y" = p dp/dy, so that equation (1) becomes 


0 + p“)” 


^viy. 


whence, by integration, we have agam 
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where Ci is the constant of integration. Since now p = dy/dx = 0 
when y = po, find cj = — 1 — {2yll(?), and consequent^’- 

V!T7 

We note here, for later use, that since p == cot a when y = h, 


sin a = 1 (/i^ - yl), 

cr 


— Vo = cr 


by equation (2). Thus h, the maximum height to which the liquid rises 
between the plates, is always gieater than the capillary rise outside 
the plates, provided ya is not zero. 

Solving now for p, we get 

1 -j- p2 _ ^ 

<]y ^ V c' - [c- — 2{if — T/ljF 
dx — 2(i/ — p5) 

_ - yl) - 4(r - 7/5)^ 

c- - 2(r - y5) 

and 

^ ^-2(rzJ) 

- 2/5) - (r - 2/5)^ 

In extracting the. square root, we have chosen the positive sign for 
dy/dx. This means merely that we are confinbg our attention to the 
riaht-liand half of the eapillaiy curve, which is certainl}' permissible 
in view of the SN’mmetry of our figure with respect to the y-axis. 

^lo hUe/rrate the la.sfc cquatio?} above, make the siihstitution 
ir — f /5 = c' COS" whence 

y = (4) 


y dy ^ — c* cos .>^in ^ d({>, 

J/o) “ (y* — yo)‘ = c" cos <i> sin <l>, 
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— 2(^ cos^ fli / cos sm 0 (f<^ \ 


2c^ cos ^ sm \ + c® cos^ 4 


2 V^ (T COS^ 4 > 


obviously A, < 1 We therefore have, by (5), 

— 2c^ sm^ <t> 

ax = ■' — d4i 

-p Vl — sm^ <i> 

k 

ck d4> c 1 ~ 1 + k^ sm^ 4> 

2 \/l — gjjj2 ^ £ -v/i — X' sm^ 0 

^ + 7^1 

V2 V * 

Consequently, since = ir/2 when y = yo, or when a: = 0, integration 
betu een hmits gives us 

r dx = X r y r P 

*^0 \ 2 fc/ •^n'/2 1 t sm ^ fc ^t/2 

. (f _ f ) r-7=4= _ i 

\k 2/ J* V l — sm“ 0 k 

X = ^ {(1 - ^ [iiTCA:) - F{k, «^J] - [Eik) - E{k, <^)]} (6) 

It IS seen that both k and ^ m this expression for x depend upon yo 
which IS so far unknoivTi But w e have not as yet used the fact that t’nc 
plates are a distance 2o apart This means that x = o when y =‘ h, 
and therefore <^> 1 , the value of <i> corresponding to i = o, is gnen bj 

VW^^o ho ^ ll - sm « 
cos^i _ = 

from equations (3) and (4) Hence 

o = (^ - I) [K(k) - F(k, 4>i)l - I Wik) - Eik, 4>i)] (8^ 
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Wc may thus proceed in the following manner. We first find, by trial 
and error, the value of k from the implicit relation (8), in which 
c = 2 V T/pg and <i>i is given by (7). Then the definition (5) of k jdelds 
j/o, and finaliy the equations (6) and (4) give us s and y in terms of the 
parameter <f>. In particular, the maximum rise h between the plates is 
given by (3). 

In connection with the relation (3) between the capillarj- rises out- 
side and between the plates, we noted that h > ho provided 7/0 ^ 0. 
Now if 2/0 were zero, we should have /c = 1 b.y (5). Then K(k) would 
become infinite (see Art. 30, Problem 1), while F(k, ^ 1 ), E(k), and 
E{k, (l>i) all remain finite, so that by (8) we should have a infinite, con- 
trary to supposition. Hence the liquid will always rise to a higher 
level between the plates than it will outside them. 

33. The elastica. As another application of elliptic integrals, we 
consider the elastica, the cuiv'e assumed by a uniform elastic spring, 
originally straight, the ends of which are .subjected to two equal and 
opposite compressive forces (Fig. 28). Let the i-axis be taken through 



•be ciuls of the .spring and the y-axis through its midpoint. Let the 
m.'igniliule of the force applied at each end, along the x-axis, be F (lb.), 
and let the tangent at anj' point P{x, y) of the cun^e make an angle 6 
vitb the negative! direction of the x-axis, x and y being measured in 
inches. I hen the bending moment equation [Chapter I, Art. 7(f)] 
gives ri.s 

ET 

- = .1/ = -Fy, ( 1 ) 

when' E Ob./in.=) is the modulus of clasticitj-, I (in.'*) is the moment of 
nr-rtia of the cro?.«-sec.tional area of the spring with respect to a Ime 

ITT’'?'. a-y-plane and through the neutral section, and 
< KJ.J li! tiic mdius of curamturc at the point P. 
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If s (in ) IS the arc length AP, Ave have 

1 de dy d$ de 

— sa « =ssm0 — , 

R ds ds dy dy 

hence (1) may be wTitten 

El sm Q do = —Fy dy, 

or, letting (? = El/F, 

ydy~ —c^ sm 9 dO (2) 

Integration yields 

- = cos 0 Cl 

2 

Denotmg by a the value of 6 at the end of the sprmg where y = 0, we 
find Cl = — cos a, and therefore 


Replacmg sm 9 bj —dy/ds m (2), we obtain 


as = c — = -- 

y V 2 V cos 6 — cos a 

Substitutmg cos 0 = 1 — 2 sin^ (0/2), cos a == 1 — 2sm® (“/2), this 
becomes 

c do 
ds — , 

2 T0 


Letting k = sin (a/2) and sin (0/2) = A- sin whence 


cos = A cos (b ds 

2 2 


2A cos <i> d<f> 
Vl — sm^ tf> * 


and (3) reduces to 


di 


y — 2c \/sin^ sm* - «= 2cA cos 4 

>'2 2 
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To find X in terms of Ave liave 
dx. = cos 0-ds = (1 — 2/r sin^ 4>) 


cd<f) 


Vl — 1:^ sin^ (p ’ 


''0 


2(1 — sin^ <f>) — 1 


- d^ = c[2ii;(7;, <!,) - FQ:., 0)]. 


Vl — 'r sin“ (f> 

Summarizing, we have for the parametric equations of the dastica, 
X = c[2E{k, 4>) — F{k, <#>)], (4) 

y = 2ck cos <}>, (5) 


and for the arc length AP, 


s — cF{k, 4>), 


( 6 ) 


where 


m 


F ’ 


a 

h = sin - , 
2 


sm 


sin (0/2) 
sin (a/2) 


If 2a, h, and L, measured in inches, are, respective!}', the distance 
between the ends of the spring, tlie maximum deflection, and the length 
of the spring, we have, since <i) = w/2 when 0 = a and ^ — 0 when 


0 . 


a = c[2^;(A-) - K{k)], 
h - 2ck, 

L = 2cK{k). 


(40 

(50 

(60 


Equation (GO is also of particular interest in that it indicates a 
critical value for L. For, the function A' (sin a/2) must be greater than 
"/2 {s(!o Art.. 30, Problem 1), and therefore L must be greater than ttc 
to produce the supposed bent form; if L < rre, we have simple compres- 
sion without bending. An equivalent statement is that, for a given 
value of L, the number c = ^ El/ F must be sufficiently small if bend- 
iag 1: to result; this may be brought about by decreasing E or 1, or 
more simply by increasing the force F. 

34. Tlie swinging cord. Our next problem is the determination of 
the curve iissumcd by a shipping rope (Fig. 29). Consider a uniform 
coitl or chain rotating about a horizontal axis to which the ends are 
tised at two points a distance 2a (ft.) apart. Let w (rad./scc.) denote 
the ciuistanl angular velocity of rotation, wliich we suppose so large that 
Centrifugal force predominates over the gravitational force due to the 
small weight of the cord; we accordingly consider only the former 
torce. Ut tc (Ib./ft.) be the weight per foot of cord, and let i (pdl.) 
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be the tension at any point P{x, y) of the cur\ e Take the x axis 
through the two ends of the cord, the origin 0 being at the left hand 
end, and let d be the angle of inclination of the tension t* If s (ft ) 
IS the arc length measured from 0, consider a second point Q at a tL 
tance As along the curve from P The three forces acting on the arc 
As are then the two tensions t and t -}- At at P and Q, respectnelj, 
and the centrifugal force F ~ w As (pdl ), where yi (ft ) is some 



ordmate between y and y + Ay Smce the element As must be in 
equilibrium under these three forces, we have, by resolving the forces 
into their horizontal and vertical components, 

(t + At) cos (0 + A6) = t cos 6, 

(t 4* At) sin (fi -j- Afl) = t sin 6 — w As P) 

Now the first of these equations tells us that the horizontal component 
of tension must everywhere be the same Let T denote this constant 
force, so that icosB — T, it is seen that T must be the thrust in pound 
als m the axis of rotation due to the pull of the cord Dividing (2) 
by (1), we have 

w As 

tan ($ -f A&) «=> tan B » 

or 

tan ($ 4- A0) — tan & 

As T~ 

The limiting value of the left member of this equation, as A* aP" 
proaches zero, is d(tan 6)/ds = (sec^ 6) (d0/ds) , also, since yt appro^^*^ 

• We confine the discussion to the left half of the cord, points on the nght half 
may be dealt with by consideration of S3rmmetry m the line z “ a 
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y, we get, as the differential equation of the left half of the cord, 


„ do wcc~y 

sec2 0 - + i = 0. 

ds T 


Now dO/ds is the cun'ature, and sec“ 0=1+ tan* 0 

= 1 + y'^. Hence the differential equation takes the form 




Vl + y'~ 


tvu3-y 


T 


= 0 . 


(3) 


Since the independent variable x is lacking, we set y' — p, y' 
p{dp/dy) (Art. G), whence we have 

p dp wii^y dy 

+ — = 0 . 


Vl + f 


Let the maximum value of y be h, so that p = 0 for y = 5. Then 
integration between limits yields 

/ --IP „-]!/ 

''TtV]o + ^n = '>' 


where 

Vl + p* — 1 + c{y^ — b-) = 0, 

(T) 

Therefore 

wor 

(5) 


Vl + jr = 1 + cQr - r), 



1 + p= = 1 + 2cQr - 7/) + c^b^ - iff, 


Now let 

f = - y")[2 + - if)]. 



y = bsin <!>, 

(6) 

so that p = 

(b cos (Ji) (d4>/ dx) . Then 



0 2 

= fc“c(cos“ + h'c cos- <f), 



- ci2 + b-c -h-csm-<i>) 


= c(2 + b-c) 



b-c 

2 + b-c 
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If we wnte, for simplicity, 


2 -f b^c AT + * 

by (5), then k <l and c(2 + b^c) ^ Consequently 


/d<f>Y b^ef 

(:r) 

\dx/ L 


he vX — Bin® 4> 

Integratmg between limits, we have, since x — 0 when y = 0, 


Jq be Jo V 1 - 


X = — F(fc, tf>) (8) 

be 

Equations (6) and (8) are the parametne equations of the left half 
of our curve, c and k being given by (5) and (7), respectively 
Now, from (4) and (6), 

dS / ;r 

— = 'Vld-p^ = l + c(b^ — y^) = 1 + b^c cos (f> 
dx 

= 1 + b^c — b^c sm^ 

But, from (7), b“c = 2k^/{l — IJ^), and therefore 


I l~k^ 

1 + /j® — 2h® sin® <j> 

* 

A® - 1 + 2(1 - t® sin® <#.) 
1 -^•® 


= -1 + Y~js ■" ^ 
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Divading this by the expression for d4>/dx given above, we get 


ds I 

d^ i)cV 1 — /;r sin^ ^ 6c(l — l^) 


a/ 1 — sin" (jj, 


ds 


k dd> 

6c a/i — /;“ sin^' 4 > 


+ -vT 
k 


h~ sin^ <i>d(j}, 
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s = lE{k,<p) -^F(k,<l>). 
k be 

Consequently, if the total length of the cord is L, 
relation 


( 9 ) 


we have also the 


2s 


1 = 2sl 


r/2> 


26 2k 

L^-Eik) --im. 

k be 


( 10 ) 


It may be shonm by the calculus of variations that the cord vdll take 
the form which, with given length L, has the maximum moment of 
inertia about the axis of revolution. 

35. Field intensity due to a circular current. As an application of 
elliptic integrals to electrical theory, we shall take the problem of 
oomputing the magnetic field intensity at any point of the plane of a 
circular loop in Avhich current is floAving. The basis of our analysis is 
Amp&re’s law,* Avliich states that the magnetic field intensity at any 
point P is 


dH = 


I sin a ds 

o 

r“ 


(1) 


dynes per unit ])ole,t or, conventionall}’-, lines per square centimeter, 
Avliere ds (cm.) is a circuit, clement carrying a current I (abamp.), 
r (cm.) is the radius vector from P to ds, and a is the angle between r 
and ds. q'hc direction of dll is at right angles to both r and ds. 

Suppose that the current I is flowing in a circular loop of radius -a 
(cm.) and that the point P, at which the field intensitj’’ is desired, is 
distant 6 (cm.) from the center 0 of the loop. We have to consider 
two ca.<e.s, according a.s P i.s Avithin or A\*ithout the circle. 

(o) In the fust ense (Fig. 30), let P be inside the circle, so that 
(‘ < 0. I^t 0 denote the angle betAveon the radius A’cetor r from P 
to any point Q of the circle and the line through 0 and P. If As — QA 

,U‘o Viinniiniy called Dipl.Acc’.s Law or the Biot-S;»A’!irt relation, 
t Ur Piall ti-,-- e.g.s. nnils throughout thus a.nicle. 
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IS an arc of the circular loop, angle APQ ■will be A8 With P as center 
and radius r descnbc a circle arc cutting PA at B, and let ^ be the 
angle between QB and As Since QB is perpendicular to r, and « 
IS the angle between r and As, we have a = 90® — /3 Hence As sin a 
s= As cos ^ But As cos /3 is approximately equal to r A9 Thus 



r 


IS an approximate expression for the field intensity at P due to the arc 
As If w e sum up all such expressions around the circle, and take the 



limit as the number of such arcs becomes infimte while each As ap- 
proaches zero, w e have exactly 

do ln\ 


Hr 

‘'O 


Now from the triangle OPQ, we ha\e bj the law of cosines 
+ r® — 2br cos (180“ — B) = 6^ -h + 2{w cos 5 
If we solve this quadratic equation for r, w e get 


r = — b cos ± V 6^ cos® 0 + - 


s=s —6 cos 6 ± sivfo 

Since r is positive, wo must choose the plus sign, inserting this ^alue 
of r in (2), w e find 

H.-xf- 

‘'0 


de 


Jo Va^ - 6® sin"^ 0 — b cos 0 
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MulliplN'ing numerator and denominator of the integi-and by 
sin- 0 + b cos 0) so as to rationalize the denominator, we 

obtain 

Hi — 5 I (Va^ — b® sLi" 0 + b cos 0) dd 

or — b" Jo 

= n I Vo^ — b^sin^ d0, 

-b- Jo 

since f cos OdO = 0. Moreover, because of the sjTnmetrj’- of the 
Jo 

graph of 2/ = Va^ — b^ sin^ 0,* we may write 

47 pr/2 

Hi = — I Va^ — b^ sin^ 0 d0, 

0“ — b* Jo 

= ^ jn f Vl — fci sin- 0 d0, 

a - Jo 

where bi = b/a < 1, and therefore, dividing numerator and denom- 
inator of the coefficient of the integral b}’’ a~, we have finallj’’ 


Hi = 


41 E(Jci) 
a 1 - A-f 


( 3 ) 


For bi = 0, i.e., when the point P is at the center of the circle, there 
is found, since F(0) = r/2, the familiar formula 


a 

A*s A‘i approaches unity, which occurs when the point P gets closer to 
the current-carrying conductor, PfA'i) approaches unit 3 ’, and Hi be- 
comes infinite, as maj' he expected from Ampbre’s law (1). 

(b) In the second case (Fig, 31), P is ovdside the circle, and b > a. 
As l>eforc. let 0 denote the angle OPQ, As = QA, A0 = angle APQ, and 
let the arc QU of radiiH r he drawn. Since As sin a = As cos (a — 90°) 
r AO approximately, we have again 


A//2 


7 A0 


n, An. 


r 
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as the approximate expression, for the field intensity at P due to As 
AHz dH^ 

and smce Jim « , 

^-*0 d9 

d6 

dHz ~ ^ ~ (^) 

So far our work has been exactly analogous to that of the first case 
Now, however, if E and F are the two points m which the line OP 
produced cuts the circle, and D is the pomt of contact of the tangent 
Ime to the circle from P, we have two expressions for the radius \ector 



r, accordmg as the pomt on the circle is between D and E, as Q, or 
between Z) and F, as Q' * If OC is perpendicular to t, we have OC 
= h sm e,PC = h cos 0, QC = Q’C = Vo^ - 6^ sm^ 0 Consequently 
we get for the position Q, 

r = FC - QC = 6 cos 0 - Va=* - 
and for the position Q', 

r = PC + Q'C = h cos 0 -f- V^o" — 6^ sm^ 

Also, smce sm OPD — a/b, the angle 0 \anca onlv between iarcsin 
(a/b), hence, substituting for r in (4) and summing up around the 
circle, we get, lettmg 0i — arcsm (a/b), for convenience. 



•^0 ^ b cos 0 + 'v/a^ — b^ sm“ 0 -*1 b cos 0 — V^a'^ — h* 0J 

• We have a similar dwtinetion when the lower half of the circle is 
but because of the sj^mmetry of our figure with re'tpect to the line OP , no aaaitiona 
discussion 13 necessary 
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■ft'e next rationalize the denominators, change d into —0 in the third 
and fourth integrals, and reverse the order of integration in the second 
anti fourth integrals. There is obtained 

Hn = \ f (bcosO -h "V — b~ sin* 0 ) dO 

Ir — 0“ Uo 

— C {h cos e — Vo" — Ir s\rr 0 ) d9 

— r (b cos 0 — Va^ — sin^ 0 ) dd 
•^0 

+ (b cos 0 + 's/a^ — b^ sin“ 0 ) (Z<? J 

= or — b~ sin^ 0 dO. (5) 

b" — a" Jq 


0 -- a 


'r sin^ 0 do. 


Thi.s integral is not olndoush’’ elliptic as it stands since b > a. But, if 
wc let 6 sin 0 = a sin we have 

b cos 0 do = a cos <#> d<f>, 

sin“ 0 = a cos <}), 
and 

47 C " a cos 4> • o cos <f> d4> 

■^^2 2 o I 1 n 

h~ — a" Jo b cos 0 

47 a" — a** sin ^ 

"^6(6=- a=)Jo I 77^"^' 

Finally, let /.v = o/6 < 1, whence 

rr „ r A-f - A-i sin“ 


47 Ao — A’g sin" 

— A'-j) Jo V^l — A '2 sin“ <!> 

47 Ato — 1 + 1 — h% sin” 4> 


1:% .sin* 4> 


47 /:g - 1 4- 1 - 

6(1 — A-5) Jo V] — A-i 

- r- ^ ^ ] , 

V 1 — sin" <> J ^ 


( 0 ) 
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As k2 approaches zero, so that the point P recedes indefinitely fromO 
equation ( 6 ) shoivs that H2 approaches zero, as we should expect As 
k2 approaches unity, the expression ( 6 ) becomes indeterminate, but it 
IS easy to see from ( 5 ) that H2 ^\ull become infinite, as would naturaDj 
be the case as the pomt P approaches the circle. 

PROBLEMS 

1 In the brake problem of Art 31, take r = 2a, 12 >= 5a/2, and a " 30’ 
Find the angle (5 for which the torque has its maxiraum value, and determine the 
value of P, to the nearest degree, for which the torque has half its maximum value 

2 Two parallel vertical glass plates are partly immersed in water The Burface 

tension is 74 0 dynes/cm , and the contact angle is 25® 30' (o) Find the distance 

between the plates when the maximum height to which the w ater nses between the 
plates IS 05 cm above the outside horizontal surface (5) Fmd the muuinuin 
height of the curve above the outside horizontal surface when the maximum height 
of the capillary curve is 0 5 cm (c) Fmd the maximum height of the capillary 
curve when the plates are 1 cm apart 

3 A flexible strip of length L m is bent into an elastica in which the two ends 
touch Find (a) the angle a, (b) the maximum ordinate in terms of i. 

4 Fmd the maximum breadth of the elastica of Problem 3 

6 A stnp of steel for which ^ = 3 X 10’ lb /in ® is 2 m wide, m thick 
and 10 in long Find (o) the thrust at the ends which will produce a maxunum 
defleebon of 1 m , (6) the maximum deflection produced by a thrust of 1 lb at the 
ends 

6 A stnp of steel for which -B = 3 X 10’ lb /m ® is 3 in wide and m thick 
Fmd the thrust at the ends which will produce a maximum defleebon of 1 m when 
the ends are brought 5 in apart 

7 A strip of steel 7 in long is deflected by applymg at each end a force of F lb 
such that c = y/EIfF «= 2 in Find (o) the distance between supports, (i) 
the maximum deflection, (c) the deflection at a pomt P on the arc one-quarter 
of the horizontal distance from one support to the other, (d) the length of the curve 
from its midpoint to P 

8 A stnp of steel 10 m long is deflected into the form of an elastica, the thn^t 
being such that the maximum deflection is equal to the distance between the ends 
of the stnp Fmd the maximum deflection 

9 A stnp of steel for which B •=• 3 X 10’ lb /in * is ^ in wide, in thick, and 
20 in long It is bent by means of a stnng connecting the ends so that the steel u 
perpendicular to the string at the ends Fmd the tension m the stnng and fti® 
maximum deflection 

^40 A swinging cord weighingl lb /ft rotatcsatanaDgul‘irvc}ocityof20rad/we 
The distance between the ends is 2 ft (o) If the honzontal thrust at each end is 
200 pdl , find the maximum displacement and the displacement at a honzonta 
distance of 6 m from an end (b) If the maxiraum displacement from the axis u 
2 ft find the honzontal thrust at the ends and the length of the cord. 

11 A current I abamp is flow mg in a circular loop of radius fl cm A point 1 
m the plane of the circle is at distance h < a from the center If /fi the magw <c 
ficldintensity at Pi, plot values of ai/i/4/ against values of It = b/a takmgsia 1 
m 15* steps From the graph determine the value of for which III has ta»cc 1 
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value at the center of the circle; using this value of hi as a first approximation, 
obtain a more accurate value by use of tables. 

12. If Hz is the intensity at distance b > a from the center of the loop of Problem 

11, plot values of aHzj\l against values of hz = a/6. From the graph determine 
the value of hz for which Hz has ten times its value for kz = ly ^*^2 

more accurately by use of tables. 

13. A particle moves along the x-axis from x = 0 to x = under the action of a 
force F « 10 V 2 cos 2x — 1. Find the work done by the force. 

14. In the flow of water thi-ough a pipe, the mean hydraulic radius (m.h.r.) is 
defined as the ratio of the area of the cross-section of the stream to the w’etted 
pemmeter. Calculate the m.h.r. for an elliptical pipe flowing full, the axes of the 
ellipse being 4 in. and 3 in., and find its ratio to the m.h.r. for a circular pipe of the 
same cross-sectional area. 

16. A sphere of radius G in, floats half submerged in water. Neglecting the 
resistance of the water, find the period of vibration of the sphere if it is pressed down 
so as to be tangent to the water surface and then released. 
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36 Introduction. In this chapter, we shall investigate some of the 
properties of infinite senes paying particular attention to power 'leries 
and shall consider two powerful methods for the solution of ordinaiy 
differential equations by means of mfimte senes Our puipose m study 
mg this topic IS twofold first, mfimte senes m themselves make pos- 
sible the numerical solution of many important physical problems which 
would otherwise be extremely difficidt to handle, secondly, some 
knowledge of the behavior of mfimte senes will be necessary for the 
treatment of topics diocussed later m this book We shall give in thi« 
chapter several examples and problems lUustratmg the use of mfiiute 
senes, and refer to them again m subsequent chapters, m particular 
the topic of Founer senes will be reserved for Chapters V and VII 

37 Defimtions We begin by reviewing a few definitions and facts 
concermng mfimte senes * 

Let Ui, «2 , Un be any unending sequence of functions of a 

vanable x (or of numbers m the special case m which each u is inde- 
pendent of x) Then the symbol 

'Unix) = Uiix) -f U2ix) + -f Unix) + (!) 

IS called an infinite senes In order that this sjunbol shall have some 
significance, it la first of all necessary to know the law of formation of 
the successive u’s, or what is equivalent, to know the manner in which 
the general term xin depends upon it'* position as nth term m the senes 
In what follows we suppose this information given 

Let Sa(a:) denote the sum of the first n terms of (1), 

s„(x) = Uiix) + U 2 ix) -t- -f Unix) (2) 

For some particular value of x for which the u's are defined, say a? =* 
the sequence of numbers 5i (xo) , Sn(xo), may or may not 

approach a limit as n becomes mfimte By a lumt is meant a number, 

• The student will be aided in making this review by refemng to a textbook on 
calculus m which fuller discussions and proofs may be found 
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depending in general upon the value x — xq, so that it may be denoted 
by 5 ( 2 : 0 )) such that, for n sulEciently large, the difference between 
ffnf’To) and s(xo) may be made numerically as small as we please. More 
precisely, we say that s(xo) is the limit of s„(xo) as n becomes infinite, 
if, given a positive number e, however small, there exists a positive 
number jY(xo) «) such that 

1 s(xo) - S„(.To) 1 < € 

for ever}' n gi-eater than N{xq, c). Here we arc emplojdng functional 
notation for the number N{xo, «) to emphasize the fact that its value 
depends, in general, on both the value .To of x and e. 

Thu.s, the sequence of numbers 3.1, 3.01, 3.001, •••,34- 10“", • • • 
approaches the limit 3; for, given anj’’ « > 0, the quantity | 3 — (3 
4“ lO""") 1 = 10“" can e\’idently be made le.«s than e by talcing 
n > N{t), where lO'^'^'^ = e, i.e., Yfe) = -(In €)/(ln 10). 

Now, if the sequence si(xo), S 2 (to), • • •, s„(xo), • • • does approach a 
limit 8(xo), we say that the series (1) converges for x = xo, and we call 
4 (xo) the snm of the series when .t = xq) if the sequence does not 
approach a limit, the series (1) is said to diverge for x = xq. 

It should be noted that, for a sequence of functions of x, the defi- 
nitions of convergence and divergence involve the value xq of the 
variable x. That is, given the number e > 0, the quantity N{x, e) 
in the definition of limit will in general be different for various values 
of X. We shall discuss in Art. 39 the situation arising when the series 
is .such that an N{€), independent of x, e.xists. 

Wien, as occurs most frequently, we arc dealing ■ndth merely 
real values of .r, we .shall have as a range of values of x, an intenml, say 
from X = Xt to x = x^; sometimes the inteiwal rvill include one of the 
end iroinls Xj, Xo, sometimes both, and sometimes neither. If, however, 
it iiecomcs noco.ssaiy to consider x as a complex variable, our range of 
values will be a two-dimen^jional region of the complex plane; again, a 
region may or may not include one or more of its boundary points. We 
‘■hall U'^e the letter R to denote the range under corrsideration, whether 
thi-r be an interval of the real x-axis or a region of the complex plane, 
and .‘^pc.ak of R in either case as a region. 

Now a scries (1) may converge for ever}' value of x of a certain region 
f ‘ and diverge for every x not in R; then R is called the region of con- 
of tlic Fories, 

1^1 he in /?, so tliat the series 

'^n(^o) ~ tri(xo) -f UaC^o) 4- • • • 4- v„(xo) 4- • • • 

•• i 


(3) 
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converges If, when we replace the terms m (3) by their absolute 
values, the resultmg senes 


[ — [ 'Ul{Xo) ( -f ( ^ 2 (^ 0 ) [ + + f W„(Xo) [ 4- (4) 

also comerges, then (3) is said to be absolutely convergent If (4) js 
convergent, then (3) must also converge 
We state t%\o frequently employed tests for comergence, the com- 
parison test and the ratio test 
Comparison Lst Let 


Cl + 02 + 4* + 


be a given senes of positive numbers If we can find a convergent 
senes of numbers, 

cj 4* 4" 4* c» 4" , 


such that On ^ c„ for every n from a certain point on in the senes the 
given senes must converge If on the other hand, n e can find a diver 
gent senes of numbers, 

■Di 4" -Da 4" 4" Dn 4" , 


such that On S Dn for ery n sufficiently large, the given senes must 
diverge 

Two senes frequently useful m applymg the comparison test are the 
geometne senes, 

o 4- or 4- or® 4* 4- or'^ 4- , 


^hich converges and has as sum a/(l — r) when | r { < 1 and diverges 
■when I r I S 1, and the p-senes, 


11 1 
2^ 


nhich is convergent for p > 1 and divergent for p ^ 1 

Cauchy's ratio test Let there be given a senes of continuous func- 
tions 

Ufi = Ul 4 - W2 4- 4* Wn 4- t 

and form the ratio Vn+i/u„ If the limit of | Un+i/w» [ as n becomes 
mfimte exists and is Ic'^s than unity, the gi\en senes comerges ab*'^ 
luteh, if this limit does not exist, or if it is greater than unity, the 
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given scries diverges; if the limit is equal to unit}', the test gives no 
information. 

By a power series is meant a series of the form 

«9 

^ ^ GnX" = Go + OilX + G2l^ ri [- On-'C" + • * *, (5) 

n^O 

where the coefficients gq, gj, 02 , • • • are constants, independent of x. 
The ratio test given above is particularly valuable in determining the 
region of ab.solute convergence of a power series. 

A scries of real constants whose terms are alternately positive and 
negative is called an allernaiing scries. If, after a certain point, the 
tenns of an alternating series decrease in numerical value, and the nth 
tenn approaches zero, the series is convergent. Of particular impor- 
tance in gauging the accuracy of numerical work with a convergent 
alteniating series is the fact that the sum of the first n terms of such 
a series differs numerically from the sum of the scries b}"- less than the 
absolute value of the {n -}- l)th term. 

A function /(a;) possessing derivatives of all orders at a point x = Xq 
may be e.xpanded in a Taylor’s scries, 


m - /(.To) +/'(To)(t - To) (t - To)2 +■ 


2! 


/"Hto) 

+ --(T-To)"-f---, (6) 

n! 


convergent for | * — tq | sufficiently small. If Xq — 0, (C) reduces to 
iflachuriri’s scries, 

/"(O) „ f^Ho) 

/(t) =.r(0) +r(0)x+-'~x^ + +■■■. (7) 

2! n! 

This is a power series of the fomi (5), Avith a„ = /^”^(0)/n!. 

For convenience, in the following article we shall deal with hlac- 
laurin's scries, the generalization to Taylor’s scries offering no difficult}'. 

38, Theorems on power series. We collect here some theorems 
regarding powt'r scries. The proofs of these theorems belong properly 
to a course in the theory of functions, rather than in a book on engi- 
iH'eritig mathematics, as some of the proofs are rather difficult and 
require considerable background. Consequently avc shall omit all 
pn> 0 H,* giving merely statements of the theorems useful to us, with 

f *, n'.ndrc m.ay find j.nHifF in K. Knopp’.s "Tltcory .and .‘tppliration 

<•. or L. Ti, fiin.nirs “Ek'ments of llic Throrj- of Infinite Processes." 
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Simple jJIustrations to bnng out concretely the meanings and applies 
cions of the theorems 


TheorjEM I //, /or the. poteer senes 

Oo + UiX-h a2X^ + + a„i" + 

we have 



then the senes is absolutely convergent for | x ] < r and divergent /or 
I X I > r The behavior of the senes for \ x \ — r must be determined 
by other means 

This theorem may be easih pro\ ed by applying Cauchy’s ratio tect 
As an illustration of the theorem consider the senes 


ire find 


and 



~n+l 

4- (-!)"—- + 
n + 1 


an-l 

On 




hm — 

n -♦ » a„ 


’= 1 , 


so that the given senes con\ erges for [ x ( < 1 and diverges for | x | > 1 
For X ==! 1, the senes becomes 


1 



4- (-ir 


1 

n + 1 


4- , 


which IS an altematmg senes whose successive terms decrease numer 
ically, with the nth term approachmg zero, so that we have con 
vergence for x = 1 For x = —1, we get 



1 

3 


1 


n + 1 


which 13 the negative of the p-senes with p » 1 and therefore diverge^ 
Hence we have, finallj, convergence for — 1 < x ^ 1, and divergence 
for all other real v alues of x 
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TaEOREii II. Let fix) be represented by a power series 

f(x) = oo + ai® + 02 ^^ H H H , 

convergent for ] x | < ri, and let gix) be given by a second power series 

gix) = bo + b)\X + b 2 X^ H h bnx" ^ — • , 

convergent for [ x j < r 2 . Let r be the smaller of the two nninbers ri and ra, 
so that both scries converge for \ x \ < r. Then the sum fix) 4- ^(x) is 
represented by the power series 

fi^) + gi^) = (oo + bo) + (fli + bi)x 4 h (on 4- b„)a;” 4 , 

emvergent at least /or | x j < r. That is, two power series may be added 
term by term, and the resulting series is valid for those values of xfor which 
both of the given series converge. 

As an example, let 

fix) = c* = 14-x4- — H » 

and 

£((x) = c~* = 1 - X 4- ^ 1- (-1)" ^ 4 . 

2! n\ 

Then 

r X- 14-(-l)”x" I 

r4*c~= = 2 14-0-X4--4----4- — ■4---* 

L 2! 2 n! J 

= 2 cosh X. 

Here, since the series for <4 and c~® converge for all values of x, the 
scries for their sum, 2 cosh x, converges likewise for all x, as maj’- be 
readily checked by means of the ratio test. 

TnnonnM III. If 

fix) = oo 4- oix 4- a 2 X- 4 h Onx” 4-* • • 

and 

gix) = bo 4- bix 4- b 2 X* 4- • • • 4- bnx" 4* • • • 

loth rmvrrgcfor ] x j < r, the product fix) -gix) is given by the poiver scries 

f(^)'gi^) — Oobo 4~ (oobi 4- oibo)x 4- (oobo 4- Oibi 4* Oobo)^ +* "> 

HjVJ, also converges at least for ] x j < r. Thus, one power series may be 
nvdtipUed by another to obtain the expansion of the product of the twofimc- 
(ions. the cflcflicicnts being formed just as in the rriultiplication of two 

pohjuominls, and the product series convngcs whenever the two given scries 
(trr coniyrpr?!/. 
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To illustrate this theorem, consider the senes 

smh z = X -\ — -H — — + • 

31 5> (2ft - 1)« 


coshx ^ ^ 
We then have 


. -j. 

( 2 ft *- 2)1 


/I , /I 1 1\ 

smh X cosh x = x + l i — H h — ) x 

V2f 31/ V4I 3f2( 5»/ 


= z 4* f 4- + ■ 


21 31 51 J 


Again, each of the ongmal senes converge for all x, as does the product 


Theorem IV If 

f(x) = Co + aix + a 2 X^ 4- 4- a„x" 4- 

and 

g(z) = &o + bix 4* bsx^ 4- 4- 4* 

both converge, and if, tn addilion, bo ^ Oj then the quotient f{x)/g(x) M 
represented hy the senes 

f{x) Co oibo — aobi o^bo — cibobi 4- aoh] — aohh o , 

= — 5 x-f- 5 -xr-r I 

g{x) bo bo bo 

obtained hy dividing the senes for f(x) by that for g(x) The resnUmg 
quoiieni senes miist itself he examined to determine its region of coniergence, 
since no conclusion can be cfrotcft from Inowledge of (he regions of con 
tergence of f{x) and g(x) 

To illustrate, consider the senes 

smz = x H 4 r , — H '» 

31 51 (2ft - 1)! 


‘ 21"^ 41 


( 2ft ~ 2)1 


Then we find by division, 


X® 2x® 

= X H 1 [• = tan X 

3 15 
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Although the series for sin x and cos x con%'erge for all values of x, that 
for tan x is convergent only for 1 .x | < -r/2. 

If, in the expansion of g{x), ho = 0, \ve may sometimes obtain a 
power scries as quotient. For example, suppose that g{x) = x, so 
that its series is finite rather than an infinite one, together with f(x) 
= &mx = X — x^/3! + x^/5\ . Then we get the power series 


sin X 
X 


= 1 - 


x^ x^ 


(2n. - 1)! 


+ • 


In tills case, the series for sin x and for x (x itself) converge for all values 
of X, and the series for (sin x)/x does likewise. On the other hand, 
although the quotient may not be a power series when ho = 0, the in- 
finite series may be obtainable and useful for various purposes. Thus, if 

X- x'* 

fix) = cos X = 1 - — + 77 , f7(x) = X, 

2! 4! 

wc have 

COSX 1 X X^ / X 1 X^"“^ 

f- (-1)"-! 

X X 2! 4! (2n-2)! 

This is not a power series because of the presence of the term 1/x, but 

since the power scries beginning with the second term is convergent for 
all values of x, the above infinite series maj’ be used for any x other 
than X = 0. 


TirronuMV. Lei 


z = Oo + fli!/ + flay" -1 h a„rf -1 

comrrgr for ] y | < ri, and let 


y = bo + hx -h hnx^ -i f- bnx” , 


converge for | x [ < ro. 1 ho 1 < O, we may substiiule for y in the first 
series its value in /rn»s of x from the second scries so as to obtain z as a 
pou'er series in x, convergent for j x j sufiiciently smalt. In particular, if 
die given series for z converges for all values of y, the scries for z in terms 
of X may then ahrays be found, and this v'itl converge, for | x j < ro. 


f or example, let 


z - = 1 4“ 2/ -f 


and 


r , ir 

2! ' 3! 


,,n-I 


4 - . 


' + 


(n - 1)1 


+ ■ 


J .3 2x^ 

y s-- tan x =: x 4 [- i 

3 15 
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Here the senes for ^ converges for every y, and consequently we get 


a :3 3^4 373.5 

■^ + * + ? + ^ + T+m + 


which converges for | x | < 7r/2 since the series for tan x has this region 
of com ergence 


Theoeiim VI // 

/(x) = Oo + Oix + flgX^ + + a„x" + 

converges for | x | < r, the derivative of f(x) may be obtained by term by- 
term differentiation of the senes, 


— /(x) = ai + 2 a 2 X 4- + na„x" ^ 4- 

dx 

and the resulting senes also is convergent /or | x | < r 
As a simple example, let 


/(x) ^ smx = X - — + — - +(-!)" ^73 

31 5> (2n — 1)1 


— 8inx = l 1 + ( — 1)”“^ — + 

dx 21 41 ^ ^ (2n ~ 2)1 


= cosx 

Here the senes for smx converges for every x, and that for cosx 
does likewise 


Theorem VII 7/ 

f(x) =» Oo + axx + ojX^ + -h a„x" 4- 

ccmt>cr(?es/or | x [ < r, (he integral of f{x) may be found by integrating the 
senes term by term, 

ffix) dx«cH-aox + ^x2+ — x^ + H — ’ 

J 23 n + 1 

where c is an arbitrary constant, and the integral senes converges fof 

lx| < r 
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To illustrate, let 


f(x) = ==l-x^+x^ + 

1 + x-^ 

whence 

dx 


x^ x^ , ar" ^ 

■n-i 


/ dx 

= c + X 1 h ( — 1) 

1 + 3 5 2n-l 


— arctan x + c. 


Since the series for 1/(1 + x^) converges for | a: | <1, the series for 
arctan x has the same region of convergence. 


Theouem VIII. If two power series 


«Q 



0 -na:" and 


hnx” are 

n = 0 


crjitnl for even/ | x j < r, the coefficients of like powers in the two scries 
must be equal, i.e., <jo = fco> = 5j, fle = ^o, • • •. Thus, if a function 
is expanded in a power series by two diffieretU methods, the series obtained 
nni<st be identical. 


For example, consider the function f{x) = 1/(1 — .x). By Mac- 
laurin’s fonnula (7), Art. 37, we have 

fix) = (1 -x)-i m = 1, 

fix) = (1 - x)-2, /'(O) = 1, 

f"{x) - 2(1 - x)-^ /"(O) = 2!, 

f"'{x) = 3-2(1 - x)-^, /"'(O) = 31, 


= n!(l - /("’(O) = n!, 

] 

= 1 4-X +X- +... 

1 — X 

convergent for ( x j < 1. Alternatively, if we divide 1 bj’- (1 — x), 
"e have ' 

1 -f-.r +x=-f*'- 
1 -x)l 

1 — X 



X 

X 


x* 
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which IS the same expansion ^ e might also obtain our senes b\ use 
of the binomial formula 


(c + 6)** = a" + no" ‘6 + 


n(n — 1) 
2t 


a"“V + 


with a » 1, 6 = — a:, 71 = — 1, since this formula holds for eierj n 
when I b/a [ < 1, but this is not essentially different, the binomial 
senes itself being obtainable from equation (7), Art 37 

Theorem IX Let y — f{x), uhere ya — /(^o), be expanded in a Taj 
lor s senes 


y = l/Q-i- ai(x — zo) + a2(x - Xof + 
conicrgent for [ a: — xq | sufficiently small 
^ — giy) obtainable as a power series 

x = Xo-\- bi{y - yo) + bziy - yo)^ + 


-f a„(x - xo)" + j 
Then the interse function 

+ bn{y “ yo)" + » 


where 

b - — 6-_— 6 - 202 - aiPs 

(1| Q] 0| 


comergent for | y — yo 1 sufficiently small, proiided only that a\ r^O 
Thus if 

y = ln(l + x)=x 1 +( — !)"'* h » 

2 3 n 


this theorem yields bj reierstoii 


X 





= C*'- 1 


39 Other types of mfimte senes \\ e have <^060 in the preceding 
article that power senes have many of the properties of polynomials 
this fact enables us to make u'se of such senes in a number of problems 
encountered m engmeenng work However it sometimes happens 
tint a given problem is more naturally or more eonvenientlj invc’ti 
gated by the aid of other types of infinite senes Thus we shall find m 
Chapter V that vanous functions not representable by power fcrics 
valid throughout the entire range of values of our variable can never 
theless be easily represented by certain forms of trigonometric scnc'< 
Moreover when solving certain types of partial differential equations 
useful solutions are obtained in the form of infinite senes of functions 
other than power functions 
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It lliercfore becomes desirable to inquire into the properties of more 
general types of infinite series. As in Art. 38, we shall omit proofs * 
of the theorems stated, but shall give illustrations of their content. 

For a proper understanding of the theorems of this article, we must 
first discu.ss the concept of nniform convergence. It was pointed out in 
Art. 37 that, in the definition of limit there given, upon which rested 
in turn the definitions of convergence and divergence, the number N 
corro.spon(ling to the stipulated e depends in general upon the value of 
the variable .t appearing in the terms of the series. To illustrate, con- 
sider the series 

T -f x(l — x) -f- .t( 1 — .r)^ h .t( 1 — -j , 

which converges for all values of x in the inteiwal 0 ^ x ^ 1. Using 
tiie formula for the sum of a geometric progi-ession, we find 

s„(x) = 1 - (1 - .r)", 

.‘ind for anj’’ x between 0 and 1, and for x = 1, we have 

s(x) = lim .s„(.r) = 1. 

n — ♦ oc 

Hence 

I Sn{x) - six) i = (1 - X)". 

Xow, if we examine this series from the standpoint of our fundamental 
definition.s, we see from the foregoing that, for a given e > 0, n must 
he such that (1 — x)” < f, or 

In £ 

n > 

In (1 — .x) 

Snppo.sc, for definiteness, that we are given € = so that we must 
have n > —(In 100)/ln (1 — x). It is evident that iV(x, e) will depend 
upon .T. Thus, if X = we may take e) = —(In 100)/ln-}% 

~ -13.7 approximately ^similarly, A- (r/ni. «) = do9, A'CiVDTFf «) = dCO.3, 

anti on. 3'hc smaller the value of .r, the greater A^ix, c) must be. 

It frequently happens, however, that an A'^ may be chosen which will 
s-t'rve for a given £ whatever the value of x. Thus consider the series 


l'+.r* 2 + .r- ■'3 + .r2 


izZl! . 

n -I- X- 


'vliirii converges for any real x. Since, for any real x, the series is 
alternating, 

i ! < 7 , , 

a d- 1 -f j* 

Kwy Ik. foiin(i in the (<’xl book*; in- Knopp and .Small, prc%'ionsly cited. 
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whence we must have 

1 

n + 1 + a:® 
or 

n>l- I 

€ 

It IS seen that we may put N = 1/e — 1 here, no matter what \alue 
X may ha\ e 

The deference m the behavior of the above tw o senes is due to the 
possession or non possession of the property of uniform convergence 
We frame the follow mg definition 
The series of functions 


s 


Wn(x) = tii(a:) + U 2 (x) + 


+ Unix) + 


convergent in some region and representing the function s(a:) m its 
region of convergence is said to be umjonnly coniergent over a region 
R if given any e > 0 there exists a positue mimbei iV(€), depending 
upon € but independent of x such that | s„(a:) — s(x) | < < for evcrj 
n > A^(t) and for every x m R 

Thus the first series xjl — 1 )"“^ is not uniformly comergcnt 


1 )” * 

over the interval 0 ^ z g 1, the second senes / 5 " 

n + or 

fonnly convergent over any inter\ al Note how e\er, that the former 
senes is uniformly convergent over some intervals, eg the intervil 

2 g X ^ 1 

It should also be remarked that the function defined by the senes 


^ ^ z(l — x)" ^ is discontinuous at z — 0 For the value of the func 

tion when a: — 0 is 0, whereas as we have seen, the scries con\erge3 to 
the value 1 for 0 < x ^ 1 But the function is continuous over anj 
interval, such as 2 ^ ^ 1> for which the series is umfonnlj comer 

gent, m fact, if a senes of functions continuous throughout a region « 
IS uniformly con\ ergent o\ er R the function represented by the senes 
13 always continuous m R 

Although some series may be easily tested for uniform convergence 
by means of the definition giv en above, it is usually simpler to cmplo} 
the following test 
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TjiEonKM I. TFetcrs/rass’s M-tcsL Lei 


^ v„{x) S «i(a-) + H 2 {t) f- n„{x) 4- • ■ • 

n>=J 


he a given 
rmsianls 


scries of fnnclions defined in a region R. If the series of posilivc 

Ml + M2 “]'*••+ i^In + • • - 


is convergent, and if i v„{x) | ^ Mn for every n and for all vahics of x 
in R, the given scries is nnifonnhj convergent in R. Moreover, the series 
of u’s is ahsolulcly convergent in R. 


To illustrate the use of the J/-test, consider first the power series 


x~ .T X 

a; + — + + - — I — 

2^ 3^ 7r 


Xow, since j x^/vi^ | ^ 1/n^ for j x } ^ 1, and since the series 


1 1 

1 ri" “h r:; + ' 
2^ 3^ 


1 

■+ -5 + • 
7r 


is convergent, we ma.y use the latter series as our il /-series, whence it 
follows that the given series is uniformly and absolutely convergent 

for j J j g 1. The absolute convergence of ^ ^ ~ for | .t [ < 1 may, 

n iw 1 ^ 

of ooursD, l)c readily cstablislied means of Cauchy's ratio test. 

As a second example, consider the series 


cos 2 t cos 3 j cos itx 

cos T -b -b — ^ -i b • 


tiince j cos 7!a- ] ^ 1 for all values of .t and for anj' n, we may take as 
jlf-scrics the series 


1 1 1 
1 A 1 1 1 i_, 

^ 2-' ^ 3- ^ ^ 77- ^ 


mid consequently the trigonometric series is absolutely and uniformly 
convergent for every x. IVe shall meet trigonometric scrias of this sort 
111 Chapter V; thus this examiile is particularly pertinent as an illus- 
tration of the use of Weiorstrass’s il/-lest. 

The tii^t example. ^ , being a power scries, suggests a question 

n *» i 

in- to the po-rible uniform convergence of power serious in general. The 
tn'vl theorem we cite .metres as an answer to thi.s question. 
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merely a few of the ways in which senes may be used in computational 
problems 

(a) One of the most common uses of po\\er senes is in the evaluation 
of defimte mtegrals For example consider the mtcgral 


/ 

*'0 


sm X 
dx 

X 


Now the indefinite mtegral of the function (sm x)/x cannot be ex- 
pressed m terms of a finite number of the elementary functions, and 
consequently we are forced to evaluate the above definite integral by 
other means We have 


1 — . -j_ ^ 

31 5» (2n - 1)1 


+ (- 1 )"' 




(2n -1)1 


This power senes is absolutely convergent for every value of x, and 
hence bj Theorem VII, Art 38, we are justified m integrating term 
by term We therefore get 


sm z 

Jo ~ir^ “"Jo V 

r z^ 1= z'^ 

« \z H 

L 3 31 5 51 7 71 


1 ^ 1 — 

3 31 5 51 

1 1 


7 71 
1 


^ dx 

I 


By taking sufficient terms of this senes we may e\ aluate our integral 
to anj desired degree of accuracy Moreover, smce the senes is an 
alternating one, ne have a definite entenon as to tlie maxunim 
possible error mtroduced by breafcmg off the senes at any given point 
(b) Infinite senes roav also be used to find the numerical \ allies of a 
function for different values of the vanable Thus from senes expan 
sions for the tngonometne, exponential, and logarithmic functions 
tables of these functions may be evolved To evaluate c® *, v\e may 
use the Maclaunn expansion 




c® * ’== 1 + iV + "shr + FsW + 


whence 
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If, however, we wish to find the value of say, the Maclaurin series 
may not converge sufficiently rapidly for accurate and rapid computa- 
tion. We should therefore expand (f in a series of powers of (.r — 2) 
by Taylor’s formula, 




r 2 )^ 

= <r 1 (x — 2) d ::: h • 


2! 


(x - 2)”-i 

^ ^ +. 

in - 1)! 


so that we get 


c2-i = 6^(1 -f 


1 

TIT 


1 

iToir 


0000 


+•••). 


If we have found by a previous computation, we should of course 
wrtc which is equivalent to the preceding equation. 

As a particular problem in evaluating a function for tabulating pur- 
poses, we return now to the elliptic integrals discussed in Chapter III. 
Consider the ellijitic integral of the first kind. 


File, 


■f 

•^0 


d<j) 


Vl - Ic~ 


sin^ <i) 


(0 < 7c < 1). 


In this integral, the function (1 — /c^ sin^ <i>) ^ may oe expanded into 
n scries bj’^ means of the binomial formula, 


, n(n — 1) 

(o + h)” = a" + naP-^b 0"-%^ +■ 

21 


die expansion being valid for any n if | h/a ] < 1. For, since 7; < 1, 
and sin g 1, we have here j h/a 1 = [ 7r sin^ «7> | < 1. Then we get 
the seric.s 


(1 — /:* sin" ({))~^^ 


Jr 

Id sin^ (}) d" 

2 


3^-’ . . 

sim (f> d , 

8 ^ ' 


( 1 ) 


vhioh hohls certainly for I: < 1 and for anj' value of (j). In particular, 
if we put (i> != 7r/2, we get the convergent scries 

Jr 37d 5J:^ 

1 +- + — + — +•••. ( 2 ) 

Now since | sin j g 1, the terms of series (1) are less than or at most 
i^pia! to the corre.sponding terms of series (2). Hence, by Weierstrass’s 
tc^t Cilicoroui I, Art. 39), series (1) is UTiiformly convergent in nny 
«“!uu n-al, atul consequently ('riieorcm III, Art. 39) we may integrate 
t‘-rm by term. In this way the function F(/;, ^i.) may be evaluated for 
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any specified valuw o£ k and the integration being performed by 
means of recursion formulas for (Peirce, 263) 

In dealing wnth the complete elliptic integral of the first kind, 

K(l) = (6 <k< 1), 

Jo VI 

we may materially shorten the work by makmg use of Wallis's formula 
(Peirce, 483) We then have, from (1), 

/ F 3jt4 \ 

K ^ \ 1 H ^ H sin* ^ H sin® 

»/() \ 2 8 16 / 

If, for example, K = sin 10°, equation (3) gives us 

if = ^ (1 + 0 00754 + 0 00009 + ) = 1 5828, 


which checks with the \ alue given m Peirce s “Tables " 

(c) As an engineering apphcation of infinite senes, we consider next 
the problem of designing a proportional flow weir, such as the Sutro 
weir,* for xvhich the discharge of 
water is proportional to the head 
5uch a weir is of use as a control 
or a gnt-chamber outlet, as a 
;ontrol for a float-regulated clos- 
ng device, and as a flow meter 

Let theweir opening bebounded 
)y the vertical edges DR — a (ft) 
ind CE = o -h h (ft ), the hon^ 
lontal crest CD == b (ft.), and the 
airve RS xxhose equation relatix e 
:o the axes shown (Fig 32) is de- 
iired Let the total discharge of 
vater through the weir in 1 see 
)c Q (ft Vsec ), and suppose that 
he line il/iV, placed for convem- 32 

• See E A Pratt “Another Proportional Flow Weir, Sutro Weir ' 

Tews p 402 August 27, 1914, E Soucck H E Howe and F T p^eerd, 

Veir Investigations Furnish Discharge Coefficients * Engineering Ne«»- e 
) 679, November 12 1930 
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ence of calculation and of actual operation at a distance a/3 (ft.) above 
tiic crest, is talcen as datum line, so that wo are to have 


Q = k 



(4) 


where h is some constant of proportionalit}' Avhose value is to be found. 

Xow the theoretical discharge in cubic feet per second tlirough a 
rectangular strip of area to dz (ft.") a distance z (ft.) below the water 
surface is given appro.viniately b}' '\^2gz w dz* where <7 = 32.17 
fl./scc." Hence the discharge Qi through the rectangular opening 
CDRO is 


Qi = h 




= fhV%I(a-l-A)'^-/a, 

(5) 

and that through the opening ORSE is 



Qo = 1 Vh —yxdy. 

do 

(6) 

I'lfluating ( 

'} to the sum of Qi and Q 2 , we get 


, fr 2n' 

) = l bV^g [(a 4- + V%f V/i ~ yxdy. 

/ 6 Jo 

(7) 

'1 his relation is to hold for all non-negative values of h. Setting h 

= 0, 

wc have 




2ak j — (v^ 

== 2hV2(j~, 


'viiencc 

6 6 



k - hV^i, 

(S) 

»SuI)5titution of Ihis value of /: in (7) yields 


o iiV2ii ^ 

!' ^ i + k)- '^ - Vh ~ y; 

xdy, 

pvT 

- t/.T dy = h[a^h + - 'aCo + h)-^ + |/<'-] 



“ ahia’’ -1- -Hn-Vi -f- }v'^ — (0 h)% 

m 


‘ tcxtlK^k im hydraulics. 
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PROBLEMS 

1 Expand each of the follon mg functions in a pon er senes by a direct appb 
cation of Maclaurm s formula Ako obtain each series by another method sad 
determine the region of convergence in eacli case, making use of the theorems of 
\rt 38 


(o) X cos Xf 
(c) c'cosx, 
(e) tanh * x, 


(£() sinx*, 

(d) e*"***, 

(/) cosh (e* — 1) 


2 Fvaluate the foUoYinng definite integrals citing the theorems on which each 


step is based 



(a) J e~^dx, 

(6) ^ 

sin X , 

Jp X 

{d) ^ 

h 

(e) 1 sini^dx, 

•fo 

(/) ^ 

* cosh * 


3 Using Theorem 1\ Art 38, find the inverse of each of the following func- 
tions by reversion of senes 


^2 ^3 

(J>) y 


22 '3’ 42 ' 

bounded by the curve xy = sm x, the lines x = 


1 and X 


4 Find the a 
and the x axis 

6 Find the centroid of the area of Problem 4 

6 Find the area bounded by the curve xy = sinh x, the hne i “ 1, 

coordinate axes 

7 Find the area bounded by the curve y = V's — x = 1> 

coordinate axes 

8 If (1 — i) dy/dx =■ e~* and y = — 0 1 when x = 0, find the value of y when 


9 A rectihnear motion i; 


given by the equation 

//.i 9.1 

+ - 


dl “ ‘ 1 + « ’ 

where I (sec) is time and v (ft /sec) is velocity If a = 
velocity when t = 

^ by expanding (1 — J cos i)~® in an mfimtc ecncs 


= 0 when i - 0, find the 


10 Evaluate 


r' di 

Jo (4 - c 


- cos l)* 

and integrating term by term Use \\ allis s forraul i (Peirco 483) 

11 Obtain a pow er ■tones m k representing the complete elliptic integral * 
second kind E(il), and use this senes to compute E(J) correct to four significan 
figures 



PICARD’S METHOD 


179 


Art. -ilj 


12. Compute the value of the clliplic integral 



d<*> 

\/l — 


where fc = dn 8®, 


(a) !)y u«e of iSeries; (6) by double interpolation with the tables. 

is! A particle moves from rest at a distance 1 ft. towards a center of attraction 
0 in accordance with the equation (Px/dfi ^ -2x^, wliere x (ft.) is the displacement 
from 0 at lime I (see.). Find the time required to travel from the halfway point 
to the center 0. 

14. According to Planck’.s radiation law, the radiation density yp is 

r Jo 


where v « frequency (soc."0, T = temperature (deg. abs.), h — Planck’s constant 
K G.551 X 10“"*^ erg see., c = velocity of light = 2.998 X 10^® cm./scc., and K — 
boUrrnann’s constant = 1.372 X 10“^® erg/deg. By expanding the binomial ex- 
pre^don in the integrand and integrating term by term, show that the above for- 
mula reduces to tlie Stefan-Boltzmann law, \p = aT^. Compute a, and specify the 
units in winch it is measured. 

16, By direct substitution and integration, show that the functional relation (13), 
Art. 40, satisfies equation (9) identically for all positive values of a and lu 

16. (a) If the upper and lower horizontal dimensions of the Sutro weir arc to 
l>e 1.5 in. and C in., respectively, and the desired theoretical discharge is to be 
2 fl.^/sec., find the vertical dimensions a and A. (6) If the height h of the weir 
ntul the lower horizontal dimension b arc to be 24 in. and 12 in., respectively, and 
the theoretical discharge is to be 3 ft.®/sec., find the upper horizontal dimension. 

17. A transition spiral, used in highway engineering, is defined as a curve whose 
cun'alure varies directly as tlic arc length. Lot the initial point of this spiral be 
the origin 0, and let the tangent at 0 be the x-axis. (a) Show that parametric 
equntioas of the spiral can bo written as 


X 



cos 0 
\/0 


do, 



^ .sin 0 


do, 


»hf-re h h a constant, (6) Evaluate the ratio x/y for <fi « x/4. 


41. Picard’s method. We shall devote the remainder of this chapter 
to a discussion of two methods of solving ordinaiy differential equations 
hy nit'ans of infinite series. The methods given in Chapter I .apply only 
to certain standard forms of differential equations, and aim at the deter- 
niirmtion of .solutions in finite form. Frequently, however, the differ- 
fiitial equations arising in a phy.sical problem do not fall into one of 
the familiar I ypc.s, and it may not be po.ssible to find solutions in terms 
of a finite mnnbcr of the clcmontarj' bmetions. It is natural, then, to 
eitempl a .solution in the form of an infinite scries, or to trj* for an 
aifproximate solution when we arc concerned primarilv with numerical 
♦^oaiputations. 

<,>ae method of getting a numerical apirroximalion is that knov 7 i as 
H.'ird }! method of sucee.ssivc approximations, after the French raathe- 
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matician %\ho evoh ed it Although the method is useful onlj for those 
equations for which the succes'ju e integrations can be easily performed, 
it has great theoretical value in that it also pro\ ides a proof of the exist- 
ence of solutions of differential equations of very broad type We do 
not, m this book, consider the problem of the existence theorem * but 
confine ourselves to the application of Picard’s method to numerical 
approximations 

Consider the equation of first order, 
dy 

( 1 ) 

dx 

and suppose that we desire a solution of this equation such that y = b 
when z = a, that is, we are seeking not the general solution of (1), 
containing an arbitrary constant, but a particular solution satisfying 
the additional condition h If we multiply (1) by dx and 

formally integrate betw een limits, w e get 

J* dy = J* /(i, y) dx, 
or ^ 

y = + J* y) dx (2) 

This 13 an integral equation equivalent to the differential equation (1) 
together wath the boundary condition the unl^Jlovvn function y appear 
mg now under the integral sign instead of m a derivative If we re- 
place y in /(z, y) by h, and perform the indicated integration in rela 
tion (2), wre get a first approximation to the desired solution, 

yi = & -f J* /(t, b) dx 

‘s vzi W-i?: TvgVA-baxflL TEfiKTTibw by -yi, efatew. 

ing a second approximation, 

ys = b -h fix, yi) dx 

We continue this process, replacing y in the function fix, y) of (2) by 
the nth approximation y„ to obtain the (n -f l)th approximation, 

y^+i = 6 + J /(a-, yr.) dx (3) 

• Such proofs may be found m H T H Piagpo a * Differential Equations or 
E L Ince s * Ordinary DifferentLil Equations 
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Wo thus obtain a sequence of functions of x, namely, y\, 2/2, 2 /n. 

- ••as approximations to the solution of equation (1), and for 

cjich of tlicsc functions ^vc have, b}' (3), The theoiy of 

Picard's method shows that tlic sequence iji, 2 / 2 , • • • tends to a limiting 
function Y as n becomes infinite, and that this limiting function is the 
solution of equation (I) which satisfies the given condition, 

Hm2/„=y, 

n •s uX 


^vljonovnr tlic f\inction/(.T, y) of equation (1) obeys certain restrictions 
which we shall not stale but which arc met in all the cases mth which 
wc have to deal. 

A simple example will ser^*e to illustrate the method. Let there be 

given the difTercntial equation 

♦ 

dy 

~ = 2x7/ - 2i, (4) 

dx 

and suppose that wc require that solution of (4) Avhicli tak&s on the 
Viiluc 2 when x = 0. The integral equation corresponding to (4) is then 


2 / = 2 + 


- f (2x7/ - 2x) dx. (5) 

•^0 

Putting 7/ = 2 in the right-liand member of (o) and integrating, we get 

2/1 = 2 + r (4x - 2x) dx 
‘'0 

= 2 + x=. 

Setting 7/ = 2 + x‘ in (5) and integrating again, wc find 


2/2 = 24-1 (-lx 4- 2x''’ - 2x) dx 
•'o 


= 2 4-x= + — 

2 

1 'ontinuing in this fashion, we easily obtain the following successive 
a]>proximj\lion^, 


Va 


O < 

- T X 


! 

2 ' G ' 


x'* X® X^ 


p 

0 24 
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In this particular example (but not m general), the successive approx- 
imations are all pohnomials m x, each one containing precisely the 
same terms as the preceding approximation but with one additional 
power term A little study of the first few approximations maj there- 
fore enable us to infer the form of the nth approximation, 


= = + ^ + ? + + 1^7 


( 6 ) 


That this inference is correct is easdj prov ed bj mathematical induc- 
tion, for we have, supposing (G) correct for n = n. 


2 + 

= 2 + .= + - + 


J 2x^ 4* H ; — ) dx 


n! / 


^n+2 

*(« + !)»' 


which IS of the same form as (6) with n + 1 replacing n It follows 
that the limit function Y can therefore be obtained, we have, m fact, 




X“" 

Y = lim J/n = 2 -(- 4 

4 — : 4- 

4 — 7 4" 

« - - 2» 

V 

7t! 


ixy , 

. (X=)" 

= 1 + 1 4* 4- 4- 

-—-4- 

4- . 

l 2» 

3' 

n! 


= 1 + c** 


It IS easily seen that this function does satisfy equation (4) identically 
m X, and that 2 as required Here Y was not only obtained 

but could be recognized as a function expressible in finite form, actu- 
ally^ at cniitsft ruiacd'a miitlxatl was nat^ nnoiled m this case since equa- 
tion (4) IS a linear equation of the first order which may be solved 
directly by the method of Art 5, Chapter I 
In a more complicated problem we should probablj not be so for- 
tunate as to be able to deduce the nth approximation But if w e w anted 
to find the value of y corresponding to a giv en v aluc of x, say x = c, we 
could find m turn > proceeding until the desired ac- 

curacj IS obtained, for example, if a numerical result correct to three 
significant figures were required, v\e should continue the process until 
further approximations appeared to jaeld refinements only in the fourth 
figure 
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42. Method of Frobenius. Tlie second method of which we make 
use is one due to Froljonins. This process is applicable to hoinogeneous 
linear differential CQUations of any order, with vaiiable coefficients, and 
also plays a large part in the thcorj' of such equations. It consists, 
in its full generality, of assuming a solution in the form of a series, 

y = + Oi-T -1 b a„x" ), (1) 


where the numbers c, oo. Oi, • • •, On, • • • are to be determined by sub- 
stituting (1) in the given diiTercntial equation and setting the com- 
plete coefficient of each power of x equal to zero. It should be empha- 
.‘iized that this method is a tentative onc,t in that certain linear dif- 
ferential equations posse.ss no solution of the form (1). For example, 


the equation 


dx" dr 


y - 0 


hn.s no solution of type (1) .since its general solution is y — -}- 

and the functions and cannot be expressed in series 
of a.'-’cending powers of .r 

As a special case of the Frobenius method, we sometimes a.ssume a 
.‘•ohition in the fonn of a Maclaurin series. 


7/ = Oo -1- Oi.T H b OnX" d , (2) 

to which (1) reduce.^ if c = 0, since it is easier to deal with scries (2) 
than with series (1). Then if our efforts to find a solution of the type 
(2) fail, or if the .solution so obt.ained is not sufficiently general for our 
purpose, we may arauine a solution of the form (1). 

.\s. an example, consider the equation 


‘^^71? 


/1y 

<lx 


y = 0, 


( 3 ) 


and let us seek a solution of the form (2). Differentiating (2) twice 
and sulistituting in (.3), wc get the relation 


-b 24 o.-!X' -b • • • -b 

-b 2ut d- 4a2.T d- Hn^x- -f . . . o- -f . . . 

-Oa - ojx - a^r- o„_i.t"~’ =0. (-1) 


•As-, for tAampIf, th-' tswk-i of Piamo and Inre. prfvioady rited, 

tnowlodpp of tli<' tln-ory of linr.ar difTi-rcntia! cqua- 
rj;>' 1 fuls'niiH Us'ory onabtM on.» 1o detf-rmino Uk- condifions under wliieli 
rns n hncnr r>-juatit,n x.l\] luavi- a of llie }>o?tulatod form. 
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This equation wll be satisfied identicallj in x if the complete coeffi- 
cients of the successive powers of x are set equal to lero Heaice we 
hav e the further relations 


20i - Oo « 0, 1202 - Oi = 0, SOog — 02 = 0, 


whence 


Co 



2n(2fi — l)an — a„_i = 0, 


Cl 

02 = — 
12 


24' 


C2 



Op 

720’ 


Cn-1 

2n(2n -- 1) ’ 


(5) 


^ a matter of fact only the relation between a„ and On-i is actually 
needed since this holds for n = 1, 2 Replacing n by n — 1 in 

the latter, we have 


so that 


Ort— 2 

- 2)(2n - 3) ’ 


an-2 

2n(2n - l)(2a - 2){2n - 3) 


Proceeding in this way, we ultimately find 


Qq 

(2«)l' 


( 6 ) 


which IS checked for « — 1, 2 3 by the first three of relations (5) 
Substituting for oi, 02 , their values as given by (G) m series (2), 
we therefore get the series solution 


I/ = ao[l+^ + - + ^ + 




]■ 


(Ti 


where op is arbitrary Inspection of (7) sliov\s that the senes in brack 
ets is merely the expansion of the function cosh y/x, so that a solution 
of the giv en differential equation (3) is 

y = ao cosh Vx (8) 

That this IS indeed a solution may he easily chocked by direct substitu- 
tion Our tentative methcKl has therefore been successful m that we 
have found a solution of (3) containing one arbitrarv constant In a 
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fcnsc, however, it has not been completely successful, for we have, so 
to speak, only half the general solution, this latter involving two arbi- 
trary' constants. It so happens in this particular example that the gen- 
eral solution would have been obtained had we assumed a series solu- 
tion of the more general form (1) instead of the Maclaurin series (2). 
(Bee Problem 7 at the end of this chapter.) 

When cm{)loying (he general Frobenius method, involving the series 
(1), we us.=:ume, as we evidently may without loss of generality, that 
flo t'- 0. After substituting (1) and its successive derivatives in the 
given dilTcrontial equation, we are again led to an infinite S 3 'stem of re- 
lations similar to (o) in the constants c, Oo, a\, ' • The first of these 
equations, obtained by sotting equal to zero the coefficient of the low- 
c.st power of x in the scries which is to vanish identical!}', is called the 
iiulicinl equation since it ser\'es to determine the inde.\ c. If the dilTer- 
cntial criuatiorr under investigation is of order m, the indicia! equation 
will in general be an algebraic equation of degi'ee 7n. Thus it may 
happen that m distinct possible values of c can be found from the in- 
dicial equation, whence we shall get m distinct * solutions of our dif- 
ferential equation. When this occuns, we liave tlie general solution as 
a linear combination of the 7n distinct functions with arbitrary con- 
stants as coefficients. 

If we wish to make use of the scries solutions obtained by the Fro- 
bonius method, we should, of course, examine each series for conver- 
gence to determine the region of its validity. The series (7) found in 
our example, for instance, is convergent for all values of x, and hence 
may be u.«ed in computation. 


PRORLEM.S 


1 . tVinc Firani'.s mctliod of Htiorc-wive approximnfion.s, obtain a solution of 
till' cfiualion (/p.V/r ■= ?/ -r x .nudi that ;/ = 1 when x = 0. Carry out tlie work 
tlirotu:h ihc fourth approxiin.ation. and chock your rc.suU by finding the c.vact par- 
tiridar ‘■olution. 

2. t'dvi !! tiie equation dtj/dx = 1 -f 2x1/ — 2x^. If i/ = 1 'when x = 0, use 
I’i'-.ard'' incthO"! to find the value of v when x = 

3. JO-lh. weight .'tart.-! it.s motion with an initial velocity of 5 ft. /.sec. and 
sanvi-. therx-after Mibjeet to a forc' of 20\'7 lb., where I (ere.) i.s’time, acting in the 
dir.^ lion of the initial velocity. Th<- motion is oppo-ed by a resisting force nurneri- 
ediy (■'juat to lOr ;; lb., where cis velocity (ft./>ec.) and (7 = 32.17 ft./.^ec.- U.sing 
Pican! s iieoho-l, find the velocity when / = ‘I ‘■f'c. 

4. I.ank .1 contains IfHI g:d. of brine in which an; <iis=oIvo(! .oO lb. of salt 
lank I! x.mtainv IW gal. of watxT. Water runs into /I at the rale of 3 gal./min", 


*' hy 

pt., wv xl,i 


litTi' litp-irly indojx’ndent; for n di^cu«sion 

on tlin’po'iUb! oqunlioniB rofiTrocI to pn-viotisiy. 


of this 
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and the nurture, iept unjfoim by stirnng, runs jnto B at the rate of 2 gal /mm 
If the resulting solution, hkevnse kept uniform by stirring then runs out of B at 
the rate of 2 gal /min , find the amount of salt in B at the end of 20 nun (o) by di- 
rect use of a senes, (t>) by Picard s method 

5 Apply Picards method to the equation dy/dx 2y — — S, where 

y 2 for I ==> 0 From the first few approtimaUons infer that yR«»2+zd- 
3.2 _ 2‘ij;>»+i/(n + l)t — 2"+^a;'’'*‘V(rt + 2)1 Hence deduce that the solution is 
1 / = 2 + z + and verify this result 

6 Apply Picard s method to the equation dyfdz => 1 + 2xy — 2x*, where 

y »=• 1 for z = 0 From the first few approximations, infer that yn « 1 -f z + z* 
+ zV21 + + ~ 2"z^'*'''Vl 3 5 (2fi + 1) Hence deduce that the 

solution 13 y = z + and venfy this result (Cf Problem 2 ) 

7 Tmd the complete solution of the example of Art 42 by the method of 
Frobenius usmg the more general senes (1) 

8 Usmg the method of Frobenius, find the general solution of the differential 
equation 2r(l — z) d"y/dz^ -p (1 +3:) dyjdx — y «= 0 

9 Find the general solution of the differential equation z(l -* z) ^yldx^ + 
2(1 - 2z) dyfdx - 2y = 0 

10 Find the general solution of the differential equation 2i{l — 2z) d^y/dz* + 
(1 4- 4z*) dy/dx — (1 + 2z)y = 0 

11 Using the method of Frobenius, obtain two independent solutions of the 

equation 2z{l — z) c?t//dz* + (1 — x) dyjdx + 3y = 0 one the irrational alge- 
braic function y^ = (1 — £)y/x, the other, in the form of the senes yj “ 1 — 3x 
4- X* + 4- 3z'''^V(2ii 4- I)(2n —1)4- Show that the latter senes is the 

expansion of the transcendental function 


Vi = 1 


— z) V^ln 


1 4- Vz 

I-Vi 


12 A particle moves from rest at a distance 10 ft towards a center of attraction, 
the force varying inversely as the distance If the initial acceleration is numen- 
cally equal to S ft /sec \ find the time required to traverse tlie first two-thirds of 
the distance to the center 

13 A particle moves from rest at a distance 10 ft towards a center of attraction, 
the force varjing directly as the square of the distince If the rnilnl acceleration 
IS numencally equal to 1 ft /sec ®, find the time required to travel from the half- 
way pomt to the center 

14 The following formulas give the maximum deflection yz, of a cantilever beam 
of length L (m) and weight w (lb /m ) subjected to a horizontal force P (lb) at 
the free end 

Compressive force P (Problem C3, Art 14) 

yt = ^(l - ^ - soc^ 

Teasile force P (Art 22) 

yz - - OtanhJ^ 
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»Sijo;v tlint thoFo formulas niaj' be written, rcspectiveb*: 


wEI . 


70 ® 

1130 ® 


(s 


5760 

wEI ^ 

/<?» 

70 ® 

1130 ® 

VL = “^1 

u 

144 

' 5760 



which arc convenient for computation when 0 = L\/P/EJ is smalL 
A wooden cantilever beam 2 in. by 4 in. by 10 ft., with = 15 X 10^ Ib./in." 
and weighing 40 Ib./ft.^ is subjected to a horizontal force of 100 lb. at the free end. 
If the 2-in. .«i(le is horizontal, find the maximum deflection when the force is (a) 
compressive; (b) tensile. 

16. Tank A contains 100 gal. of brine in which 100 lb. of salt arc dissolved. 
Tank B contains 100 gal. of water. Brine flows from A to B at the rate of 2 
gal./miri., the mixture is pumped from B back to A at the rate of 1 gal./min., 
and 1 gal./min. also flows from B into a third lank. Let x and y (Ib.) denote the 
.‘^alt content of tanks A and B, respectively, at time / (min.). Formulate the differ- 
ential equations of the system, and eliminate r/ to obtain a second-order linear equa- 
tion for X, For convenience, introduce a new independent variable, u = 100 — f, 
to get 

djT 

lOOir ~ - 2(<(100 + m) ^ + 2(100 + u)x = 0. 

(hr (ht 


Apply the niethotl of Frobeniu's to this equation, and hence show that 
a- =■ ^.(100 - 0(1 + 2/ = 50 - (50 - 
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Fourier Series 


43 Introduction. In Chapter IV "we discussed certain properties 
of infinite series in general, and gave particular attention to power senes 
because of their wide apphcabihty and frequent occurrence In some 
types of problems, however, it is impractical or otherwise undesirable 
to deal with power senes, and we often find a more natural approach 
to a required result through an mfimte senes of tngonometnc functions 
Because of the periodicity of the tngonometnc functions, it may be 
correctly supposed that such senes would be useful m the mvestigation 
of \anous penodic physical phenomena In addition, we shall see m 
Chapter VII that many partial differential equations arising m physics 
and engmeenng are most conveniently solved by means of such senes 
of tngonometnc terms whereas senes of power functions would be 
awkward to use 

44 Defimtions and formulas By a tngonometnc senes we shall 
mean a senes of the form 


^ (fin cos nx + bft sm nx), 


( 1 ) 


where the a's and 6's are constants The constant term m (1) is written 
as ao/2 rather than as oq for later convenience, for we shall sec that the 
formula we obtain for a„ will then hold for n = 0 as well as for n = 1, 
2 , 

Whether a senes of the form (1) will converge for anj value of x, 
and if so, w hat manner of function it will represent, w ill of course depend 
upon the numbers a„ and hn But if it converges m any cfosetf intcrvaf 
of length 2ir, say c ^ x ^ c 4* 2r, it must because of the penodicity of 
the functions sinrix and cosnx, comerge for every real value of x, 
and consequently will represent a function defined for all values of x 
and penodic wuth penod 2jr We therefore need deal with merclj the 
mterval c ^ x ^ c 4- 27r, the behavnor of our series for other values of x 
being completely knowm when its properties for this internal arc 
detennmed 

In order to mvestigate the nature and behavior of a senes of the 
t3pe (1), we shall make use of the following formulas, where m and n are 
iss 
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any positive integers or zero, except for the restrictions stipulated: 


(I) 

(II) 

(III) 

(I\0 


r 

r 


sin nx dx = 


-ic+ 2 r 


■ COS TiX 


COS nx dx — 


L n 


— sm nx 


0 , n 0 ; 




= 0, 72 5=^ 0, 




sin mx cos nx dx 

+ 2 r 


n 


[sin (m — n)x + sin (rn 4 - n)x] dx = 0 , 


sin mx sin nx dx 

c*f2r 


[cos (m — 7i)x — cos (m + n)x] dx = 0, m 9 ^ n, 

(.) r 


cos nix cos nx dx 


r *f 2 r 

' 


[cos (m — 7i)x 4- cos (m +■ 7!).r] dx = 0, ?n 9 ^ n, 

.c+ 2 x 


(Yl) I sin* nx dx — if (1 ~ cos 2 nx) dx = 77 , n 9 ^ 0 , 

•V lie 

^'•+2r ^+2x 

(VII) I COS* 72 .T dx — I f (1 + COS 222x) dx = TV, n 9^ 0. 


We are now rcadj" to prove 
Tni'.ouKM T. If (he series 


^0 

" -}' Oj cos J 4- «2 COS 2x 4 h Oil cos 72X 4 - • • • 

4- ?>J sin T 4 - ?>2 sin 2x 4 h I>n sin nx -{ (1) 

i-i uniformly cMtivcrrtmt {n (he cloerd in(rrt'aJ c g .r g c 4- 2r, and has the 
fum /(x), (hen for 7i == 0, 1, 2, • • • u'C have 


1 p'-f2r 

Oji = - I /(x) cos 71X dx, 


1 

Cn = - I /(x) sin nx dx. ( 2 ) 


1 irst of all, we note that since the scriers (!) is uniformly convergent 
for r r X g (■ 4 . 2 r, and becanst* of the periodicity of the functions 
•on tij and cos 72x. ^\e have (1) uniformly convergent over eveiy* real x 
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interval, and therefore this senes may be integrated term b> term 
(Theorem III, Art 39) We tlierefore find 

r +2r /•e+2r * 


pC+Zir 




oi cos X dx 4- 

+ 

1 a„cosnxdx4- 

„e+2T 



+ 

bi sm X dx 4- ' 


1 bnsmnxdx 4* 


= OoJT 

by formulas (I) and (II) Thus co is given by the first of equations 
(2) wuth n *= 0 
Now let 


Sn(ar) = ~ + Oi cos a; + 02 cos 2x + + a,i cos nx 

-}- hi sin I -j- ba 6m 2r -f + &« sm «x 
Then by definition of uniform convergence, we have, given any e > 0, 
I fix) - ^nix) I < e 


for n sufficiently large and for any x If w e multiply (I) by cos nar, 
the resultmg senes is also uniformly convergent For, we have, smco 
I cos nx 1 ^1, 

l/(x) cos nx — s„(i) cos TlX j ^ [/(x) — s,v(x) I < e 

for any x Consequently the new senes may likewise be integrated 
term by term, domg this, wc get 


r +2r ^+2t ^ 

/(x) cos nx dx = I — cos nx dx 

r +2r 


r +Zr 

a„ cos^ nx dx 4- 

r +Zr 

hi sm X cos nx dr 4* ‘ 

r +Zr 

sin nx cas nx dr 4" 


« a„v 
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by formulas (II), (III), (V), (VII), and therefore have the first of 
equations (2) for « = 1, 2, • • •. 

I- inally, if we multiply (1) by sin nx, which will similarly give us 
another uniformly convergent series, and integrate, we find 


/.'•+2r 

X 


sin nx dx 


— sin nx dx 


«e4-2r 

+ I ai cos X sin nx dx + * • * 
-}- I fl„ cos nx sin nx dx -\ — 
+ I h\ sin X sin nx dx + • • • 

-e+2T 

-}- ( hn sin" nx dx H — • 


= hnX 


by formulas (I), (III), (IV), (VI). This gives us the expression for 6„ 
stalcil in the theorem. 

In the above discussion we have regarded the trigonometric series 
as the given thing, and supposed it uniformly convergent with some sum 
function /(x). It. has then been shomi that the coefficients of the given 
series are related to the function Six) represented, by the relations (2). 
Xow ordinarily we start with a given function /(x) and attempt to find a 
series representing it. On the basis of the foregoing derivation, we 
.dioiild natunilly compute numbers «„ and 6„ a-s-sociated uith /(.x), by 
means of cejuations (2), and ihxis formally conslnict the series (1). A 
series .«o constructed from fix) is called a Fourier smes belonging to 
fix). IVc then have hope, but, in general, no a.ssurancc, that the 
Fourier seric-s for /(x) will converge and that it will represent fix). 
Indectl, for a function arbitnarily given, neither of these hopes may be 
fu1fil!e<l.* 

Fortunately, however, a verj' wide cl.ass of functions will pos.seaj 
Fourier .-ic'ries that do converge and roprc,sont them. Everj' function 
defiticxl f(>r an interval c < x < o + 2 t and possessing a Taylor serins 
expansion valid in this inton-al will certainly possess a Fourier series 
nprc.-.oiitiug it, and in addition many functions for, which no Taylor 
development over the interval e.xi.sts may novcrtlieless be expanded in a 

* l! in tn\t even tnif tlsst all continuou'j functiotw arc rvpres'nUble bv their 
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Founer senes It is this wide applicability of Founer senes that fur- 
nishes one reason for their importance and usefulness 
It IS bej ond the scope of this book to discuss conditions under which a 
function will be represented by its Fourier senes * We merely state 
Founer’s theorem, which applies to all the functions that normally arise 
m physical and engmeermg applications 


Theorem II Any single-valued function f(z), continuous except 
possibly for a finite number of finite discontinuities in an interval of length 
2:r, and having only a finite number of maxima and minima in this interval, 
possesses a convergent Founer senes representing it 


By a finite discontmuity at a pomt a: = Xq we mean, roughly speak- 
mg, a fimte “jump” m the graph of the function, as shown m Fig 33 
More precisely, if lun f{xn — h) 

A-«0+ 

and lim/(xo + h) both exist but 

are different numbers, we say 
that/(x) has a finite discontmu- 
ity at X = Xo It turns out that, 
when /(x) has a finite discon- 
tmuity at X = Xqj the Founer 
senesj lelds the anthmetic mean 
of the two limits given above Fia 33 

when we set x = xo in the senes 

46 Examples We proceed to consider a few concrete functions to 
exemplify the manner in which Founer senes are obtained 

Example 1 Consider the function f{x) defined by the relations (Fig 34) 

0<x<., 

/(x) =2 IT < X < 2jr 

Here we are deahng with an interval of length 2jr, for which c = 0 We have 
not defined /(x) at the midpoint of 
our mtcr\'al but the statement at the 
close of Art 44 mdicates that the 
resulting senes will yield /(ir) = § 
Moreover, the senes because of its 
penodic character, will define /(x) for 
every x not in our interval whence we 
should expect to get /(O) = /(2r) *= -j 
also This we shall \enfy 
It may be mentioned m passing 

• See, for example, GoursaHIednck “hlathcmatica! Annlj’sas ' VoL I 
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that there is nothing strange about defining our function in the two halves of 
the interval by means of two different equations; we shall have frequent 
orcasion to deal with sucli functions in our applications. As a matter of fact, 
wc can bj' a slightly artificial deiice define the above function over the given 
range by means of a single equation if desired, namely 

/(j) - 2 + 2 1 X - - r 

but this is not nccessar}". 

Xo^v hy formulas (2), Art, 44, we have 

1 r**' 1 r*' 1 

no-- I /(x)cfx-- I + - 2.rfx-l + 2 = 3, 

TT Jq TT Jo 7C Jv 

- j f{x) cos 77X dx - - I 1 'COS nx cfx + ~ I 2'cos nx dx 
ttJo ^ ^ ^ 


r 1 . V , 

r 2 . 1 

— sin vx + 

— sin 71X 

iTrn Jo 

-7r7i J 


11 r**' 1 1 f-’’ 

=r — I /(x) sin 7IX d!x = - I sin nx dx + — | 2 sin nx cte 

TT do TT do TT Jx 


r ^ cos 71x1 + 

L 7m Jo 

r 2 

cos TlX 

L 7m Jr 

__ cos 7ir , 

- J__ 

2 2 

1 cos TITT 

7m 7m 

H 

7m 

^ im 

5= “ (cos TITT 
7m 

-1), 

II 


For this function, therefore, all the witli the exception of Go vanish, and all 
the Vs with even sub'^cript do likewise since the cosine of an even multiple of tt 
is unity. Substituting n ~ 1, 3, 5, • • - in the expression for bnj v’c get 



and we have tlic Fourier scries 

32/ 1 1 \ 

/(■^) ^ + 3 3x + ^ sin 5x 4 j • (2) 

SimT the function defined by equations (1) satisfies the conditions of Theorem 
11, Art, 41, tlie scries (2) will represent /(x). Wc sec also that wc do get from 
(2), as prcdictcfL 

/(0)-/(r)-/(2r)-§. 

Mon^over, an iiderestinc byq>roduct may be obtained from scries (2). Setting 
X - t/ 2, we get, since /(:r/2) -- I, 


or 



lO-i+i-i 

TT \ O O / 



4 ^ 


I 


I 

3 


4 - 


1 

5 





( 3 ) 
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PROBLEMS 


Expand each of the functiona in Problems 1-7 m a Fourier senes, and examine 
aach senes at the points of discontinuity when such exist 


1 /(i) == x,0 <x <r, f(x) =0 *• < ® < 2r 

2 /(x) = x*, 0 < * < r,f(x) = — TT Cx <2 t 

3 /(i) = «*, ~T <x <r 

4 /(x) ^ xsmx 0 < X <2t 

® f(x) = V I — 003 X, — r < X < IT 

6 /(x) =« cos ox, -T < X < ir (o 0 rbl, db2, ) 

7 /(x) = 1 Bin X — 3r< X < ir 


B Expand the function fix) « sin x for 0 < x S i, fix) <= 0 !ot r < x <2 t, 
and show that the result checks when x = 0 and when x = a'/2 

9 Obtain the Fourier senes for the function /(x) = x*, — ir < x < x, and from 
it deduce the relations 


T “ ^ +72 + 


12 2 * 3 * 4 ^ ^ 


10 From the result of Problem 3, denve a senes for x/sinh x 


46. Even and odd functions. A function /(x) is said to be an even 
function if /(— x) =/(x), and is an odd function if /(— i) — — /W 
Examples of an even function are x^, cost, of an odd (unction, x and 
sinx If a Maclaunn senes contains only even powers of x, it is an 
even function, and if it contains only odd powers, it is an odd function 
The geometne characteristic of the graph of an even function is its sym- 
metry with respect to the jr-axis, for the graph of an odd function, 
we have symmetry with respect to the ongm 
Example 2 of Art 45 evidently has to do with an even function, 
whereas m Example 3 we have an odd function, as may be seen from the 
graphs Now it turned out m Example 2 that ever)' K v anishcd, the 
•senes (5) contammg only the constant and cosine terms On the other 
hand, the o’s of Example 3 were all found to be equal to zero, and the 
senes (8) mv olved on]> sme terms 
These occurrences were not accidents, but might have been foretold 
We have m this connection the follow mg theorem 
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Tiikokkm. When an even fitndion f(x) is expanded in a Fourier 
series over the interval from — t to ir, the coefficients of the series will be 
given by 

2 

a„ = - I f{x) cos nx dx, bn = 0. (1) 

TT Jq 


When an odd function is developed in this interval, we have 

2 


2 r 

On = 0, bn = - f fix) sin nx dx. 
TT Jo 


( 2 ) 


It is easy on geometric grounds to see the truth of this theorem. We 
shall, however, give an analytical proof of the first part of the theorem, 
the second half being capable of similar treatment. Let/(a:) be even, 
.«o that/(— x) s /(x). We have ^ 


On 



cos nxdx = 


TT 



cos nx dx d — f fix) 
X Jq 


cos nx dx. 


Now in the first integral of the last expression, replace x by — x. 
Remembering that cos nx is an even function, we then get 

• 1 1 

On = - I fix) cos nxi—dx) d — I fix) cos nx dx. 

TT V y TT V 0 


If in the fimt of these integrals we change the order of integration and at 
the same time change the sign of the integral, we see that it becomes a 
duplicate of the second integral, whence the first of equations (1) 
foHow.s. Likewa^o, we have 


sin nx d.r d- 


, If" If'’ 

»n = - I fix) sin 7ix dx = - I /(x) si 

If'’ If" 

~ “ I fix) sin i—n.x)i—dr) + - I fix) sin nxdx 

~ ~ - f fix) .‘iin nx d.T d* - f fix) sin nx dx 
X Jo X Jo 


1 f" 

- I /(a:)si 

TT Jo 


sin nx dx 


0 . 

whence the .«ccond of equations (1) holds. 

This theon'in nniterially shorten.': the computation when we have to 
find the l-ourier .‘•ericis of cither an even or an odd function for the 
Jnterv.al — r < x < x. 
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47 Half-range senes In some problems we are concerned with an 
interv al of length v instead of length 2ir In addition, w e maj be forced 
by the conditions of the problem to expand a gi\ cu function in a senes 
of sines alone or a senes of cosmes alone Suppose that w e are gi\ en a 
function /(x) defined for 0 < x < tt It follows from the discussion of 
Art 46 that we may find an expansion \ahd over this mtcrval, m either 
sme terras alone or cosme terms alone For, if v e v ish a sme expansion, 
say, we may create a function F(x) which is identical with /(x) for 
0 < X < IT but equal to — /(— x) for — r < x < 0 

F(x) = /(x), 0 < X < TT, 

= -/(-a:), -TT < X < 0 


Then F(x) will be an odd function for the mterval — ir < x < x, and 
will accordingly possess a Founer series mvolvmg only sme terms 
Smce we are concerned ivith only the range 0 < x < x, and smce F(x) 
couicides with /(x) there, we shall have the desired expansion of /(x) 
m this half-range Likewise, if we desire a cosme expansion for/(x), we 
may define a new function F(x) equal to/(x) for 0 < x < x, as before, 
S but equal to /(— x) for — x < x < 0 

Fix) = fix), 0<x<x, 

Fix) = fi~x), —X < X < 0 


Hence F(x) will be even and therefore will be expressible m a cosme 
senes 


Thus a function fix) defined over 
of these two distmct types of senes 
over the half range 0 < x < x, we 
call them half range senes 
An example will render the pro- 
cedure clear Let fix) = x -b 1, 
0 < X < X, and suppose first that 
we require a sme expansion We 
define the function Fix) by means 
of equations (1), 

r(x) = X -fl, 0 < X < X, 
r(x)-x-l, -x<x<0 

From the graph (Fig 37), wo see 
that r(x) w an odd function Hence 
we need compute only the h% as 
follows 


the mterval 0 < x < x is capable 
Since these two senes are valid 
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2 r’' 2 ^ 

hn — - \ (^ + 1) dx - 

IT Jq ^ - 


X cos nx sin nx cos 7}x 
f- 


n 


TT 


n Jo 


TT/i 


(1 — cos 7l7r — TT COS IITt), 


Consequently we get 


2 

fix) = - 

TT 


TT 1 TT 

(;r + 2) sinx sm2j; 4- “~(7r + 2) sinSx sm4:c +- 

2 3 4 


As a check, we have 


2(7r + 2) TT 


by rcliition (3) of Art. 45. 

For the cosine c.\'pansion, we find from equations (2), 
F{x) = a: + l, 0<x<7r, 

Fix) = ~x 4- 1, — TT < a; < 0. 


4 2 


+ 1 , 



For tliis even function (Fig. 38), we liave 


^ + 2, 


2 f" 2 

«o '= “ I (a: + 1) dx = - I 

TT Jo r ! 

fV +1) = + + 2^7 

" *^0 r L TI 71- Jo 


" ”12 ~ 
’•viicncfi 


/(x) » 4- 1 _ l^cos X 4- ^ co.s 3^ 4- ^ co.s 5x 4* • • 
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To check, we got, as we should expect, 

/(o)=|+i_i(i+i+^+ ) = r=.i, 

/(,)„i+i+i(i+^+^+ ) = 5+i+i--+i. 

by equation (6), Art 45, and 


For the abo% e illustration we chose a function wluch is neither even 
nor odd If the given function were odd, for example r{x) Tvould be 
given by the same Rxpression m x m the t^^ o relations (1), and the half- 
range sine senes T^ould be also the full range senes for — jt < x < ir 
Thus, m the case /(x) = x, we should automatically get the sme senes 
(8) of Art 45, valid for — tt < x < ir But when finding the half range 
cosine senes for an odd function /(x), we should get different expressions 
for F(x) from (2), and a senes representmg the negative of /(x) for 
“JT < X < 0, as senes (5) of Art 45 Similar remarks apply to the 
two half range senes for an even function 

In practice, it is not necessary actually to construct the function 
F(x}, for it coincides with /(x) m the half-interval, 0 <x < jt, mth 
which we are concerned, and its values for — r < x < 0 are immatenal 
We need merely apply the theorem of the preceding article to the given 
function /(x), as was done in the above examples 

48 Change of mterval In most engineenng apphcations of trigo- 
nometnc senes, ne require an expansion of a given function over an 
interx al of length different from t or 27r To this end, w e might obtain 
a development over the internal from — t to ir, say, and then stretch or 
compress this mterval by means of a transformation of vanablc to suit 
the circumstances 

Suppose that we have given a function /(x) defined for the mterval 
— Zr < X < i>, w here Z is any positi ve number We regard this mterv al 
as the result of elongating (or compressing) the mterval from —ir to r 
m the ratio L/v Thus, if vi c denote by z the v anable referring to the 
latter mterval, we must have x/z = Z/t, or 


e 


irX 

T 


(I) 
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7^o^Yf(z) = /(Lz/tt), regarded as a function of 3, may be represented 
bj' a Fourier series, 

/ ~ ~2 2 + 02 cos 2z H }- On cos nz 

+ hi sin 3 + 60 sin 22 d b &r. sin nz d , (2) 

valid for — TT < 2 < TT, which, under the transformation (1) becomes 

Go ' -irx 27 tX 7nrx 

f(x) = h cos h 02 cos — - — 1 h On cos — — 1 

2 Ij L L 

Ttx 2 ttx n-KX. 

d- hi sin — d- ho sin d d* hn sin — - d , (3) 

L Lf Jb 

valid for —L < x < L. However, we need not go through the inter- 
mediate step of developing the z-serics (2), but may compute the 
coclRcicnts a„ and h„ of (3) directly. For we liave 


nirx 

co§ dx, 

L 


(4) 


a„ = f cos nz dz = j J f(x) 

1 /Lz\ 1 ^ n-xx 

hn = - ( / 1 — ) sin nz dz = — I f{x) sin dx. 

As an example, let it be required to expand the function 
f{x) =0, — 2 < .T < 0, 

fix) = h, 0 <x <2, 

"here k is any constant different from zero (Fig. 39). We get from 
forrauhis (4), with L — 2, 

Go = f 0-dx + i f h-dx = k, 
d—2 do 

if',, -CO, 

2Jn 


Tl-XX 

•COS dx -b 

2 


nrrx 

'.-•cos dx 


1 f 

On = - I 0-CO.‘ 

2 «r„o 

r k . nTzrl* 

7 ^ n ■ j 1 r*, . ”5^ 

On — } O'Kin dx d — I /.••sin dx 

2 J_2 2 2 Jo 2 

r k nTrrl* k 
“ I T" I — ”■)• 

L iiT I J0 nx 
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For (he half tnlenal 0 < x < L the half-range sxne senes for f(x) ts 

TX 2tX tlJTT 

f(x) = 6i sm ~ + b, sm ~ b„ sm — -f , 

where 



and the half -range cosine senes for 0 < x < L, zs 


fix) 

uhere 


Oq rrx 2 wt xiwx 

— + ai cos + 02 Cos — — h +0(1 cos h , 



PROBLEMS 

1 Find sme and cosine half range senes for the function f{x) ar*, 0 < z < »• 
Why do these results differ from the result of Problem 2 following Art 45? 

2 Find sme and cosine half range senes for the function f(x) =» e* 0 < z < ir 
Mhy do these results differ from the result of Problem 3 following Art 45? 

3 Find sine and cosine half range senes for the function /(z) «=> z 0 < z ^ ir/2 
/(z) = ir - Z Tr/2 < Z < r- 

4 Find the Fourier senes for the function /(z) = —I —2 < x ^ —1 f(x) = z 
-1 <z ^ 1 /(z) = 1 1 <z < 2 

6 Find sine and cosine half range etpansions of the function/{z) =» 2z — 1 in 
the interval 0 < z < 1 

6 Find an expansion for the function f[x) => 1 + sm z in the interval — 1< z 
<1 By setting z =« ir/4 obtain a senes for esc 1 

7 Find an expansion in a senes of sines and cosines for the function /(z) 2 

-2 < z < 0 /(z) = z 0 < z < 2 

8 Pind the half range cosine series for the function f{x) = 1— z 0<z^2 
/(z) = z - 3 2 < z < 4 

9 Find the half range sine expansion for the function /(z) *=> z — 2 in tl c m 
tervni 0 < z < 2 Using this senes obtain a numencaf senes for 

10 Find the half range cosine expansion for the function of Problem 9 

11 Obtain the half range sme senes for the function/(z) = 2z* — 4z 0 < z < 2 

12 Pmd the lialf range cosine senes for the function of Problem 1 1 

13 Pmd the half range sine expansion for the function fix) = (x — I)* m the 
mtenal 0 < z < 1 

14 Find the half range cosine senes for the function of Problem 13 I sing U is 
senes obtain a numencal senes for ir' 

16 Show that a linear -ml stitution of the form z ^ mx + I will tran<«f )rm i ns 
interval n g z < 5 into an\ other inters al c g z g d 1 sing the proper 1 near 
substitution transform tfie sme senes for umtj in the interval 0 < z < z into the 
cosine senc3 (ll) of Art 4S 
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49. Combination of series. It is often necessary’’ to obtain a half- 
range sine or cosine series, for a given half-range 0 < x < L, of a linear 
or quadratic function of x. Instances of such needs nail arise in our 
work with partial differential equations in Chapter VII. 

Instead of deriving such series by the application of the theorem of 
Art, 18, we may convenient^' combine knomi half-range scries for 1, 
X, and x^. In this connection, formulas 808-812 of Peirce’s “Tables” 
Vidll be found useful, as illustrated in the follonung example. 

Let it be required to find a sine serins and a cosine series for the 
function 

f(x) = Sx — 9, 0 < X < 6. 


To get a sine series for this function, we combine the sine series for x 
(Peirce, 809) and the sine scries for unity (Peirce, SOS), using the value 
c = G for the maximum value in the x-range. We then get, multiplying 
the former by 3, the fatter by —9, and adding, 


3x - 9 = 3 


2-G 

' TTX 1 . 2Trx 1 _ 3;rx 

3 



L G 2 G 3 G J 

4 

r . XX 1 . 3xx 

- 9 • - 

sin — -f - sin 1 

IT 

LG 3 G . 


Evidently the terms involving odd multiples of ttx/G cancel, and the 
result is 


3x - 9 - 



1 

-1 — sin 
2 


27rx 


1 37rx 

+ - .sm + • 
3 3 



0 < X < 0. 


'Hie cosine seric.s may be .similarly found. Multiply Peirce’s foiTnula 
810 by 3, .setting c — G, and .subtract 9 from the rasult. Then we get 

„ ^ 72 / ~x 1 3rx 1 OTTX \ 

3. - a = - + ^co.— + -oos— +...) , 

0 < X < G. 

GO. R.m.s. value of a fxmetion. In a numlxjr of phy.rical applications, 
I'.'srfiriilarly in connection with alternating-current theorj-,* we have 
o'.*cc>j()n to {leal with the concept of n>ot-me.nn-square (r.m.s.) or effec- 

for cv,\niplo, Art. 7.5, Cii'iptcr VIL 
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tive value of a function The r m s \ alue of y = f{x) over an interval 
from a;«=atoa:=*bis defined as 



If, m particular, our interval is of length 2r, siy c < a: < o + 2t, 
equation (1) gives us 

Now suppose y = /(ar) la ejqianded in a Pourier senes, 

V ~ /W = ~ 4- ^ ] (on cos nx + bn sm Ttl), (3) 


for c < X < c + 27r Then the moan square value, i e , the square of 
the r m 8 value, of y over the given interval is 


r = f + i|j(»S+© (4) 

To obtain this formula, vre shall merely substitute senes (3) in 
equation (2), carrying out the necessaiy operations formally, that the 
resulting senes (4) converges may be proved ivithout difficulty * 
When we square /(x), we get terms of the followong types 


— , sin” nx, cos^ nx, Cob„ sm nx, aoO„ cos nx, 
4 


2o„b„ sm mx cos nx, 2b„,bn sm mx sm nx, 20 ^ 0 ^ cos ntx cos nx 

Now the mtcgrals, from c to c + of the last five of these expressions 
vanish, by formulas Clj-OO of Art 44, whereas 

c§ iros 


r 


r 

r 


bn sm® Ttxdx » 
cos*^ nx dx = 




SccK Knopp, "Infimte Scnis p 3C1 
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Airr. fiOl 

by fonnulas Consequently 


Tr 


L 

2r 


-ao 


iral 


702 


7ra;+--- 

4- TT^i + irho -}-•••+ zhn + ■ 


whence equation ('!) follows. 

As an illustration of tlic use of equation (4), suppose that we have an 
altcmaling-cun-cnt wave represented by the scries 

i = /j sin (w/ *b cti) ■}■ /s sin (Swf 4 " 03 ) 4" 1 5 (Swf 4" ois) ”h‘ ‘ ' j ip) 


where i denotes the instantaneous cun'cnt at time /; co is 2:7 times tire 
fundamental frequency; J\,h^ ••• the amplitude.? of the funda- 
mental, third harmonic, etc.; and aj, as, ••• arc angles reprc-senting 
phase displacements. If we expand each term of the above series b 3 '^ 
the trigonometric addition formula, we get the cun-ent i expressed in 
the form 


I = A 1 cos to{ 4~ As cos 3 w( -f- A 5 cos 5ut 4" • • • 

4- Bi sin lot 4" B;i sin 3a.4 4* Ba sin 5£i.4 4 — •, 

where A„ — Jn sin a„, B„ — In cos an- Hence we have from (4) 

r - I (Ai + Bi + A5 4- Bl 4- -4? 4- /?! 4- • • •) 

+ n + (G) 

which is the square of the cfTcctivo value of the current, Similarh’’, if 
the imiirossctl volbige c is given bj' " 

f >= b'l sin (wf 4- di) 4- iin sin (3aj/ 4- ^.-i) 4- Us .sin (owt + -] , ( 7 ) 

the ctTect ive voltage will be 

- . |/i i 4- E fi + Br, 4 

e (S) 


As u .second ap]dication of e(iuation (4), we derive a series involving 
r, of which we shall make use in Art. 52. Consider the function 
([x) r- x~. —77 < .r < r, whose Fourier scries is readily found bj' the 
mcUuxl*^ cxplaimA earlier in the chapter to be (cf. Problem 9, An. 45) 


('■ 


4 \ CAS - — ('i-^ 2r 


1 

~ cos 3r 
3"" 



( 0 ) 
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on the one band, equation (2) gives us as the mean square -value 
of our function 

Moreover, from the Founer expansion (9) v\e get by equation (4) the 
senes 

/ 1 1 \ 

7 + + ) 0 .) 


as a second expression for the mean square value of over the intcrv al 
Equatmg the two results we find the relation 


= 1 +^ + ^ + ^ + 


( 12 ) 


61 Hannomc analysis If we have given the values of an unknown 
iunctwnf(x) corresponding to a set of values of the variables, as in the 
case of a group of physical measurements, we can gain visual knowledge 
of the vanation of f{x) over the given range by inspection of a graph 
It is sometimes desirable to find an equation which will “fit” the graph, 
1 e , an equation whose graph vanes but httle from that obtamed from 
our numeneal table 

There are a number of ways m which this curve-fitting may be 
attempted, including polynomial approximation and harmonic anab - 
SIS * The mam difficulties m a particular problem are usuallj to choose 
the most useful type of functional felation w hieh may be assumed to fit, 
and then to estimate the proper number of constants, coefficients or 
exponents, which may or should be determined 

We give here one form of harmonic analysis which may be easil> 
and rapidly applied We shall discuss it merely m connection with a 
range of values of the v anable x from 0 to 27r, since the extension of the 
method to problems mvolvmg other ranges maj be made without dif- 
ficulty, following the procedure outlined for a change of interval given 
m Art 48 The following theorem gives the relations upon which the 
aiml^sis IS based 

• See J Lipka "Graphical and Mechanical Computation " and Carso and 
Shearer, "Founer AnabTsia and Penodograni Analysis” The niethoil of least 
squares applied to curve-fitting is considered in Chapter 1\ Art 00 of this 
brok 
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Akt. 51i 

TiiF.oricM. If the equation of a given curve for the interval 0 ^ z < 
2r is expressed in a Fourier expansion, 

a, cos X + 02 cos 2a: H h Oti cos nx -] 

2 

+ hi sin x + &2 sin 2a; + • • • + hr. sin 7?a: H , (1) 

then 

2m(0m flam + Osm -}"■') = /(O) “/ 

and 

2m(br, - h^r, + fca.. -•••)=/ (~) - / (— ) 


27n — 1 


7)1 




( 2 ) 


/ 57r\ /Am - 1 \ 

for m — 1, 2, 3, « • 

To prove liiis, "wc use tlie Euler relations, 

c"*' = cOs 7ix + i sin nx, 
c~'‘^ ~ cos fix — i sin nx, 

where i denotes V~l, from which we get, by addition and subtraction, 

COS nx , sin nx ~ — (5) 

2 2i ■' 

Substituting these cxj)ressions in series (1), we have 
fix) = -- + COS nx hn sin nx) 


o 


r«n --- (K 


o +Z.L' 

For simplicity, let 




4- 


0, — il)„ 




2 

Or. 4" ihn 
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On - an+ K - t(a„ — <?„), (6) 

fix) - ~ + + i8«e-"“) (7) 

Now since 1 = cos 2nT + 1 sm 2nT = nhere n is any positive 
integer, we have on extraction of the (2m)th root, =« Let 

Tn = (n =! 1, 2, , 2m) denote the 2m distinct (2m)th roots of 

unity, evidently = — I and r 2 w = I Then from (7) we find 

/(O) ^ + 15„), 

Hence 

A^-) 

+ fl.a-r,-‘+r-=- -r;:”-'')) (8) 

But for n — 1 , 2 , , m — 1 , m -f 1 , , 2 m, we ha'V e 

i-c+rr"- 

since bj the definition of r„, r„ — j and 1 for these values 

of n, while 

1 _ 1 4. 1 4. 1 + + 1 « 2m, 

1 _ n;;i 4. r-2 - >. r-’’"+* * 14-1 + 1+ + 1 « 2m. 
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Moruovcr, since = e”'''" when r and s are integers, the 

above four relations are repeated in the group containing a 2 m+i, • * 
a,n and in the group involving * • • ^im, and so on in the subse- 

quent, group,-?. Therefore we have 

= 2m{any + + azm + Pzm + «5m 4* Psm d ) 

— 2m(am + Ozm + Osm d ') 

by the first of equation.s (G). This proves relation (2). 

Next let Pr. = = 1, 2, • • •, dm) be the (4m)th roots of unit}'’; 

then pn = L Pzm - — Ij Pzm = —i, Pirn = 1, and p® = r„ for any n. 
Wc now have 

^ (i^) "" *2 

'j 

/4v\ — 1 \ Oo 


/ 


1( folloTC that 
/ 


n*» 1 


(at) 

“ X/ - pi + Pn P^”"^) 

TS I 

d- ^npr*(i - pr* d- pr‘ pir^""^*)]. 

Again, for n ^ I, 2, • • ’,m — I, m d* 1, • * •, 2m, we have 

1 ~ P« d- P« pir~' *= 1 — Tn d- r^ r;"~* = 0, 

= 0 , 


5 - r« * d- pX^ « 1 _ r-‘ 4- r-2 

w]i\]n 

1 ~P=nd*pl- 
1 “ p;;' d- p;;^ - • 


<4 « 4 

Pry * 1 + r; 




= 2m, 

1 - r“’ -I- r;;^ = 


2m. 



212 


FOURIER SERIES 


(Chap V 

Hence, from the first 2 m terms of the precedmg summation, 'vre get 
merely 2 ma„fin + « 2mi(a„ — ^„) since Pn = t and p“^ 

= — r, which m turn is equal to 2 mb„ by the second of equations (C) 
Likewise, from the next 2 m terms of our summation, we get only 
2 ma 3 mP 3 m “H = — 2 mt(a 3 n — iSsm) = — 2 mh 3 m Agam, smce 

g»T(4rm+»)/2Tn „ g«tir/2OT 

we have cychc repetition, whence equation (3) follows 
Relations ( 2 ) and (S) may now be used for curve-fitting as follows 
Our first step is to judge, from the appearance of the curve, how many 
terms of a Fourier senes will serve to fit the graph adequately In the 
absence of relevant information, only expenence will aid m making tins 
initial judgment, however, as w e shall see, the present method gives us a 
basis on which our judgment may be confirmed Suppose, then, that 
we decide that we need compute no a’s and 6's with subscript greater 
than ten, or, m other words, that we may assume all such coefficients 
equal to zero From equations ( 2 ) and ( 3 ) we then ha\e, smce O30 = 
nso = = 630 = 650 = =0, 

From the curve we measure the necessary ordinates, whence a little 
addition and subtraction yield numencal values of 0 and 610 Now if 
both these numbers are close to zero, our supposition that coefficients 
with subscripts greater than ten are negligible is borne out, at least until 
■Og, cg, and 69, &8> are computed But if either oio or 610 is large 
in comparison with, say, the maximum absolute value of fix), it may 
appear advisable to start farther out m the senes, and compute, for 
example, ats and bis 

If, to make our procedure defimte, we find Oio nnd &10 both small 
numencaliy, we can next compute 09 and tg, og and 63, etc These are 
nil found indn idually until we reacli 03 and Z>j, where we must use the 
values of 09 and 69 previously obtained, since we have 

6(03 + 09) =/(0) “•^(7)' 

6(6.-W-/(f)-/(5)+ -/(x) 
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Art. 31) 


LikoAvi«o, the computations of 02* ^^21 involve coefficients already 
dctcnninwl. Finally, Oo /2 may be found from the relation 


/(O) = “ 4- Oi + 02 d b ®io- 

I* 

Wlicn a larpo number of curves arc to be analyzed harmonically, a 
mcchanic.'il device may be used vijich shortens the labor of computa- 
tion.* 

PROHLEMS 


1. the sine series for /(a-) ar, 0 < x < rr, apply the method of Art 50 
to jillow tbfit 

TT* 111 

- = l-b^ + 35 + ^+ •••■ 

2. From the cosine series for/(x) = x, 0 < x < ir, deduce the relation 

111 

|4 d 1 , 

3. From Iho sine sorie^s for/(x) = I, 0 < x < t-, obtain the relation 

tt" 111 

S 3 ‘ O' /" 


4. From the cosine series for/(x) « (2x 1)*, 0 < x < 1, obtain the relation 

^11 

*a 1 -4— — - — -i* • • • . 

90 ^ 2^ 


C. IViHK tbe table of vnluei* piven Ik'Iow, plot accurately the cur\'c y = /(x) 
and analyre it hurinonicnUy, ^tarting with the computalion of as and 6s. 


X 

V 

0 

KOS 

r/O 

1.G9 

2r/l1 

1.70 

sr/3 

2.15 

4r,9 

2,79 

5r;9 

3,n 

; 2r/3 i 

2.77 

1 7ry0 

KS2 

1 Hr. 9 

1 

0.G7 

1 


i . 


X 

V 


-0.22 

lOr/O 

-0.01 

llr/0 

-~0,5S 

4r/3 

-0.31 

13r/9 

0.13 

l4r/9 

0.73 

5r/3 1 

1 .43 

lOr^'O 

1.9S 

l7r/0 

2.17 

2r 

l.DS 


V<^\ Kill, Xa p, p. May, 103 :;. 


J^^xrratortc^ Rrenrd. 
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62 The use of tngonometnc senes m beam and bndge problems 
For the application of this subject to the theory of suspension bridges 
we give two references S Timoshenko, ‘ The Stiffness of Suspension 
Bndges,’ Am Soc C E Trans Yol 94 (1930), page 377, G C 
Pnester, ^‘Apphcation of Trigonometric Senes to Cable Stress Analysis 
m Suspension Bridges,*' Umv of Mich Engineering Research Bulletin 12 
We shall consider here only an mtroduction to the subject, namely, the 
application of tngonometnc senes to a simple beam canymg a concen- 
trated load or a uniform load 

Suppose that we have a beam of length L ft simply supported at 
its ends and canymg a concentrated load of P lb at a: = c, the ongm 



being taken at the left end (Tig 41) This problem appeared as Prob- 
lem 69 follmving Art 7 of Chapter I Solvmg it by the regular methods, 
two different equations were obtamed for the curve of the beam, one 
holdmg to the left of P and the other holdmg to the right of P Now 
we have found that such a function may, by means of tngonometnc 
senes, be represented by a smgle senes throughout the whole mterval, 
it seems natural, therefore, to try to obtain a trigonometric senes 
represen tmg the curve of the beam throughout the mterval 0 ^ x ^ L 
We take the y axis positive domiwards and represent the curve of 
the beam by a senes of smes vamshmg at a: — 0 and x = L, namely 

rx 2irx nrx 

y = bi Bin H 63 sm + 4- sm — — r (ij 

L L L 

We have to determme the 6 ’s so that this senes wtII represent the curve 
of the beam m the mterval 0^x51/ 

Let us now obtam the potential energy, TT, of the beam represented 
by (1) We ha\e, from equation (28), Art 7(J) 


-TV 


DifCerentiatmg ( 1 ) twice, wo have 

y" = _ — ( bj sm + 622 sm — - + + hnfr sm — + 

L“ \ L L 


( 2 ) 



Aut. 521 


BEAM AND BRUDGE PROBLEMS 


Wc now square this value of y”, substitute in (2), and integrate, but it 
will not be ncccssarj’ to include the cross-product terms, since 


sin ^ sin ^ dx - 0 (m 5 ^ 7i). 

L L 


^ iiz-x L 

Furthermore, 1 sin*' , so that 
Jq L 

(3) 

This potential energj’’, 11', is imparted to the beam bj’’ the load P 
acting at x ~ c and producing the deflection ye at that po’mt, where 

«7rc 

7/c = > 6„sin-— • (4) 

If, now, wc consider the load P as acting through an infinitesimal 
disjjlacemcnt dye it will do an amount of work P dye equal to the 
infinitesimal increase, dlF, in the potential cnergj' of the beam and 
expressible in terms of the infinitesimal changes, c?6„, in the 6’s. We 
have, then, from (3) and (4), 

P/x-'* Tire 

~7TT / dhn = P / sin db^, 

4L‘ L 

or, 

(EJt;^ n-c\ 

This equation is satisfied, independently of the values of dbn, if and 
only if 

/:/r^ , nzc 

~j^ nb, - Psin--, 

llint is, ^ '' 

j 2L^P sin {n-c/L) 

With the Ps thus detennined, wc substitute them in (1) and have the 
e<;p!;ttif>n of the curve of the beam: 


21?P sin (n-c/L) _ arx 

7F/7^ ‘■■‘’'IT' 
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Example 1 Suppose that P acts at the midpoint of the beam (c = L/2), 
find the maximiim deficction 
We have, from (5), 

..*1 _ 2L^P ^ sm® (nT/2) 

^ EIt* ^ 


EIt* \1* 5*^ ) 

We have shown in Art 50 that 


1 + 1 + 1 + 1 + . 5 ! 

11 f* 24 ^ 31 ^ 41 ^ 90 


The sum of the even terms of (7) is 


24 + 2* ) 16 j 


1 _ 2L^P 15 ir< _ 1 I?P 

EIt* 16 90 “ 48 El 

Without summmg the senes m (6) we could use the first two terms and obtain 
1 ^ 2L»P ^ ^ 164 L?P 

^Jz_i/2 ~ EIt* si ” Slir* El ’ 
a result which differs from the one obtained abov e by about 0 2% 

Now consider (Fig 42) a beam l 2 ^ , 

of length L ft simply supported « « 

at its ends and carrymg a uniform ^ ^ 

load of w lb /ft The weight of a 

small element of length dc, at dis- Fio 42 

tance c from 0, is to dc Keplac- 

mg P by to dc in equation (5) and integrating. with respect to c from 
(i to L, 

2L^w sm {titx/L) titc 

y = 7 / A I sm - 7 - dc 

'' EIt* ^ n* Jo L 

Since 

riTC L nircl^ 

I sin dc cos-— 

Jq L tit E Jo 


- — (1 — cos nir) = 2L 
nr — (n odd), 
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wc have for the equation of the curve of the beam 

sin {nzxiL) 

m? irJ 


y 






( 8 ) 


Example 2. 
Wc have 


Find the maximum deflection of tlie beam considered above. 



■il/tr fl _ 1 , 1 



The sum of the scries in Ijrnckcts is .57^/1530 (Knopp, “Infinite Scries,” page 
2-50); hence tl>c maximum deflection of the beam is 

■j 4TJir OTT® _ 5 T/w 

r ~ 384 El ' 

Without summing tlic scries, wc could use merely the first terra and obtain 

1 _ 4 I/w 

a rc.'iult differing from tlic value obtained above by less than 0.4%. 

The cqtiation of a beam whicli i.s uniformly loaded and also carries a 
concentrated load i.s obtn!’'cd by setting y equal to the sum of the values 
found in (5) and (8). 

PROBLEM.S 


1. Derive equation (5), Art. .52, l>y the following alternative procedure. First 
express the Ix'tuling moment tus 

p 

M - —(L ~ c)x, 0 g X g c; 

Li 

iV « — — {h 5*), c S X ^ L; 

Ia 

and obtain the Fourier balf-mn^o Mnc Forics for this funrtion in the intcrv'nl 
0 <: r L. Uhlni: the fad that Ely*‘ « 3f, equate the foregoing result to Ely** 
R*' given by equation (1), and thence find 

2. In Kvmnple 3 of Art. r>2 suppose that V nets at the quarter-point of the 
find iho <h'fl(Hqinn at the midj>oinl. Show that^ if two non-vanishing terms 

of Ute an* tL-y-tb the result differs by nl>out 0,1 from that which would bo 
oluained from the equation of Prold'-m 00^ Art. 7. 

3. In llxainjile 2 of Art. 52 find the deflection at the quarter-point. Sliow that 
if <ii}3y one term of tlio is the result is too small by lesvS than 0.4%, 

4. A U^ani ,3 in. by 3 in. by 12 ft,, simply supported at the ends, weigh- 

ing ‘lO Ih ii.b and for which lo X 30^ Ib./in.% carric ?3 a concentrated load 
of 3tvq )u^ of 2 ft. from the left end. Find the deflection at a point 

5 ft. from tla* hli end, 

5. A l>eam 2 in. by 2 in. by S ft,, simply supported nl the ends and 

4.71 carrlrs a cojuvatralcd hnd of 7X) lb. at n distanre of 10 in, 

ffx Ttgbl cad. i/ JO 30.^ in,* I ind the defi'^tion at distances of 

4 , 4 4 fs„ and 4,fi ft, from iUr* left vnd, FVlimate the location of the point of 

o ‘f.c-rlion, and by j-nb-diiufing in t}a» for t/\ 
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Gamma, Bessel, and Legendre Functions 


63 The factorial The gamma function, ■which is useful in evaluat- 
ing certam definite mtegrals, many of which aiise m physical problems, 
IS a generalization of the factorial 'We recall the definition of factorial 
n, written n\ for n a positive mteger 

= n(n — l)(rt — 2) 1 (1) 

For example, 4! = 4 3 2 1 = 24 It follows from (1) that 

(n + 1)' = (n + 1) n' (2) 

"We may regard this formula as defimng n\ when n = 0 Thus 11 = 1 O’, 
or 01 = i 

64 Generalization of the factorial, the gamma function From the 
definition of nl when n — 0, 1, 
paragraph, we may plot the 
function nl, gettmg a senes of 
pomts as m Fig 43 It is natu- 
ral to wonder whether we can 
find a function whose graph is a 
smooth curve connectmg these 
pomts, 1 e , a function that will 
reduce to n’ when n = 0, 1, 2, 

3, , and yield a contmuous 

set of values for non mtegral 
values of n 

In searchmg for such a func- 
tion we might notice what hap- 
pens when we integrate by parts J dx, with u~x”,dv = c“* dx, 

BO that du =5 dx, v = — e"* Wo have 

dr = — dx (1) 

Now we wish to choose limits of integration such tliat the first term 
on the right will \ anrsh for both limits Such a pair of limits w 0 and « 
218 


2,3, 

nl, 


, as given m the preceding 
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‘•’incc, foranj' valucof 71 > 0 (not necessarily an integer), a: "c 

also - — , which is of the meaningl&ss form <»/co for 

n > 0, but by differentiating both numerator and denominator p times, 
where p is the first integer ^ n, we have 


a:”‘ 

7 , 


n(7i - l)(n - 2) - • - (n - p + 1) 


= 0 . 


I'urlhermore, both integrals in (1), taken betAvecn 0 and » for n. > 0, 
represent definite functions of n. Hence we have, from (1), 


r x"c ' dx = 71 r x" ^ dx (71 > 0). (2) 

•'0 ^0 

The integral on the right is a function of n which, when multiplied 
by 71 gives the same function of ti + 1, whether ti is an integer or a 
fraction; it reminds us of {n — 1)! when ?! is an integer, which has this 
proj)er(y, for, from (2), Art. 53, 

71 ! = 7i(7i — 1)!; 

it is a generalization of the factorial (n 
function of 71 : 

r(7i) -= I x’’~''c"= dx 
*'0 

Then, from (2), wo have 

r(7j + 1) = 7!r(70. (4) 

Now if we can compute tiie value of the intognd (3) for valuc-s of n 
throughout a unit interval, say ] < n ^ 2, the formula (4) will give 
lh(‘ values of the integral throughout the next unit interval, 2 < n ^ 3, 
from which in turn the v:ihic< of the integral for 3 < n g 4 arc deter- 
mine'!, and ."o on for all positiv(; values of ;i > 1. 

Furthennore, using formula (4) in the form 


— 1)! — wc call it the gamma 
(71 > 0). (3) 


r(a) 


r(n + I) 

f 

7i 


(‘1') 


tvemay, from the values of the integral for 1 < 7J g 2, obtain the values 
of the integral for 0 < n g 1. 'I'lms we ran lind the value of r(n) for 
all vahuw of n > (1 provith^i we know its value for I < n g 2. 
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We may now generalize further for negative \ alues of n by lettmg 
the formula (4) or (4') define r(n) when n is any negative number except 
a negative mteger For example, putting n = — 2 m (4') we obtain 
r(— 2 ) m terms of r( 2 ) Since the numbers 0, —1, —2, —3,* • sub- 
stituted in turn for n m (4') do not yield finite \ alues for r(n) we exclude 
these values from the domam of definition of the gamma function 

The complete definition of the gamma function definmg it for all 
real values of n except when n is zero or a negative mteger is 


r(n) = f dx (n > 0), 

do 

r(n + 1) 


(5) 


r(n) = - 


[0>n^ -1, -2, -3, • ) 


It is possible to generalize the gamma function still further for com- 
plex \ alues of n, obtaining the Gauss pi function Il(n), but we shall not 
use this function m our subsequent work * 

A table of numerical values of r(n) for 1 < n ^ 2 is given m Peirce’s 
^‘Tables ” From this table the values of r(n) for values of n outside 
themterval 1 < n g 2 (except n = 0, ~1, —2, —3, ) may be found 

by use of the relation (4) or (4') 

Example Fmd the value of (a) r(3 6), (6) r(05), (c) T(—05) 

(а) r(3 6) = 2 Gr(2 G) = (2 6)(1 6)r(l 6), by (4) 

log r(3 6) = log 2 G + log 16 + log r(l 6) 

= 0 4150 + 0 2041 + 9 9511 - 10 = 0 5702, 
r{3 6) - 3 717 

(б) r(0 5) = 2r(l 5), by (40, 

= 2(0 88G2) «= I 772 

(c) r(-0 5) = = -4r(l 5) = -4(0 8862) = -3 545 

To show that r(n) reduces to (n — 1)1 when n is a positive integer, 
we start wuth 

r(n) « (n - l)r(n - 1), 

then replace r(n — 1) by its value obtained from the same formula by 
changmg n to n ~ 1, namely r(n — 1) (n — 2)r(n — 2), and eo on, 
thus 

r(n) = (n - l)(n - 2)r(n - 2) 

= (n - l)(ii - 2) 1 r(l) 

* See, e g , J Edwards, “Integral Calculus,” Vbl 2 Chapter XXIV 



Mit.M] GEXERALIZATIOS OF FACTORIAL; GAMMA FUNCTION 221 

But rn) = J e~^flx = = 1; hence 

r(«) = (u-l)(7i -2)---l = (n -1)! 
wlirii u is a positive integer. 

Wo may now fill in the graph of the factorial (Fig. 43) and obtain 
the graph of r(«), as in Fig. 44. 



It is an interc.sting c.\'crcisc to find tlic exact value of rf^-) by integra- 
tion and compare with the value found by the tables in the preceding 
example. 

f’('i) “ r dx (let a: = y", dx — 2ydt/) 

•to J(i 

!r(l.)}- ^ I f r = 4 r f dx. 

Jo Jo 

Chati'.dng to polar coordinnte.', wc have 


fr(i)P - 4 


rn 

*^^0 *'o 


' P ilp do 






X\\) vC 


( 6 ) 
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This IS the e\act \ alue of r( 2 ) To four figures v,e have = 1 772, 
the value found bj the tables for r(0 5) 

65 A useful formula From the defimtion of the gamma function 
(5), of Art 64, ive liave 


r(m) r(n) I ds I dt (m > 0, n > 0) 

Lettmg s = x^, ds ~ 2zdx,t = y^, dt ~ 2y dy 

r(OT)r(n) = r 2 x‘’’”“*e”**d 2 : 1 dy 

do da 

=4r 

do do 

Changmg to polar coordinates, 


r(m)r(n) 


=< 7 ' 

^0 */o 


(p cos ^(p Bin '“*p dp dO 


I cos^”*”^ B 6 d6 I dp 

0 do 

Lettmg 5= r, 

J « t /2 

I e sm="-^ B dd I dz 

0 do 


= 2f 

*^0 


/" 

•^0 




em^’'~^0d9 - 


cos^"* * 9 sm^" ^ 0d9 r(m 4* n) 
rCm)r(n) 


(m > 0, n > 0) (1) 


2r(m + n) 

Tl + 1 , 

If we change 27n — 1 to fi» 2n — 1 to 0, i e , m to — ^ — , n to * 
we obtam as a special case of (1) 


r 


■(t) ^ 


■e*o 


prIZ 

= 1 8m’* 0d9 (n > —I) 

do 


the last integral being ^^Tltten down by eymmctrj— it could ha\e been 
obtained by changmg 2n — 1 to n and 2 pi -- 1 to 0 If n w an cacn 
integer the nboae expression becomes 


Anr. r>Aj 

n - 1 n - 3 


A USET^'L 1-OR.MULA 

^’©v; 
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n n — 
2 ’ ~2 


2 2 y 2^ 

2 I 


■■© 


(jl — 1) (?2 — 3) • • • 1 ~ 

77(71 - 2) - -2 2' 


{infl, if n in jm odd iiiloger, it becomes 
77-1 11 -S 2 /2\ 

VZ (7! - 1)(77 -3)---2 


n n — 
2 ’ ~~2 


Hi) 

>'© 


1 /I 
- 1 

2 


7i(77 — 2)- ■ -1 


Ilcm^e we have the much-oscd Formula 483 of Peirce’s “Tables” 
(Wallis’s formula): 

„rl2 


f pin" OdO - f 
♦’o •'o 


cos" 0 do 


(n - 1)(77 TT . . 

- , if 77 is a positive even integer; 


n(n — 

2)' 

■••2 

(77 - 1)(77 

— 

3) •••2 

77(77 — 

2)- 

••1 

/77 + 1 

\ 


H-t- 


v; 


, if 77 is a positive odd integer; 


(n > -1). 


lotting X = cos- 1?, the integral of formula (1) becomes 


( 2 ) 




x’—Hi -xT~^dx. 

'I'he beta function of ni Juid n is defined as follows; 

/j( 777 , 77 ) r= r x"~‘(] — x)"~^ dx. 

Jq 


Wo then hav'i* 

X' 




fir 


*^0 


/i(7/7, T7) 


co5-’ ’~* Ofiir"-' OdO 
r(m)Tin) 


T(m d- 77) ’ 


in Hhich V! > 0. r. > f). 


( 3 ) 
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66 A problem m dynamics. A particle mo\ es from rest at a distance 
a (ft ) towards a center of attraction, the force \ arj'ing im ersely as the 
distance Fmd the time required to reach the center 

If X (ft ) IS the distance from the center at time t (sec ), ue have 

dl- X ' 


uith dxfdt = 0 and x = a uhen I = 0, /., (ft ^/sec *) is a positive con- 
stant of proportionality Setting c = di/dt, t!(du/di) = d~x/dl' (Art 
G), i\e have 

, dv k 

dx X ' 

i\ hence integration yields 

2 

— = ~k Inx -f c 
2 


Since w = 0 nhen x — o, c = kina, and therefore = (dx/dt)^ = 
2k In (a/x) Taking the square root and using the negative sign since 
dx/dt IS negative, we get 

I di 

dl = — ■ - - ■ - , 

y/^ \/ln (n/x) 


so that, if T IS the time required to reach the center, 
rp 1 dx 

Jo \/ 2 k Ja Vln (fl/x) 

Now let y = In (a/x), u hence x = ae~^ and dx = —ae~^ dy Then 

a ,, ar(i) fx 


PROBLEMS 

'/i Bj substituting y “ f~* in equation (3), Art 54 obtain another form for 
I (n) (Peirce s "Tables, page HO) 

«'■> -X'('" j)'"''" 

Evaluate the follomng integrals 
(a) J W ^ xe~**dx, 

dx -- 


y/z 
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Attr. 50! A PROBLEM IN DYNAMICS 

'4. Given the funrtion 

F(m, n) >(lni) 


^hovv thnl (a) Fim, n) « r(n + ])/(m + W dF{nun)/dm ^ -F(7n, n 4- D* 

44 Find the area inside the oval (14- ^hr =» 1 — 

5, Firul lhf‘ If-npth of the lemnij-Tate p* — cos 20 . 

G. Find tlie volume generated by rotating one loop of the curve p' = sin 0 


nlKiut the polar axis. 

7. Find the area of one loop of (he cur\*e p^ — sin 9 cos^ 0. 

8» Find the arr^a bounded by the cur\a‘ ;r — 1 — 

9. l4'TKi the area bounded by the curve (d — x“)jr *= and its right-hand 
asymptote. 

10. («) Find an oxjjression in terms of gamma functions for the an*a bounded by 
tlie curve x'^"’ 4- ir*' ^ 1. {f>) Kvniuate the result of part (o) when « n = 
and check by direct computation of the area encto'''ed by the astroid. 

11. I4nd the moment of inertia, with respect to the polar ax'is, of the area bounded 
by on»’ loop of the curve p^ =* siir 0. 

y 12. Hhow that 


B(ti, n) 


i’(») 

2="-'r(n + J)’ 


v/13. Finil nt) ('Xprrajion, in terms of n, for 

Jx 

h Vl - x" 

Fvnluate thr* result for n » d. 

14. Fiiu! an exprt'^ioti, in tonus of a and n, for 


/' 


f 




- j" dx. 


ilio rcMiil for fl «» 10. n =» 2, ami rhrek tlie rinwor. 
y 16. By mr-ujis of the sulistitution i/ “ Irx-, show that 



(n > -1). 


W'lir-n j; jw 0, tht< rishiri's to ihi- n-lation 



hwh nri»j >. in l■o:Illov■iio!^ with th'- pruhnliihiv i-urvi' (Art. SS). 
1C. Sii.w. that, if r > 1, 



r(r n 


5»r;.w -,0 \ r-w-i!., It- th.‘ an a n-jin'-.-nt.-iJ i,y tho ititojtml whtTi f 
c-ojdh.ati- th»‘ n;?3\uuum 


2, fsud fmd the 
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17 Using four terms of a senes compute the value of the integral 




and compare the result v. ith the value obtamed by using formula (3), Art 55 and 
a table of gamma functions 

16 And the distance from the pole to the centroid of the area of one loop of the 
cur\e p* «= sin* 0 cos 0 
y/19 Show that 

r(i)r(l) = 2 f ^Vtan ff rffl = 4 r ^ ^ ^ tV2 

Jo Jg 1 + X* 

v^O Express the value of the integral 


m terms of gamma functions Hence, using the result of Problem 7, Art 30, show 
that 


/v^\ V^r(^) 


>^21 Combining the results of the preceding problem and Problem 3, Art 30 
show that 

/\/2\ V2^r(J) 

® V 2 / srfi) 2r(J) 

^^22 Combining the results of Problems 20 and 21, show that 

23 An arch is in the form of an elastica (Art 33) whose ends are perpcndicul ir 
to the Ime joining them Lsing the results of Problems 20 and 21, show that aL 
= ir<", and evaluate the ratio L/a 

24 Usmg Maclaunn s senes and gamma functions, evaluate 


J eos (sin^* z)dz 
a 


26 Find the area in the first quadrant bounded by the curve x* + “ 1 anil 

the coordinate axes 

26 In the problem of Art 50, if the particle starts at a dwtance of 25 ft from 
the center mth an acceleration numcncally equal to 8 ft /sec *, find the turn re- 
quired to reach the center and the time rcquircil to travel the first hall of the dis- 
tance to the center 

27 In the problem of Art 56 if the particle takes 1 hr to reach the center, find 
the trine required to travel the first third of the dftAnco to the center 
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23. FintJ tho timo rcquirtKl for a particle to flide from Ihc edge to the bottom of 
tj fmootli h'‘injffphi*ricid bowl 2 ft. in diameter. 

29. A particle finriB from rc 5 t at a dibtance 2 ft. from a center of attraction O and 
moves toward 0 under the action of a force winch vnricii invci-sely as the fourth 
power of the di'^tance from 0. If the initial acceleration of the particle is numeri- 
cnlly erpjal to 8 ft./.^ec.% find the time required to reach 0. 

20. A particle starts from rest at a distance 10 ft. from a center of attraction, the 
force varj'ing directly ns fijc squ.are of the distance. Initially the acceleration is 
num^-aically equal to I ft./sec.- Using gamma functions, find the time required to 
n\ach file center. 

31. .A particle moves in a .straiglit line in accordance with the law (fx/d(^ = 

-(2 3x^)/2r^, where x (ft.) is the displacement from the center of attraction 0 

at time t (sec.). If it starts from rest at a distance 1 ft. from 0, find (o) the time 
required to reach O; (6) the time required to travel the last I ft* 

32. A particle starts from rest at a distance 1 ft. from a center of attraction 0, 

the motion being given by the equation — —l/x”, where n > 1. Find an 

expresdon, in terms of n, for tlie time required to reach 0, Evaluate the result for 
n «« 2, and clicck by a direct computation. 

33. A particle starts from rest at a distance 1 ft. from a center of attraction O, 
the motion I>eing given by the equation (Px/dt"^ « —x”, where ?i > 0. Find an 
r'Xf»reKdon, in terms of n, for the time required to reach 0. Evaluate the result for 
n 1, and check by a direct computation. 

V/84. Evaluate the triple inlegni! 

where V is (he volume cut from the first octant bj' the plane x + 7/ 4- 2 = I. 

35. Hy suitably clifTo^-ing values of a, 5, and c, use the result of Problem 34 to 
compute the volume <d the letraliedron, its centroid, and its moment of inertia with 
icj an etlg'» lying jdong a coordinate axis. 


57. The Bessel function Jn(x). Bessel funrlions arc named after 


the. German mnlhe.matician and astronomer Friedrich Wilhelm Bessel, 
who was director of the ol)sen.*aton.- at Konigsberg. He obtained them 
in solving a differential equation connected with a problem in planotarj' 
motion. If Be.wol fimctiun.s applied only to this ])rohlem (hey would 
not he so useful to the engineer and pln'siei.st, hut it happens that Ihcv 
arise in many praelieal prohlerns in electrical engineering, acoustics:. 


aeTonanfie.'-s hydrodynamics, thermodynamics, and the thcorj’ of elas- 
tici?y. For examine, they arc used in the following types of problenrs: 
loading electrical transmission lines to increase induct anee; determina- 
tion f)f .vlriy-current loss in the core of a solenoid : t he theory of vibration 
«->! membrnne-s ns in loud speakens; problems dealing with wind-tunnel 
interference; ami proiilcrns in heat flow. The .student Is refcrrcfi to 
X. Vf. .McLaclilan-,. treatise, *'Hcs..oI Functions for Engineers,’* in which 
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a bibliography of nmet> -three references to theory and applications 
IS given 

Bessel functions are particular solutions of the differential equation 

+ = 0 , ( 1 ) 

which IS called Bessel’s equation of order n, although the differential 
equation is, of course, of order 2 The number n may have any value, 
positive or negative, integral or fractional, or even complex The form 
of the general solution of (1) depends on the character of n We are 
gomg to obtam first a particular solution of (1) when « is a positu e real 
number or zero, n g 0, this particular solution ivill be a Bessel function 
We use the method of Frohenius (See Chapter IV, Art 42) 
Assume a solution m the form 

y = a^Cco + aix + 022:^ + 032:^ + ), (2) 

substitute it in the differential equation (1), and determine c and the 
c’s so that the equation is satisfied We should keep m mmd that ne 
are not now trymg to find the most general \ alue of y which wall satisfy 
(1), but the simplest particular value of i/, and we empliasize this by 
calling it yi and wTiting (2) m the form 

= oox*’ -f + (3) 

We now substitute y\, dyjdx, ^yxfd^ for y, dyjdx, d^yfd^ m (1) 
and arrange the result m tabular form At the top of the table are the 
\anous powers of x w hich occur, at the left the terms of the equation in 
reverse order, with their correspondmg coefficients m the body of the 
table 



2* 

a:'+‘ 

^+2 

j-H-3 


-nyx 

— ao«^ 

—am® 

—Bin® 

—Can* 

— ojn* 

X^XJX 



Go 

Cl 

Bx 

dyx 

dx 

ooc 

ai(c4*l) 

a2(c-|-2) 

1 

C3(c+3) 

04(c+4) 

djT 

acKc-l) 

a,(c+l)c 

1 

B3(c+2Kc+1) I 

03(c+3Kc+2) 

! a4(c+4)(c+3) 


Since the complete coefficient of each power of x must ^anl.sh, wc 
wnte at the left the equations obtamed by placing the sum of each 
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column equal to zero; thc?e equations will be satisfied if c and the fl’s 
have the values written at the right. 

oo(c‘ - u") = 0, 

«i{(c + if - «'] = 0/ 


a.{(c + 2f - «'] + flo = 0, 


c = n, flo arbitrarj' 

«i = 0; 

— Oo 


02 = 


2 ( 2/1 + 2 ) 


OaKc + — «*] + «! — Oj 

0-1 [(c + -if — + Oa = Oj 


03 = 0; 

-02 

Qa — ■ " ^ ^ ) 

4(2/1 + 4) 


Ur((e *!■ ^)* ■“ "f" ^'•-2 ~ 


r(2// + r) 


^^''c notice tluit nil o’s wth odd subscri[)t vanish; furthermore we may 
substitute in o^ the value of oo previously found, then in Oq the value of 
f/4, etc., thus obtaining all the o's in terms of oq und ri: 


flo 


0, 


2-4(2/) + 2) (2// + 4) 

-Oo 


2 - 4 ■ F.(2// + 2) (2// + 4) (2// + l>) ’ 
and, in general, writing the even subscript r as 2/;, 

fl2Jt « ( — I)*- 


Oo 


2-4 -G - • •2fc(2/i 4- 2) (2/1 + 4) • • • (2// -f 2/:) 
Oo 


2-H-!(n 4- l)(/)-f-2)..-(/2 4-;.-) 
The pnieral term of (Hpiation (3) then become? 


>_!)* .... 

' 2-'/;!(/i4- 


ai\T 




4- l)(n 4‘ 2) • - {n 4- /:) 
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We now choose oo so as to make this expression as simple as possibIe> 
smce Co is arbitrary and 'n e are after a particular solution We could 
take Oq equal to unity, but it is better to let 

1 

Oo = , 

2”r(« + 1) 

this makes the pow er of 2 m the denominator the same as the power of x 
m the numerator and produces m the denominator (n + ^.)(n + k — 1) 
(n + l)r(n + 1), which is an expanded form of r(n + k + 1) 
obtamed by a repeated apphcation of (4), Art 54 Equation (3) may 
then be written 

a;n+z* 

~ + k + 1) 


W e ha\ e here a function of a: m the form of an mfinite senes which is a 
particular solution of the Bessel equation (1), we call it the Bessel 
function J„{x) 


Jnil) =^(- 1 )' 


+ k + 1) 


(to & 0) 


(5) 


This IS the definition of the Bessel function of order to, where n is any 
positii e real number, or zero The senes converges uniformlj m anj 
fimte mterval 

In the special case where n is a positi\e mteger or zero 


A(i) =2](-I)' 


r(H “H k -f" 1) «= (n + k)!, 

.n+2t 


2''+^^k\n+k)\ 


(n = 0, 1. 2, 


( 0 ) 


One might thmk that Jo(af) is the simplest of the J s but, at least from 
one point of view, Jy^ix) is simpler — it can be exprcs'^cd in finite form 
If n as ^ m (5), we ha\c 




2.2Jt+H 



AtiT. r,Sl DnTi:iir:N'TIAL formulas IXVOLVrXG .h AXD Ji 
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Wc nou' multiply inside the summation sign by Vx/2 and outside by 

y ” /2/; + 3\ , , 

V 2 A, at, the same time expanding T ( — - — 1 by a repeated applicji- 

tion of ('!), Art. 51; then 






A:*»U 




21: + 1 2k - 1 


2 


bG) 


Keplncing r(.’ ) by itvS value a/? [equation (G), Art. 54], and cancelling a 
2 from the denominator of each of the k + 1 fractions following A-!, i.e., 
cancelling 2*'"^’ into wc get 








rk\{2k + 1)(2A; - 


Now if wc multiply 2’' into A'! by multiplying each factor of 
k{k — ])•••! by 2, wo have 2k{2k — 2)- • - 2 which, sanduached into 
(2/.' + 1)(2A; — ])• • ‘1, produces (2A + 1)!, so that 



v.2t+l 






{2k + 1)! ’ 


wherein we recognize (at least if expanded) the familiar scries for sin x. 
'i'hon’forc 

'2 

( 7 ) 


= \! — •''in S'- 

' TTX 


58. Two differential formulas involving Jq and Ji. Writing out the 
expati.sion for Jnfj-) and J,(^) wo have, from (G), Art. 57, 


J„(t) ^ I 4- L-_+. 

2' ' 2’(2!)- 2'‘(3!}- ^ 


f (-1)' 


. 4 - 


X 






4^1 (x) **} 

2 2'^2! * 2''2!3! 


2‘3!}! 






4-1 


2-^^-Vri(A--f ])! ' 

Wo notice {hat the <lcrivalivc of the second term in Jr,{x) i.=5 the negative 
of (he nrst (enn y\Ji{x), the cleri\ ntivo of the tiiird term in ./o(a') {« the 
mtmt.ve of the .•^econd^lcm of J,(x), etc. In general, the derivative of 
tht> irxm conUunui?: in JctU) li? 
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dz^ 2'’*=+2(jr ^ + 1)«2 


^ ^ 22*+^il(i + l)l’ 

■which IS the negative of the term contaimng mJi(x), also, the 
denvative of the first term of Joix) is zero Hence 


~Mx) = -Jiix) 
ax 

We now multiply the senes for Jiix) by x and differentiate 

~{xJ,{x)\ 

dx 


d Vx^ X* 

' L'S ” 2^ 


1 +(■— 1)* h 

2^21 2®2'3t ^ 22*+‘i!(fc + 1)1 




- [X'flCx)] = x/o(i) 


We shall use formulas (I) and (2) in Chapter 
69 The roots of /o(x) = 0 and Ji{x) = 0 The student is familiar 
with the theorem m algebra which states that an equation of degree n 

OoX" + aix"“^ -f + ttn-lX + On = 0, (^0 5^ 0), 

has n roots, real or complex He may hav c been one of those who won- 
dered why so much work is expended m proxmg a theorem wluch is 
rather obviously true As a matter of fact it is far from obvious, and 
might be considered surpnsmg, that this general equation has anj root 
at all Suppose that n is increased indefinitely, then according to this 
theorem the number of roots increases indefimtcly Is it obnous, or 
docs it e\ en seem hkely, that the equation, 

oo + ojx -f a2X' + ^ 0» 

wnll hai e an infinite number of roots? As a matter of fact, it maj ha\ e 
no root at all, real or complex For example, the equation 


1+X4-- + -+ +-+ «0 

21 31 nl 
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lias no roof. It is equivalent to c~ = 0, and no finite value of .t, real or 
complex, satisfies tlii-x equation. When \vc form an equation bv setting 
an infinite .‘•cric.s in r equal to zero it is usualh' a difficult problem to 
determine the nature of its roots or to find them when we know their 
nature. The nature of the roots of Joix) ~ 0 and Ji(t} = 0, however, 
is known, and tabic.s of these roots have been constructed.* The roots 
of /oW = 0 arc useful in certain phy.sical problems, for example, the 
problem in Art. 7G, Chapter VH. 

I’he following statemente t indio^vte the nature of the roots of 
j^(x) = 0 and Ji(x} — 0. Thc-‘^c equations have no complex roots; 
they each have an infinite number of distinct real roots; betNveen two 
consecutive roots of either equation lias one and only one root of the 
other equation, i.e., the roots of the two equations separate each other; 
in each cqu.ation the dilTercncc between consecutive roots, as the roots 
become larger and larger, aiiproaches the limiting value tt, i.e., the 
function.^ and Ji(x) are ‘‘almost periodic” with (almost) period 
2r — the functions behave somewhat like cosx and sin x. 

Following are the first five positive roots of ./o(^) = 0 and Ji{x) = 0 
to four decimal ])lacc.«, together with the differences between consecu- 
t ivc roots. 


Ja(x) 

« 0 

JiM 

^ 0 

JiooiR 

Dl{rc‘rt*ncc>'^ 

t 

1 

Root? 

DifTorcnccs 

1 

1 

2.*10t8 

i { 

1} 

3.1153 1 

3.8,317 

3. 1830 

5.rj20I 

3,1330 ! 

7.0150 

3.1570 

R.G537 

i 

3.1378 1 

10 J 735 

3.1502 

n.7in5 

’ \ 

|i 

3.1394 1 

33.3237 

3.1409 


■ 1 

. 1 

1 

» 1 

1G.4T0G 

• 

* 

It 

1 1 

t 1 

) 



* .t.iiitilt-Efmif, "I uiiktiojK-ntaff hi,” for v.'ilta-' of thrj-e root.s to four or five 
t r, r of t!. IV-mk-v. ‘‘DifTcronlmiKleichuagnn dcr 

I iiX 
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Xonv 'WC can get some interesting and useful results by considering 
two of tbese Bessel equations of order zero and their solutions: 

Tu'* -f* *}* <x~xu = 0 , u — Joiaz), ( 2 ) 

xv" + v' 4- ^xv = 0, V — JoO-r)- (3) 

Tlicn 

u(xr" -f v' -f — v(xji" + «' + cc^xti) — 0, 
or 

(8~ — cr)xuv — x(ti"v — lu’") + (ti'v — vv'). (4) 


Now the right member of equation (4) is an exact derivative: 
</It(u'v - mOJ/dx, so that integration of (4) between z = 0 and z = 1 
gives ^ 

(fi- — «") f xuvdx — rx(«'u — r«e')l = ~ • (5) 

Jq I- JO 

Since u - have from (1), Art. 58, 


u' = — Jo(o^) 
dx 


d diax) 

Joiax) - — ; — = — aJi(az). 


d(ax) 


dx 


Sisnilnrly r = Joi^x), r' 


f 


xJ(i{nx)Jni8x) dx = 


and equation (5) becomes 
aJi (a)Jo(8) 4- fiJ o{<x)J i (fi) 


/3- 


a 


( 6 ) 


Xow. if q: and 8 arc distinct roots of ./o(z) = 0, /o(«) = 0, = 0, 

and equation (,G) reduces to 

r xJoictx)Ji^iSx) dx = 0 (a /3). (7) 

‘'o 


However, if /9 o. e-aeh being a root of ./q(z) = 0, the right member 
of q'.) is of the meaningless fonn 0/0, and we may evaluate the limit 
by considering n us a root of Jo(x) ~ 0 and ^ as a variable approaching 
tbe right member of (fi) is -aJi(a)Joi8)/(0^ — a"), and, by 
fUffenuitiating ixith lumnerator and denominator with respect to /5, we 


run 

i!“« if - a' 2,3 


1 

q 




(S) 


Hence we obtain from {(i) 





( 0 ) 
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The integral relations (7) and (9) im 11 enable us in the next article to 
find the coefficients in the expansion of a function of x in terms of Bessel 
functions 

61 Expansion of f(x) in terms of Bessel functions of order zero 
Denote by ai, 02 , 03, the positn e roots of Jo(®) = 0 Then for a 
mde class of functions an expansion of the following form, valid for 
0 < X < 1, IS possible * 


/(x) — Ai/o(aia:) + A 2 Jo(a 2 T) + + A„jQ{anX) -j- (1) 

To determine the A’s we multiply (1) by xJo(“na:) and integrate from 
0 to 1, assuming the validity of termw ise integration All integrals on 
the right vanish by virtue of (7), Art 60, except the one containing 
and we have ^ 

I xJQ{anx)f{x) dx = A^\ xJQ{a„x) dx 
•^0 *10 


by (9), Art 1 


Therefore 


An , . 


2 

A„ = -5— I TJ(i{a„x)S{x) dx 

dl{ctn) do 


( 2 ) 


We then ha\e an expansion for/(x) in the form (1), the coefficients 
being given by (2) 

Example Expand unity into a senes of Bessel functions of order zero 

Here/(r) = 1 and A„ = . f xJD{a^)dx 

J Jo 

can perform this integration by use of formula ( 2 ), Art 5 S, for clianging 
X to a„x in that formula gi\ es us 

tf[a„T/i(a„x)] “ anxJo(pinX) d(a^), 

or , / V 


A 2 2 

yf(«„) L a» Js 


and senes (1) gives for the expansion of unity 

^ 2 Jp(gix) 2 JoCa-j) 2 Jo(a^) ^ ^3) 

ai *fi(aj) ^02 Ji(a») a, 

• Sufficient conditions are that the function be continuous and tiave a finite num 
Ikp of oscilUtions m the interval 0 ^ z £ 1 
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THE BI^SEL FUNCTION /-n(x) 

Thp P'rics i? valid for 0 < j- < 1 . It docs not hold for x = 1 since the scries 
then rc<iiico-s to zeroj it docs, however, liold for x = 0, gi\'iiig the relation 

y I — = i. 

“Tl OCr.J ifttn) 2 


G2. The Bessel function If we change « to -n in scries (5), 

Art. .j7, wc obtain 


£(-)- 


2-"+2'7:!r(-7! + A: + 1) 


If n is not a positive integer, this series is convergent for all real values 
of j cxcoj)t zero and definas a function which wo call 

When 11 !i]>proache3 a positive integer N, !'( — « + A- 4- 1) becomes 
infinite if /; = 0. 1 , 2, • • • , (A* — 1), so that for those values of k, the 
terms of the above scries approach zero; the non-vanishing part of the 
series begins with h = N and takes the form 


(_l)t ^ 

2--''+‘^A-!(~A^ -f A-)! 

( j-V 3.<V+.1 j 

r- ( ^ I ' 1 j 

! 2-'' A'! 2-'’+'(A' +1)1 ‘ 2‘'’+’0V + 2)12! ” ’ 1 

= (-n'V.v(x), 

which we define as the value of J_.y(t), where A* is a positive integer. 
We then have for the complete deiinition of the Bessel function of nog- 
ative order: 


— ri-f IW* 






+ 1 ) 

(0 g a 3^ 1,2,3, 0) 

(A^ = 1,2,3, 00 

When It r- 0. 0) gives the same %-alue for./„(x) as (1) of Art. 57. 

1 h-' finvuiou J hire can be expre.-sed in finite form, 

y' have, h-tiing ft =: ?, in (1) (cf. the derivation of the formula for 
e ujx) in Art, A7h 

i2..» ri ’.■‘.iii.a si..iy Im' (■ .otiilt'-hf-'! hy a ninrr fxtrn'^ivt' nrsalNTris, 



GAMMV, BESSEL AND LI GLNDRE FUNCTIONS tCiiAP VI 




2-H+2i^ir 




m 


ir^*' 

2 2 2 


Q 




2^V(2i - 1 )( 2 ^ - 3 ) 1 


(2*)' 



( 2 ) 


The function J'_n(x), when substituted for y in the Bessel equa- 
tion (1), Art 57, will satisfy it, since J—n{x) differs from the solution 
/n(x) only m the sign of n, and n appears only squared m the Bessel 
equation Thus, when n is not an mteger or zero, we have two mde- 
pendent particular solutions yi = Jni.^) and y 2 ~ of Bessel's 

equation of order n, and the general solution is 




(3) 


where A and B are arbitrary constants For example, the general solu 
tion of Bessel’s equation of order 



y = AJy^(x) + BJ^{x) 


[2 

= A \/ — sm X -f- B 

^TTX 

Sin X cos X 


[2 

\j — cos X, 

^ TTX 


Wlien n = 0, (3) reduces to y = (A + BVoC^^) = CifoWt where C 
is an arbitrary constant When ms a positiv c mteger N , (3) reduces to 
y » [A -f- BC— I)''j/v(x) = KJs(x), ^^herc K. is an arbitrarj constant 
Tims equation (3) yields onlj a particular solution of Bessel’s equation 
when n IS an integer or zero To obtain the general solution m this case 
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tlif* ftinclinnw Jn(/) and J-nir), whidi are called Bessel functions of the 
(in-t kind, arc not siifncicnt, and Bessel functions of the second kind arc 
introduced. However, we shall not discuss these more complicated 
functions of the second kind, since none of the applications Avhich we 
.'hall condder will involve them.* 

63, The her and bei functions. W'c now consider the following dif- 
fcTcntial etpiation which occurs in certain problems in electrical engi- 
neering and which we .shall meet in Chapter "'tHI in connection with an 
e<ldy-currcnt problem: 

ffy dy 

3- 73 + 7- - wy = 0, (1) 

(ijr dx 

wlieie I = \/ — 1 . This is equation (1) of Art. (»0, with a~ = —i, so 
that we have as a particular solution: 

y = ,fo(or) = (2) 


Xow r'* has two valuc-s, for 


i'-^- = (-0 


'3 _ ^•(3r/2-f2nr)/2 


in = 0, 1), 




In ?lio particular solution (2) we choose 
Substituting v^x for .r in the .scries iorJo(x), .Art. oS, we have 




.fo(i x) 1 2 - ‘^ 2‘(2!)= 2°(3!)= 2‘'(-l!)= 2'°(5!)= ’ 

2-~ 2’{2!)- 2"(3!)- 2'^(4!)= 2’”(5!)2 

2AH ’ 2 A 1 W 

' [ 2 = 2 Ai-g= iws-io- J 

S= 1 ri- ( — 1)^ -“XT. 

•f 4 ~ — 1- 

L ^ 2'W-..(H: -2)=J 

* invotvinK U.<« functions ro.ay Ik: found in McLachhn’.s 



240 


GAMMA BCSSLL AND LEGENDRE FUNCTIONS [Chap VI 

Thus for X real is complex We define the her (Be*!sel real) 

and bei (Bessel imaginary) functions as the senes m the above brackets 


bcrx = 14*2^“^)* 


2^4=6* (4fc)® ' 


beia 




) that 


2 '’ 4 '’ 6 =^ {Ah - 2)2 ’ 


Jq{i^x) = ber x + t bei x 


(3) 

(4) 


We next derive tii o formulas connecting the ber and bei functions 
If the second term of the ber senes, namely — {x*f2'^A^), is differentiated 
and then multiplied by x the result is — {x‘‘/224) , the same result with 
opposite sign is obtained if the first term of the bei senes, namely x^/2^, 
13 multiplied by x and then integrated from 0 to x A similar relation 
may be noted between the third term of the ber senes and the second 
term of the bei senes This suggests the foUoiving denvation, using 
equations (3) 


xber': 




224^02 {Ah - 2)2(4^) 


‘'0 


X bci X dx. 


or 


— (x ber' x) = — x bei x (6) 

dx 


We may notice further that identical results are obtained by multi 
plymg an> term of the ber senes by x, then mtegrating from 0 to x, and 
by differcntiatmg the corresponding term of the bci senes, then multi- 
plj mg by X The general denvation follows, usmg again equations (3) 

r x 2 ^ x ^*’^2 

_ . b„ X * = - + 

Bringing the first term of the senes under the summation symbol the 
senes appears m the form 

Z ^ « rbci'x 

{zf 22 42 0 =^ (Ul - 4)2(U - 2} 


Hence 


— (x bci' x) = X ber x 


( 0 ) 
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Tables {rivinc numerical vriluc:: of Ijcr t, be! x, her' x, and bei' x may be 
found in McUichlan’.e “Bc5-‘Jc 1 Functions for Engineers,'" pages 177, 17S. 
Since m(Ht of the physical applications of Bessel functions depend also 
on partial ditTcrcntial equation-^, we defer the discussion of sucb prob- 
l<'ms until the next chapter, 
giving here only one applica- 
tion to a problem in mechanics. 

64. Wire clamped at lower 
end. Given a wire of length 
L (in.) and weight ir (lb. /in.) 
chunpe^l at it.s lower end at a 
'•null! angle tan~^ Po to the 
vertical (Fig. tO). We wish to 
find the deflection due to bend- 
ing and the inclination to (he 
vertical at the upper end. 

We first find the differential 
equation of the curve of the 
wire. Take the x-axi« vortical 
and the y-nxi.s horizontal 
through the lower end of the 
wire, and let P[x. ij) he any 
point on tlic wire at which we consider the shear. Q, duo to the weight 
of the portion PA of the wire above P. Etjuating the expression for 
shear found in .\.rt. 7{f), Chapter I, to the resolved part of the weight 
<*f PA nonnal to the wire, we have 

Q ^ Ehf = -XP{L - x) sin 6, 

where E (lb. /in.*) is the modulus of elasticity and I (in."') is the momeni 
of inertia of the area of a ero'^s-section about a horizontal line per- 
pcudisular to the avis „f {{,(. ^vire, Ueplacing sin 0 by tan ? = i ' -,~ 
-m.:!! bending, .a,s in the derivation of the formula for Q. the difl*' — r" 
<“}iiutif)n t)f the curve of the wire is * 

I/'" -r ^ U. - x)p' 0. 

L‘'ttia? v' " p, - jT r- r, te Ei - e*. then j/" = ^ ~ - 

.Old e luation (h takes the h)nn 



t . V • ! (5;, *! ,.,5 ,4 j,,;. jy, , .. . 
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To solve this equation and get p as a senes in r n e use the method of 
Frobemus, Chapter IV, Art 42 Note that at the free end of the ware 
where r = 0 , p, the slope, is not to be zero or infinite We therefore 
omit the factor precedmg the senes ( 1 ) of Art 42, Chapter IV, and wnte 

p = Oo + Uir 4- azr^ + 03 ?^ -f (3) 

Furthermore, smce the curvature of the vure is zero at the upper end, 
A, we must have p" = dp/dz = 0 vhen x ^ L, and hence dp/dr = 0 
when r — 0 , that is, 

Oi 4“ 2o2r 4" 303 !*^ 4" =0 

when r = 0, whence ui = 0 Our trial senes for p thus takes the form 
p = Co 4- 4- car^ 4- (4) 

Substitutmg this value of p m (2) and arranging the result m tabular 
form — ^at the top of the table the vanous powers of r which occur, at 
the left, the terms of the equation with their correspondmg coefficients 
m the body of the table — n e have 



Constant ' 

>• 


r» 


r» 

r“ 





e^oo 


raj 

<?ai 

c*a 4 

c^as j 

c^os 


^ 1 
di^ 

2a2 

3 2a3 

4 3ai 

5 4o5 

6 Sat 

7 607 

i 8 

9 8 a» 



Since the complete coefficient of each power of r must vanish, the 
sum of each column must equal zero Hence 


' Cs = 

- 0, 

04 = 07 = Oio 

03 = 

C^Co 

with Co arbitrary, 





C^Co 

ca = 

“Fs ' 

'0532’ 


C^Co 

c^flo 

C9 = 

'“‘9*8 ' 

9 8 0 5 3 2^ 
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03>; = (~1)* 


< 11 . 

c-'-flo 


3/.'(3/c - 1)(3/; - 3)(3fc - 4)- • •G-5-3-2 


C Oo 


SubKliluling in (4) wc have for a particular solution of (2) : 


^2\ 




< 3 / 3^'^kir(k + §) 


( 5 ) 


31«s reminds \is of the Bessel function J_^(az), for if we change x to az 
in (1), Art. G2, with n = -y, we have 

The summation in (5) will reduce to that in (0) if we let c/3 = a/2 and 
t' j and if xvc talvc a^) p(2/3) ^vhere A is another arbh 

(niry con.stant, equation (5) nxluces to 


V - Ac«/_h(oc), 


( 7 ) 


anoflior form of the particular solution of (2), where r = r^and a ~ |c. 

'Po sa.tisfy the condition p ~ po when a: = 0, i.e., when z - L’*", wc 
have, from (7), 


A 


Vo 


Suh^-tituting the value of A in (7), 

d// _ 


p =r 


dx 

itut X ^ L ~ dx »= —jz~^^dz; hence 


(S) 


dy 




L-Brng yt ho the di*q)l.'!<a-mr nf of the upper end of the nire from the 
\ crowd and mtegrating from y « 0 to y « ,7^ xvliile c varies from 
- ij " Z 0 . 
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. 2po . 


^ J-^(az) dz 

' ZU^~ J-^iaL^) 

».r©"s<-' 


(azf^ 






. ^ 
3 


C^fz-^ 

Jo Vr(l) 


(oL«)2^ 


2^’^lc^rQc + l) 

>4 „4_1H 


7 + 


2" ^r(i) ^2^214 ivg) 


1 


c?L^ 


r(l) 2^ lr(i) '^2"2ff ^r(^) 

_ 2po — -g- -fg^L'* + — 

3 1 — + -g-^a^Zi® - 


a*L^ 


= pt>i^ 


■3W“ 

I — ~ 


1 — — ’ 
Vi. = PoZ^Cl + + ' sVeV ^^-^^ + ) 


(9) 

(10) 


This fonnula gives the displacement of the upper end of the wire from 
the vertical Since poZ/ is the displacement of the upper end of the wire 
when straight, the deflection due to bendmg is represented by the senes 
(10), omittmg the first term 

To obtam the mclmation of the wire to the vertical, at the upper 
end, we let r — 0 m equation (8) and denote by Pl the corresponding 
value of p Noting that the ^t term of the senes for is 

2^/a^r(|), we get 

Then tan~^ px, will be the required angle of mclmation 

If IS lai^e enough so that/_}j(aL^’) « 0, formula (8) breaks down 
This indicates that the dilTerential equation (1 ), w Inch as sot up under 
the assumption of small bending, is no longer ^wlid The smallest 
positrve root of J_jj(z) =* 0 is 1 87, we must therefore stipulate that 
aZ/^ < 1 87, that is, L < (1 87/a)^ The approximations gi\cn by (10) 
and (11) become less accurate as L approaches the above cntical \alua 
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PROBLEMS 

1. Cornput/*, corroft to four cU-cimal place?, the values of 

J-uil). 

2. Denve formulaj^ 

dx 

^\T-Vr.U)) = -Z-Mn+lfl). 

(It 

3. J^iminatr- Jn-iW tlio rolntionfs of Problem 2. and obtain Bessel’s 

rfjii’ition (1), Art. o7, with u replaced by Jn{x), 

4. Ti-inc; rebtjon (2), Art. oS, and the Bos.«el differential equation satisfied by 
Jif/h fho^v that 

x^fiix) — — ly'iW = jrJoi^) i-JcJoix). 


Unw dednee relation (1), Art. 5S. 
6. Fhox\' that 


fix X X 


and hfnee tirat 


C. i^hotv that 


2« 

-J- IzMx)A(t)] ■= zUlix) - J-(x)l, 


nnJ hffifc evnlu.'ilo, rorre-ct to four dmmril place?, 


f\-(4 - ./?) dx. 

Jr, 


7. Show th.at 2Jo{?) - j.Sx) - ,Ug"{j) 4- Sj'oix) + JjW « 0. 

6. S'.uw.- that 

IJlUVi - ^lJ;.y(x) -4-tWj- 


e)x 


0. b'hov; that 


/ 2 A-dnx \ 

J K^\r) »» fHx X 1 • 


10. Obtain a finltf etpn^vjnn for Ji.(j). ami ti-e it to compute /i 5 {x/ 2 ). 

11. that « xJi(t) h a folution of the differentbl equation xt/' — 

'■ 2‘Jc'T} •’f 0. 

12. ihs*. ?/ i*-* a solution of tljf* equation xV' + (r* — 2)j/ »= 0. 

tlu’A y «« Is a s-dution of the efniation — r/ -h (1 -p x- 

* ’d * 0, 

14. S;wn {);-vt rM.O) L .a >->lti'lQT) of the wpjation x;/" 4- (I - 2n)?/ 4- xv 
- 0 W’^-r, «. »• 1. *hovv sha; th.- if ncrul soluiion of U.i? ojuaHon is v « cj sin r 
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+ cj cos X What values must c\ and C2 be given to produce the proper expression 
for the Bessel function of order 2? 

16 Shon that 

^xJUx)dx - WlJlix) + J?(x)] +c. 

and hence evaluate 

(TJl{x)dx 

Jo 

16 Show that y =• x^Jn{x) is a solution of the equation 4“ — n* + |)y 

= 0 and evaluate y' for x = 1 and n = 1 

17 (a) Using the method of Frobenms, find a Maclaurin senes solution of the 
equation x^y" — zy' + (x* + 1)2/ “ 0 and identify this senes as the expansion of 
x/o(x) (6) By direct substitution, show that y = xJo(,z) satisfies the equation of 
part (a) 

18 Show that 

I xfber* X + bei* x) dx o(bei o bei' o — bei o ber' o) 

Jo 

19 Using the fact that y = ber x + i bei x is a solution of the equation xy" + y' 
— txy = 0, derive the relations 

— (i ber' x) = —X bei x, — (x bei' x) «=• x ber x 
di dx 

20 Using relations (5) and (6) of Art 63, obtain a fourth-order hnear differential 
equation satisfied by ber x 

21 Using relations (1) and (2) of Art 58, together with integration by parts, 
obtain the reduction formula 

JiVoCx) dx - xViCx) -I- (n - l)x"->doW - (« “ D*/ i’‘"Vo(x) dx 

22 Using the result of Problem 21, show that 

J j^Jdiax) dx = — — di(a) + ^*^0(0)* 

J x(l — z^)Jo(ax) dx = 

23 If ai 02, , o», are the successive positive roots of dc(x) »* 0, show that 


24 Show that 


/o»i) - E („J - ' 


where the a s are the positive roots of Jo(x) *» 0 and 1 is a constant different from 
the 0*8 
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25, Sho?r that 


In r 


*7o(crf>x) 

tr^jCan)* 


vrhcrc tht' o’p arc the po'ntlve raot^? of Jc{x) — 0. 

2G. A Htcrrl mtit 5 ft, lonR and I in. in diameter, for which the density is 480 
and A’ « 3 X 10" lb./in.% is clamped at the lower end at an angle of 1® to 
Ific vcrlirnl Find the {leflcction due to 1x*nding and the inclination to the vertical 
at tli^* uptKT end. Verify the fact that the length of the wire is less than the critical 
value. 

27. Ry iiring the fir?l four terms of tlie series for find an approximate 

value of the smallest positive root of J_^(x) — 0. 

28. equation (1) of Art. bl by the following alternative method. Making 
rurc(^sive1y tlie substitutions »/' « p, 7 j — x == p = r-^r, 4ir/9^/ ~ a‘, trans- 
form (1) into 



8!iow that the general solution of this equation is 

r s*’ “b BJ ^ 

and d^’t^rmine the constants A and B so tliat the conditions of the problem are 
^Flie particular solution may ixi expressed in the form 

dp _ p,v>*‘^J_i^(or) 

^ ” dr “ V'J.^iaL'^) ' 

from ^Oiirh the value of pr, equation (10), may l>c found by integration, 

65. Legendre functions. Another second-order linear difTerential 
<‘qnati(?n of con^dderalde importance in applied mathematics is Le- 
cendre'ft equation. 

^ (fu dy 

(1 - X-) — ^ ~ 2x -f -f nin -f l)v ==0. (I ) 

t/x* (tX 

Here n is a constant, and the functions satisfying (1) are accordingly 
L^^gendreV funrliuns of ontier n. Wlicn n is zero or a positive 
integer, etpiatifur (1) has polynomial sohitionK of special interest, as 
ue shall 

The ceraxal mettiod of Fri>!>c*nius may he applied to Legendre^s 
c^paritjon, pi-*t as it vc:i< to r'Ctting 


t; - Ci. 


VO by r<\ni\iinz the total roeilierent of each 

r-:hit5ffns 


power of X to zoro^ the 


-- 1 ) r-r 0, 

oiic ri- he - 0. 


( 3 ) 

f4) 
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nitcl tlius llio value c = 1 furnishes precisely solution (7) over again. 
Therefore y = ?/i 4- ys. where i/j and are given by (6) and (7), re- 
sperlivcly, is the general solution of Legendre’s equation. Applica- 
tion of Theorem I, Art. 3S, shows that series (G) and (7) are absolutely 
convergent for j 2: j < 1. 

If n is Kero or an even positive integer, the coefficients of all powers 
of .t beyond x" in (0) reduce to Kero, so that iji becomes a poboiomial 
of degree 71. likewise, if n is an odd positive integer, (7) becomes a 
Itolynomial of degree n. Thus, whenever n is zero or a positive integer, 
(ho general solution of Legendre’s equation contains a poKmomial so- 
lution. and an infinite series solution, t2„(a:). The Legendre -poly- 

nominh Pn{^) are defined as follows: 


PJj) - (- 1 ) 


n,2ll±l±JL}l 


2-4-6- 


n{n + 1) o , 

1 x~ -f ■ 

2 ! 




1-3-5---7! 
2-4*G -'-(n - 1) 


(n 


(n even), (8) 
l)(n + 2) 


3! 


-x^ + - 


(71 odd). (9) 


Here the coeflieients oo and oj of (G) and (7), respectively, have been 
rhoseti so that we have /'n(l) = 1 for eveiy positive integral value 
of n. 

It may be shown that f?„(,r), called the Legendre functions of the 
Mvoiul kind, become infinite n.s x approaches ±1; accordingly, the use- 
fulness of these functions is restricted, and they do not arise in applied 
mathematics as often as the rational integral functions P„(x). Tlie 
rcmiiinder of tmr discussion will therefore be confined to Legendre 
polynomials. 

Although the even and (aid functions (8) and (9) .seem to be unlike 
in fonn, it is possible to got a single expression for P„{x). tMicn n is 
even. (8) yields, oompuctly. 




1 ) 


X 


(« 


2k 4- 2 


IJ i'n - 2k} •••»(» -f !)(,; -f 3). . 4. 2/; _ ]) 

(ii^! ~ 


,2* 
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Expanding this summation m descending powers of x, from h = n/2 
to i = 0 x%e get 


13 (n - 1) [2 4 n(n 4* Din + 3) (2n - 1) 

“n\X) = — 

n L 


2 4 


«! 


4 «(n + l) (2n-3) _ 

(/1-2)' ^ 

6 n(n + 1) (2n - 5) . 


(n - 4) ' 

(2n - I)(2n - 3) 3 1 


x” — 


n(n - D(n - 2)(n - 3) 
2 4(^- l)(2n - 3) 
Likewise, when n is odd (9) gnes 
13 n 


»(» - 1) 
2(2n - 1) ^ 

r-- J 


Pnix) = (-l)<"-> 




2 4 (n- D 

{n - 21 + 1) (n - l)(n +2) (n 4* 2k) 


{2k4- D’ 

so tliat expansion m the reverse order jields 


P (x) ^ 3 « p4 («-l)(n + 2)(n4-4) (2n-l) ^„ 

" 2 4 (n - 1) L m ^ 

4 (n - l)(rt 4- 2) {2n ~ 3) 

(n~2)J 

, G (n- I)(71 + 2) (2«-5) 1 

(n-41' J 

(2n - l)(2n - 3) 3 1 f „ n(n - 1) „ - 

SB I X X 

n! L 2(2 m - 1) 

n(n- l)(n-2)(n-3) I 

2 4(2n - l)(2/i - 3) * ” J ’ 

which has prccisdj the same form as for n e\en Hence, gandn idling 
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it\ fuctorials and po\ver.< of 2 in much the same way as was done in 
An. 57, we find that 




A* / 

r— 

jLj on/, 


•iy^(2n - 2;:)1 


f^2''/:!(7i-/:)!(n-2/:)! 


2/; 


( 10 ) 


where iV = n/2 when n is even and A" = (n - l)/2 wlien n is odd. 
'i'he finst few Ix;gcndre polynomials are 

/>„(x) « 1, Piix) = .T, PaC'c) = -|(33^ - 1), 

/>3tT) = -’(ox--' - 3 .t), P,{x) = U^ox^ - 30x2 ^ 3)^ 

P'M = -J(63x" - 70x2 + lox). 


The.^o illustrate the fact that P„(l) = 1, as was stated above. 

K.'iing (10). we may now establish an important and useful relation 
known ns Rodriaucs!^ formula. From the binomial theorem, for anj' 
po.sitivc integer n, we have 


f^/d(n-A-)! 


To introduce the factor (2n — 2/:)! and to gel the {n — 2A-)th power 
of X, as they appear in the k\h tenn of (10), we differentiate {x~ — ])” 
X time.s. Tlien, using the operator D = d/d.r, we get 


v 

D"(.r - D” -X) 

W ft 


(-I)'T! 
/;!(« - /;)! 


in-2k)\ 


(Vtinparison with (10) shows immediately that we have 

= — nV-D”; (ij) 

this is UodriguoV formula. 

As an applicalitin of U'gendrc polynomials, consider the problem of 
determininc the ])otential at a point P due lo two electric charges, 
minwrically e<iual but oppo'-ito in sign. Suppose the charge.s, rj and 
to Iw a di.st:i!U'c 2o apart, with O ns midpoint a.s shown in Fig. ^17: 
U'l O/* t" and h't angle AGP ^ 0. Tiion the potential at P is by 
dcfniition, ' " ’ ' 

f) 

H =s — <]{r ’ — 


( 12 ) 
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If 6 > a, we maj wnte 


r ~ — 2ab cos 6, 

s ~ Vo^ + 6^ + 2ah cos 6 


, 1 / 2o cos 5 o^\ ^1 - ^ 

■\>rhere i = cos 9, y = a/b Since x and y are both numerically less 
than 1, 2xy — also is, and therefore (Peirce, 750) 

[1 - i2xy - r)]-« = 1 +2 

^rr 2 4 2r 




But we also ha\e, bj the binomial theorem, for each posiln c integer r, 
(.2I1J 4 -^ 2’->x’-iy’+l, 

whence 

Now let p + j have a fixed v alue n, as j runs through the values 0, 1, 
, / , ,n, then r will hnv c the corresponding values n, n — 1, i 

n — k, , 0, so that the total coefficient of ” y” be 

■f^ (-ify2n-2l.yy'-» _ ^ 

^ 2'Uin - mn - 2W ^ ’ 
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bv (10). Wc thcrofore have (he relation 

(1 — 2X1/ + — 1 + ^ ^ Pn{^)ir j Pni^)y J 

n«I 

valid for 1 X j < 1, j 1/ i < L Changing .r into -a', we also have 

« 

(1 + 2 x 2 / + ?/■)“'• =2 

n -»0 

and therefore (12) becomes 


since x cost?, y = a/6. But, if ?i is even, Pn(x) is an even function, 
.«o that P„(- cosfl) = PnicosO), and consequently all even powers in 
(M) vanisli. On (he other hand, wlicn n is odd, P„(x) is an odd func- 
tion. whence P„(- cost?) = ~P„(cohO} and the odd powers in (14) 
are duplicated. Hence, for h > a, 


u 


h 

^ n »»0 




(15) 


Wlicn h is verj' large compared to a, a .single term of (15) may be taken 
;is an approximation to the exact value of 7i. Therefore the potential 
i'-' np;!rly equal to 


b 


Pi (cos 0) 



2qa 

— — • cos 0. 
h- 


The <iuantity 2Qa is called the dipole moment; denoting this by y, we 
have, as the di5)olc potential, 

H cost? 


If 6 < a, the expression for the potential at P becomes 
2q 

“ T 2^ /2.4.i(co5 0) i~] ; (IG) 

thl« follows at once from (15), for we have merely to interchange the 
a and b throiighuut, as wc may .since the e.xpressions for tlic 
di-tanecs r and a arc .s>-mmetric in a and 6. 

1 in* forciioing application is one instance (4 the way in which a func- 
tmn m.'iy be expanded in n soriev of Legendre polynomials P„{x), valid 
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for I x j < 1 More general t>Tpes of e\pansions analogous to those 
obtained with Bes-sel functions are also obtainable as follows From 
Rodrigues’s formula (11), we ha\e, for k any positi\e integer or zero, 

2 n' 

Integrating b\ parts between the end points re = —I and ar =» 1, we 
get when n = 1, 2, , 

2”n»r 3^P^{x)dz 
*'-1 1 

= J ar^ID^Ci^- l)"Jdj; 

= - I)*^] - kj - l)“]dx 

‘^mce the (n — l)lh den’vatne of — 1)" has — 1 as a factor, the 
first term of the last member vanishes for x = I and x = — I Con- 
tinuing the process of integration by parts we thus find that 


J x*P„(x) dz = 0, 
r) is a polynomial of degr 
J P*(x)P„(i) dx = 0, 


for k < n Since Pkix) is a polynomial of degree k, it follows that 


for / < n Moreover, since k and n are interchangeable in (IS) this 
relation holds for A > n as well But, when ^ = n, n successive inte- 
grations bj parts j leld 

2 "riJ x^Pnix)dz = (-l)"n’J (i® - l)"rfx n^J (1 - dz 
Setting X sm 6, dx = cos 0 d$, this leads to 

2" r x'*P„(x) tfx = r cos®”'*’^ 0 do 

pTtZ 

= 2 coi?^'^^ed0 

Jq 

2n{2n - 2) 4 2 

l)(2rt- I) 3 1 
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by Wallis’s formula (Art. 55). Dividing by 2" and completing fac- 
torial.s, thi.s become.? 



( 2 « + 1 ) 1 ' 


(19) 


Ilencc, from (10) and (IS), we have 


L 


’ . (2a)! 

]P„ix)fdT = 

•1 


2" +>(«!)■ 


2'’(7i!)- (2n+l)! 2a + 1 


( 20 ) 


Tlic?e rc.sult.s .suggc-st the following procedure. Let f(x) be a func- 
tion defined from a: = — 1 to r = 1, and assume that an expansion of 
the form 

ft 

Six) = J]/i„P„(T) (21) 

T1 ■« t) 


is obtainable. To compute the coeflicients /?„, multipty both members 
of (21) by Pnix) and integrate over the inteiTal of definition of/(x); 
relations (18) and (20) then yield 

f J(x)P„(x)dT r= dJ [p,.(a-)]=f/T = -4--Pn, 

*/_] .l_i 2n + 1 

or 

2n + 1 r‘ 

= __ J /(ar)P„(x) dx. (22) 

Pxnmpk. Find the, l.e>;en<lrc-polynoniial serie.s representing the function 

(U) - - 1. -1 < X < 0,/(j) - 1, 0 < i< 1. 

Formula (22), together with (10), give.? 

Ih - dx + lf\l)(l) dx - - J 4- 1 = 0, 

Jh - ?£/-l)(-r) dr 4- dx = 5 4- 3 - -3, 

R. r- 5 f\-l)t(3x"- - 1) dx 4- ^ J^\l)l.(3x= - 1) dx = 0, 

R. r- I* _ J^x) dx 4- -i r l(ox= - ■3x) dx = 

Ah =■ f l(sr>x‘ - .30x= 4- 3) dx 4- ^ f'i(3oz* - 30x- 4- 3) dx = 0 
In - V J l(0:i/^ - 70x-’ 4- l.'x) dx 

d - 70x^ 4- 15x)dx - l-l 
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and so on Therefore 

/(x) = !P,(x) - |P,(x) + UPiix) - 

The function of this example is otld, and consequent!} its expansion contains 
only odd Legendre po!}Tiomials Similar!}, the senes for an even function 
imolves only Pc(x), P2(j), P4(x), 


PROBLEMS 

1 Ifn=OorTi=— 1, solve Legendre s equation to get y = Oo + ot tanh”' x 
aa genera! solution Show that each of these special values of n also yields that 
solution from senes (6) and (7) 

2 Verify the statement of Art G5 that senes (G) and (7) converge absolutely for 
|x| <1 

3 Using relation (13) show that, when n is a positive integer, P«(l) « 1, 
P»(-l) = (-1)", P2™-i(0) = 0 P2„(0) = (•^l)"{Zn)!/2^-(n!)' 

4 Show that Pa^fO) ■= 0 p2«+i(0) = (-l)"(2n + 

6 Show that 3^ « §P*{x) -f ^P«(2) x® “ jPaCx) + |Pi(x), x* =■ AP<(x) 
+ tPjCx) + i:P(}(x) Also express x* as a linear function of Pjfz), Pj(x), and Pi{r) 

6 By differentiation of relation (13) wath respect to y show that 

{x - y) ^ Pnfxly" “ (1 - 2xy + y^) ^ nP„(x)y"-*. 
n-0 n -1 

Equating coefficients of y", clenve the recurrence relation 

(n + l)Pn+iCx) - (2a + l)xP„(x) + nP«-i(x) - 0 
connecting the I/'gcndre pol}'nomials of degrees n — 1 n and n + 1 

7 Differentiate relation (13) partially, with respect to x and y in turn, equate 
the eTOressions for (1 — 2jry + y*)"** thus obtained, and hence show that nPn{x) 

- xP,(x) - p;_,(x) 

8 Losing the results of Problem-s C and 7, show tliat (2rt + l)Pii(x) •“ P »+i(x) 

- p;-i(x) 

B Show that J xP„(x)P„_i(x) dz = 2n/(4n* - 1) 

10 Using the result of Problem 8 show that P»(r) = (2n — l)P,_i(x) + 
(2n - 5)P„_j(x) + (2n - 0)P,._*(x) + 

11 Using the results of Problems 6 and 10, show that xP n(x) «■ nP(»{x) + 
(2rt - 3)P,_j(i) + (2n - 7)P„^(x) -h 

12 Using the fact that P„(x) satisfies Legendre 8 equation together with the re- 
sult of Problem 8 show that (2n 4* 1){1 — ^)Pi(x) “ «(n -f 1)[P n-ifx) — P »+i(x)l 

13 Show that J* (1 — i'*)[Pifx)j*d[r « 2n(n -}- l)/(2a + 1) 

14 1 sing the results of Problems 7 and 8 ehoa that 

(m + n -f 1 )J‘x"P„(t) dx - x"~'P»_i(x) dr - (m - n + 2)J^ z-P,_j(r)dr 

16 If/(x) - 0 -I < X g 0 and/(x) - x, 0 < x < 1, show that/(r) - iP«(x) 
+ iPi(x) + T^Pi{x) — aVP<(x) + 
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IG. l!f{0) is ff>'finc(J for 0 < 0 < T, filiow that 

/((?) = I Y' (2a + l)P„(co<;fl)- j /(fl)Pn(cosO) sin 
' ifrfi *'0 

17. /(<?) «= 1, 0 < 0 < ir/2, /(O) == 0, -/2 <0 <7r. Using the results of 

I’rohlfTti.! 3, 8, and IG, shou that 

m '=5 + 52^ /’2n-i(cos o) 


n* I 


2""*-*n!(n 1)! 


r» h -f -J OOS 0 — 0—3 cos 0) -f * “ . 

18, Chnnpnn the independent variable from x to 0 by means of the substitution 
T ?hou' that I>er:endre’s equation can be written as 

(fj; dv 

~ 4- cot 0 “ 7 - 4- n(rt + I)i/ =? 0. 

do- do 


19. Substitute 1 / » (1 — in the associalcd Ijcgrndrc equation 

(1 - x*)D“p - 2x1)1/ + j^«o* + 1) - f"z^] y ~ 

and ^bow that tlie result inn equation for z has the solution 2 « D^c(x), where e(x) 
any solution of I.<‘pendre's equation nnd D = d/dx. The functions defined as 

Pn(T) - (I - X*)-/=D^/>„(X) 

nu* iailc<i n^^wihfr'i Ij:gnidrc functions of the first hind. If x «= cos(?, show that 
(o'"!. /'?*=ro“P, Pl=sin5, = 1(3 cos- f) - 1), Pi = 3 sin 0 cos 0, p| 
3 sin' 0, 



CHAPTER VII 


Partial Derivatives and Partial 
Differential Equations 


6G Partial derivatives When, dealing with functional relations, the 
concept of rate of change is of first importance Thus, if ne have a 
function y of & single \anable x, say y /(x), ue speak of the rate of 
change of y with respect to x Analytically, this rate of change is 
expressed by ivhat we call the derivative of y ivith respect to x, and is 
denoted bj 


^ , fix Ax) ~ fix) Ay 

— ^ f\x) = hm hm — ,* (1) 

ox Aa—O Ax Ae-*0Ax 


where Ay is the change, or increment, of y correspondmg to the mcre* 
ment Ax of the vanable x By the definition of hmit, (1) implies that 
the difference between the difference quotient Ay/ Ax and the limit 
/'(x) will become and remam as small as we please if we keep Ax suffi- 
ciently small Consequently we may write 

^ -f'ix) = (, (2) 

Ax 


where € IS a quantity approaching zero as Ax approaches zero 
Now suppose we ha\e a function z of two vanables x and y, 
2 = <7(x, y) Here we may speak of tw o distinct rates of change, one 
with respect to x holding y constant, and the other with respect to y, 
X bemg held constant Thus we have two first partial denvatnes, 
defined as 

- hm + Ax, v) - g(x, y) 
dZ Ar-*0 Ax 


and 


Oz , gix, y + Ay) - gix, y) 

— s= hm 

dy Ay 


(0 


Note that, m (3), y is anj v alue of the second argument m the function 
giXf y), rcmauiing constant throughout this limit-takmg process, sim- 


• We assume throughout this disctisFion that the vanoai t mits exist 
258 
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iliirly, in (4), x is any value of the first argument, constant while Ai/ 
approaches zero. Just as the relation (2) follows from definition (1), so 
wc have corresponding to (3) and (4), 

g(x 4- Ax, 7 /) - p(x, y) dgix, y) 

— — — ' — Clj W 

Ax flx 

g(x, y -r Ay) — g(x, y) dgix, y) 

■ 1 ~ * 2 > W 

Ay dy 

where ei — > 0 as Ax — > 0, and to — > 0 as Ay 0. 

Since the derivatives dg/dx and dg/dy are, in general, themselves 
functions of x and y, they may likewise be differentiated partially', 
leading to the second partial derivatives 

d^g d-g d~g d~g 
dx“ ’ dxdy’ dy dx ’ dtf 

Here d~g/dxdy denotes the derivative of dg/dy with respect to x, while 
d~g/dy dx is the derivative of dg/dx vnth respect to y. When these two 
derivatives are continuous functions of x and y, they are equal. 


dx dy dy dx * 

that is, the order of differentiation is immaterial. Similarly, further 
partial differentiation le^ads to derivatives of third and higher orders, the 
values of tlu'.so derivatives depending only upon the total number of 
differentiations with respect to each variable and not upon the order in 
which these differentiations arc performed, whenever suitable conditions 
of continuity prevail. 

I' or e.vamjde, let z = .rin (x* -{- Zy), for which partial derivatives of 
all onions exist and are continuous; then wc have 


^ 2x cos (x* + Zy), 


= 3 cos (x“ + 3y), 


■ tx- sin {x- -f 3y) -f 2 cos (ar + 3y), 


-ffr.<=in(x=-f 3y) = — 
dy dx 


0 .rin (x- -r oy), 
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~ =» — cos (ar + 3?/) — 12x sm (x^ + 3?/), 

— — « -12x2 pog ^ g ^ _ Q gyj ^^2 ^ _ - i f 

daf dy ' Qy dj^ 

d^z d^z 

dx df bf dx 

dh 

— = -27 cos (x2 + 3y), 


and so on 

If X and y both take on increments Ax and Ay respectiv clj , z assumes 
an increment Az, so that z + As ^ j7(x + Ax, y -}- Ay), ivhence 

Az = g{x + Ax,y + Ay) — g(j, y) (7) 

In order to make use of relations (5) and (G), in each of which one 
argument changes value while the other remains constant, ne sub- 
tract and add the expression g{x y + Ay) m the nght-hand member 
of (7) giving us 

Az = y(x + Ax, y -f Ay) - g(x, y -j- Ay) -f- y(x, y + Ay) - yfx, y) (8) 
But by (5), with y replaced by y -f- Ay, we have 


g(x -h Ax, y -f Ay) - y(x, y + Ay) = 


- Ax -h <i Ar (9) 


, 5y(x, y + Ay) 3y(x, y) 

Morcoicr, since hm — , we naic 

ax dx 

Mx, y + Ay) dgix y) 

e, 

dx dx 

where e' -♦ 0 as Ay ^ 0 Hence we get from (9), 

y(x -h Ax, y -h Ay) — y(x, y + Ay) ~ Ax -f (<i + *0 Ax, (10) 

dz 

where <i and e' approach zero with Ax and Ay Similar!}, no find 
from (G), 

y(x, y -f- Ay) — y(x, y) » — Ay -h <2 Ay (H) 

dy 
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l^oplaring the two difTcrences in (8) by their values as given in (10) 
;uid (II), we have 


A; c= Ax d Ay + (ei + c ) Ax + eo Ay. 

Ox Oy 

Now suppose that x and y are both functions of a single independent 
variable 1. Tlicn, in the j^receding discussion, x will have taken on the 
increnienf- Ax, and y the increment Ay, as a consequence of having 
given I an increment A/. Dividing (12) by At, there is found 


Af Ox At dy At 


Ax Ay 

(ei -j- e') h (2 

At At 


K Af is made to approach zero so that Ax and Ay also approach zero, 
then .‘-ince x and y arc functions of I, we shall have Ax/ At and Ay/ At 
approaching (h/dt and dy/dt, respectively, while since z = y(x, y) 
“ (?{f), say, Az/At will have dz/dt as limit. It follows that in the limit 


fX<7(3', y) dy 

dt Ox dt dy dt 


(13) 


In like fa.shion, if x and y are functions of two independent variables, 
say r and s, (hen by dividing (12) by Ar and bj'^ As in turn, and taking 
limits n.s the«c two increments approach zero in the respective relations, 
wc get 



0: 


Os 


3(/(x, y) Ox 0y(x, y) Oy 

Ox Or Oy Or ’ 

y) Ox 0.7(3~, y) Oy 

Ox Os Oy Os 


(14) 


.rVs gcnonilizaiions of equations (13) and (14), wc have the following 
m-xilt. 


TirnouKM. If zis; of undion of m variables Xi,X2, •••,x,,„2 = /(xi,X2, 

• • • , x^'t. xfith each x o furidioii of a single variable t, then 


dz ^ 0/ dxi 0/ dx 2 
dt Oxj dt Oxj dt 


■ + 


0/ dx„, 

Ox..^ dt 


(15) 


// r /(xj, ' • *, X-,). and each x xs a function of p independent vari- 

thru 
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312 913 9x2 312 3a:„ dig * (ID) 


dz _ 3/ 3jrj ^ 3/ 3X2 3/ 3x„ 

dtp 3xi 3^;j 3x2 3/ji 3 Xb, Btp 

Examjile let 2 - (2x* + arj/)*, x = — f, y « 2i + 1 Then 

~ - 3C2x’ + 3ry)n4i + 3y), = 3(2x* + 3ry)* 3i, 


dx 

dl 

and by equation (13), 


= 2 , 


~ = 3(2r^ + Sxyn4x + 3y) {2t - 2) + 9x(2r* + 3xy)^ 2 


= 3(21* + Zxy)K8tx + 6/y + 2r ~ 3y) 

The derivative of z with respect to t here involves the three variables t, x, y If 
desired, dz/di may be expressed in terms of t alone by replacmg x and y by their 
expressions m terms of t The result of doing this, 

~ = 3Ci2^ + 21® - t - 3)*(81® + 61® - 21 - 3), 


may be checked by making the replacements for x and V in terms of 1 in z 
diregtly and differentiatmg this with respect to 1 in the usual way 


For a function of a single vanabic, y =* f(z), the derivative dy/dx 
may be regarded as a quotient by introducing the concept of a differ- 
ential It will be recalled that we define the differential of the function 
V ~ /(^) os dy = /'(x) Ax, and define the differential of the independent 
vanable x as dx = Ax, so that dy = f'(x) dx Now m equation (13), 
where each of x, y, and 2 is a function of the independent variable /, 
we should naturally hkc to carry over the definitions of differentials 
so as to have dx/dl, dy/dl, and dz/dt as quotients of differentials, which 
would enable us to wntc 


dz 


— dx H d 

3x By 


(17) 


It IS usual, m fact, to define the total differential of z «= p(x, y) b> (17) 
when X and y are independent v anablcs, it may then be shown that (17) 
holds also when x and y depend m turn on one or more other variables * 


F O>good “Advanced Calcula'i ” p 117 



2G3 


ArtT. C7i DIFFERENTIATION UNDER THE INTEGRAL SIGN 

If j and y arc connected bj- an implicit relation gix, y) = 0, we get 
from (17), setting 2 « s(z, y) - 0, 

dz - — dx -I dy = U, 

dx dy 

or 

(IS) 

dx (ig 
3 !/ 

= 0, we have 
sin 7/ + jr 
cos 7 / + 2xy 


For example, if sin y + xy^ 
dx 


We sliall make use of formula (18) in Chapter X, 

67. Differentiation under the integral sign. We are frequently con- 
cerned with Jin integral in which the function to be integrated contains 
not only the variable of integration but also one or more other quantities 
which we consider as pariuneters. Thus, in the complete elliptic inte- 
gral of the first kind, 


K{k) 




d4> 


V l — I? sin^ 4> ’ 


the integrand involves in jiddition to the vjiriablc of integration the 
modulvjs /:. A.s we have seen, the value of K then depends upon the 
value of /:, that is, the integral is a function of the parameter fc. 

Wc consider, then, a function of a parameter a defined by the equa- 
tion 



h 

fix, a) dx, 


0 ) 


where / is so7ne known function of the variable of integration x and of 
the pammct(‘r n, and where a and b arc constants, independent of x and 
of o. Since F a function of «, there will exist in general a derivative 
of /* with n>pect to o, 


dF 

da 



( 2 ) 


X^ow in the riaht-hand mesirher of (2) it is implied that the integration 
of /{x, o) is first to he p('rformo<i, and the resulting function of a then 
diftcrcJitiatifl. Fhc (iu(“'tio!i that natunillv arisc-s is whether the order 
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m x^hich these t\\o operations are performed can be interchanged, that 
b maj ne first difTerentiate/(r, a) partnilj mth respect to a and then 
integrate the function *50 obtained mth respect to x’ This question is 
of more than academic interest, for it may sometimes happen that the 
function /(x, a) is difficult or even impossible to mtegrate m terms of a 
finite number of knoim functions, iihereas df/Ba maj be more readilj 
integrated 

It turns out that if the partial derivative df/da exists and is con- 
tinuous, which 19 usuallj the case m the problems nath which we are 
concerned, the question is answered m the affirmative,* so that we 
do have 


da Ja da 


( 3 ) 


As an example of the use of formula (3), let us find an expression 
for the function 


where a ^ 1 Then we have ' 

dF 
da 


-dx. 


and 




da 

dF^~ 


Integration therefore gives us 


r{ci) = In Of -f- c, 

where c is some constant Now ffl) ~ ^ 0 dx = 0, so that 0 = In 1 
-H c, c = 0, and 

r(a) = In Of 

Here the integral of f(x, a) >= — e*)/^ could not be readilj found, 

but OJ/da ~ e"* could be casilj integrated, from wluch the determina- 
tion of F(a) followed Note that d//da is continuous for x ^ 0 and 
a g 1, so that the conditions stated above arc met 
A generalization of the problem occurs when one or both of the 


• Sfc Goursat Ilidnck, “Mathematical Ana]>’an ” Vol I 
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limits of intcgmfion, a and h, also depend upon a. Consider then the 
function 

F(o) = I a) dx, (4) 

•^n{a) 

where the notation a{a), h{a) indicates that a and I are functions of the 
pjinuneter. To emphasize the fact that a enters into the function F{a) 
through throe distinct channels, namelj', through /(x, a), a{a), and h{a), 
let u< denote the integral (4) by ^{a, o, b): 

/’(a) = 4>{<x, a, h), (5) 


where the, first argument of ^ is due to the presence of a in /(sc, a). 
Api)lying fonnula (15) of Art. 60, we then have 


(JF 

da 


d(f} 

da 


56 da 56 db 

1 +— ~ + — — 
da da db da 


( 6 ) 


Pince is found holding a and b constant, we get from (3), 

d4> OSix, a) ^ 

da Ja'a) da 

Now let f/(r, «) dei\otc an indefinite integral of f{x, a), assuming the 
latter function intcgnrtcd with respect to x, so that 


'riien 


3f/(x, or) 
Ox 


C-. f{x, a). 




Ha) 

Ha) 


Wo therefore get 
and 


= p{b, or) - p(a, a) 

d4> __ dpia, a) 

da da 

56 dg(bf a) 


f(p) 


Consequently, suhstitution in (0) gives iis 

r’'‘’Uf(r,a) , .. .da 

da Ja!i,) 


db 


oa S +•'<*'-“> 3; ■ (■) 


whicJi the dc>'ir<vl fonnula. Evidently (7) miucca to (3) when a and b 
an' inilejH’ntlent of a, a.s it should, since here dn/da = dh/da'^^ 0- 
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In order to make the derivation of (7) \alid, \^e impose the same 
restrictions on /(x, a) as before (in order to obtain the first term of the 
formula), and also assume that the functions a (a) and b(a) possess 
(lernatives wth respect to ct 
To illustrate the manner in which (7) is used, let 


Fia) 


X sin ax 

/6a X 


where a 0 Then 


(IF 



sin (t/ 6) / X \ sin (t/2) 

x/Ga \ Ga^/ x/2a 
x\ jr_\ 

X \ Go^/ X \ 2a^) 



1 1 1 

a 2a 2a 


0 


This result indicates that F must here have a value independent of a 
That this IS so may be seen by making the substitution y = ax, whence 
we get 


X »/2 sm y 
— ^dy, 
/6 y 


which obi lously does not depend upon a With the stipulation a 0, 
our example satisfies the conditions under which formula (7) is valid 


1 Evaluate F(l) if 


/•i i“ - I , 


FW - f T— 

Jo Inx 

2 Fvaluato F(|) if 

^ r’ In (1 + g cos t) 
Jo cos X 

3 Evaluate F(l) if 


(fr 0 g a < 1 


4 Evaluate F(2) if 


F{a) -J 


reec X 
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6 . E%-nhiatf F( ••) if 

v/t 

F(ft) « f In (1 + or sin x)dx, 0 5 a < 1 . 

J_r/3 

^ Vt 

C. Given f dx = — wlierc cr > 0 (cf. Problem 15, Art. 56), sLow 

Jo 2a 

that, for n any jwMtlve intoprr, 

r* 1 '3*5 * • • (2ri — 1) 

Jn ‘ 2 2V''+‘ 

(It 

7. Ivvn!\m(o I ; i hence show that 


T» «r' ■4" a 

/> 
Jfl (x- 


8. Evaluate 


f/j* r E3-5 -- (2n - 1) 

+Vpf* ”2 ' 2-4'G -- 


(4 *- ros x)^ 


by rir>t fhoninp 1 1ml 


fix 

Jrt a ““ 


cos T 1 


, «>1, 


an4 then GifTerentiathig this relation and suhstilnting a = 4 in the result. (Cf. 
Ihohhun 10, Art. 40.) 

0. Thf‘ function of rero nr integral order 7t may be defined as 

1 

Jn(T) » “* j COS (nl — X sin I) dL 

T Jo 

t**ing this relation, show that 


«* i(x) *^*rh+i(x)]. 


10. in) If 


Vf \ r ^ y 

e(p) « I P ^ i\ 

Jt/p X- 

fn.! lb.' (IcHvuf ivc of F(p) .nntl b^'iic'*- show (li.il /•(/») i< .-j linear function of p: 

l'yF> « Ap -I R. {M r-iiic llic nih-tilntlon •/ .=. pr to get (mother ovpression for 
f »?0. *1t*o*. *hvl Jl w'. 0 iu>(| fitiil ,t :iv (s <lennitc inicjiral. 


-V ... s 

Jl. ByAifTcrvnU-jtinu/Xo) « r~‘ w- oJ" 'fj^ 'vith n‘«j)cct to o, find the value of 

J* f~' eCKj-ffr, 
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12 The mean-square error fi an-^mg in the theory of probabihtj (cf equations 
(12) Art 88 and (8 ) Art SD) is defined bj the relation 



By differentiation of the relation 

J e **•'* dx ■= v7/A, 

den\e a formula for n m terms of h 

15 If A IS a constant show that 

y ^ F{x) = ^ J /CO Bin - t) dt 

IS a solution of the differential equation tT y/dxr + = J{£) 

14 Given the function 

C x" di = n"+V(n -h 1), 

Jo 

make use of differentiation under the integral sign to determine the area bounded 
b\ the cun.'e y = i In i and the x axis 

16 Show that the function of x defined as 


2 r* cosxt , 
- ■ ■ dt 

vJq Vi - 


satisfies Bessel s equation of order zero 

16 Bj differentiating under the integral sign and then using an infinite senes 
find tl e area of tl c mimmum stnp 1 unit n ide extending from the curve y ■■ e'A 
to the positive x axis 

17 A particle moves from rest at a distance a (f t ) tow ards a center of attraction 
the force varying inversely as the distance (a) If * (ft ) is the distance from the 
center and T («cc) is the time required for the particle to moic from x = a/n to 
X = a/n* find the \alue of n for which T is a maximum (6) By use of eencs com 
I ute tl e maximum value of T if the particle starts from rest at a distance 10 ft 
from the center with an acceleration numerically equal to 10 ft /sec * 

18 If K and E are tl c complete elliptic integrals of tl c first and second kind 
roipcclixely each with modulus fe show tl at k dE/dk •« C — A 

10 Dome the d flerentnl equation (1) \rt M as follows Take moments about 
P (Fig 40) denoting by (xi i/i) any pomt between P and A, and thus get 


Ely 


tr(yi — v) dll 


Now d fferentiato with respect to x 

68 Linear partial differential equations Jn the preceding chapter? 
all our problems \\liich loti to dilTercntnl equations intoUcd a ■single 
independent \ anablc and the cquatioas wore accordinglj onlinao 
fcrentnl equations Wicn investigating functional dependencies into 
u hicli t« o or more independent v anables enter, saj time and one or 
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more point coon!inatc.s (distanca'?), we arc naturally led to deal with 
partial derivatives and partial clifferential equations. 

A.s may be exj)ected, n wide variety of physical problems can be 
formulated mathematically as partial dilTercntial equations. Appli- 
cations ari.‘'C, for example, in connection with vibrations in strings and 
membranes, which j'ield equations respectively involving two and 
three independent variablc.s; heat or fluid flow in one, tAvo, or three 
dimensions, for which the equations contain two, three, or foiu- inde- 
pendent variablc-s, respectively; electrical transmission, entailing two 
independent variables; electrostatic and electromagnetic field prob- 
lems, Avlierc the number of independent variables may be two, three, 
or four; problems involving the drying of porous solids through dif- 
fusion and evaporation, entailing the use of as many as four inde- 
pendent variablc.s; gravitational, electrostatic, or electromagnetic 
potenti.al, with two, three, or four independent variables entering into 
each type of equation; and elasticity, for which four independent 
vuriuble.'< are needed, in general. In this and the following chapters, 
each of the aforementioned applications will be considered. More 
eomprehensivo treatments of these topics, and of additional applica- 
liou.s a.s well, may be found in the books and periodicals referred to 
in the subscfiuent discussion. 

We shall not attempt, in this hook, any sj'stematic classification of 
the various type.s of partial differential equations together with their 
formal solution^, similar to that given for ordinarx’ equations in Cliaji- 
ter I. Kven wore wo to limit ourselves to tho.se types of partial equa- 
tiore? which jiri''’e in physics and engineering, the subject would be too 
va^i un(l involved for :i book such as the pre.^ent one.* Our aim, there- 
fore, will be to .«ct up merely a few typical and fundamental partial 
differential equations from their physical origin.s, and obtain solutions, 
sathfying the phy.^ical requirements, by means of a special proc&ss 
whieh Ave shall exphiin. 

.lust !!<; linear ortlinary equations form an important clns.s, frequently 
nriring in engineering applications, .so arc linear partial equations often 
<»htainexl in the fonntilation of many phy.sioal problems into Avhich Iavo 
or more independent v.ariablcs enter. By a linear partial differential 
t'{naim: we moan an equnrion linezAr, i.e., of the first degree, in tlic 
<le|wndent varialile iuid its various partizil derivatives, Tims, the 


♦ Tb* 3x '.(IsT t.i Uiis plr.x/x of pi,. further will find cvcdicnt 

.“ast tnO.Ti-il in irK'uniin-Wclw.r, "F,ir!j..nc DifTro-ntialRicicfniiipen and 

.! an Am-.r.iiU'K juif phy-il.ilg.-hi. rmiz-ai"; Coumnt-Hilly.Tt, “.M.-tltortwi dcr 
evMbmM.- h.-n Fio-il.''; !!. Rntoimn. -rnnhi IWca-ntinl Equation.^ of MntUc 

r;'*';"’ Inu.Rrat«Icichunz;cn der 

.'If IJ'I T 
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tj^Jical linear equation of second order mi oh mg tlie two independent 
1 anables x and / and the Single dependent vanable 2 is of the form 


5^2 , d z d~z dz dz 

+ — -t-^3T7 + £i- + 52- + C2 = 

dx-' dxdt dt~ dx dt 


P, ( 1 ) 


where the coefficients A I, , F are functions of a: and t only If each 
term contams either the dependent \ anable or one of its derivatives, 
we shall saj that the equation is homogeneoiis * for example, if F = 0 
m (1), that equation, wall be homogeneous 

Certam properties possessed by the solutions of Imear ordmarj 
equations, which made such equations particularlj'’ tractable (see 
Chapter I, Art 8), carry over mto the realm of Imear partial equations. 
Because of its frequent use throughout the remamder of this chapter, 
we state one of these properties m the form of a theorem, the proof of 
which IS easily made 

Theorem If zi, 22 , , z^ are n solutions of a linear homogeneous 

partial differential equation, then ciZi + C 222 + + c„2n» where the c's 

arc any constants, ts also a solution of the giien homogeneous equation 


As a simple illustration, consider the linear homogeneous equation 

(2) 


d 2 dz dz 

_ 2 — + ~= 0 
dzf dx dt 


Bj a method to be explained m Art 69, it is possible to obtain os solu- 
tions of this equation the functions 

2 i = 22 = sm X 


Now let 2 = sm X, where Ci and C 2 arc arbitral^ 

constants Substituting in the left-hand member of (2), we get 


^ — 2 — -f — = Cl sm X + 2c 2C*+"‘ cos x 

dx^ dx dt 

+ cac*"^^' sm a: + cosx 

- 2c2c'+='' sm X - + 2c2(f+=' sm 2, 


winch is identically zero m x, t, c\, and cz 
69 Particular solutions. In a problem invohing an ordinary dif- 
ferential equation of order n, accompanied bj n boundary or iratial 
conditions, we may be able to find the general solution of the equation, 

• Some wnlcrs call the equation m which the dependent variable itself is absent 
and all the dcn% ativis are of the eame order a homogeneous equation. It e do no* 
use this connotation in this book 
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nntl then determine proper values of the n arbitrai^'^ constants appear- 
inj 4 in the general solution so as to yield a particular solution satisfying 
the given conditions. 

However, when a problem gives ri.se to a linear homogeneous partial 
differential equation, together vdth .sufficient conditions to fix the 
de.'-ircd solution uniquely, it is not u.siiall}'' jiracticable to find the most 
general solution, and even when such a solution is obtainable, it is fre- 
quent!}' extremely awkward to particularize to a solution meeting the 
ncce.‘-sarj' rondition.s. 

On the other hand, it fortunately happens that a number of physical 
problems leading to linear homogeneous partial equations may be solved 
1)}' a simple proco~«.s which yields particular solutions of the equation 
direct!}', and then combines these solutions in such a manner as to 
.satisfy the auxiliar}' conditions. 

The first part of this proce.ss, by which "we get particular solutions, 
may be.st be explained by means of an example. Consider the equation 


D-z 


dx‘ 




( 1 ) 


which .‘•T-n’ed as an illn.'-tration in Art. OS. We begin by seeking a solu- 
tion in the fonn of a product of a function of x alone and a fimction of t 
alone, 

z=^X{x)-Til). (2) 


Wlu'thor (1) po.‘^,«c.cses any .'•olution of type (2), or whether every solu- 
tion of (1) involves the variables x and I in such a way that it cannot be 
fnctoml into the product of two functions each of which involves only 
oik<‘ of the variables, we cannot tell initially; thus our method is a 
tiuitiitivc one, in whieli. wo jus-sumc the existence of a solution of the 
form (2) and then onde.avor to fulfil our as:umption. 
t.'.'-ing primes to demote differentiation, so that 

dA' (IT 

--- - x'{x) = A", -- - ru) = r, 

ox dl 

and .‘■o on, wo get by Mib-'^tiluting (2) in (1), 


X>'T ~ 2X‘T -h XT' == 0. (3) 

Now it tv jicr^sihlo to sejiarate the variables in (3) and write 

A'" — 2.V' T' 

X t‘ 

Ap.asti, We had no as-iinuieo at tlie beginning that it would bo po.ssible to 
the vnrinl'le-? jlv we have done. If sepanation were not possible 
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our method would not applv» but ^^hen it has been found to be perform- 
able, we may bo certam that there wnll exist solutions of the gn en dif- 
ferential equation of the postulated form (2) 
iSow let t \ar> while x remams fixed Then the left member of (4) 
IS constant, and therefore the right member must be a constant also 
Consequently the common x alue of the tw o members of (4) must be a 
constant 
Hence we ba\e 

• ^ ' 

where ^ IS a constant, whence we get the two ordmary differential 
equations 

X" - 2X' iA = 0, (5) 

r + = 0 (G) 

Thus the problem of solving the partial equation (1) has been replaced 
by the problem of solving the two ordinary equations (5) and (G) The 
constant L maj ha\e any value, but its value must be the same for 
both (5) and (6) m order that (4) hold 
Equations (5) and (G) both bemg linear nith constant coefficients, 
their solutions arc readilj found The auviliaiy equation for (6) is 

711® — 2ni — ^ = 0 

which has the roots 

771 “ 1 i "V^ 1 -h i 

Taking k = 3, for example, we get as tno distinct solutions of (5), 

A » e®*, X = e~^ 

SimJarlj, corresponding toK = —2, particular solutions are 
X = c^Brnr, X =s e*co3a: 

Equation (6) has the particular solution 
T = e-*', 

which, for the above choices of A,, gives us 

T = r == c®' 

Substitutmg m equation (2), we therefore get as particular solutions 
^-(r+30 (A « 3), 
c*+®‘8tnx c''''®*cosx (A =» -2) 

"We ha\o chosen the second and third of the^c as zi and Zj ^ 
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70. The vibrating string. As our first physical application, we con- 
sider a string of length L (ft.) tightly stretched between two fixed points, 
one of \vhich we take at the origin O and the other A on the positive 
j:-uxis ns .shown in Fig. 48. Let the string bo set vibrating in a plane, 
mid let F (lb.) be the tension in the .string, assumed constant, and so 
large compared with the weight of the .string that the gra%ntational 
force may bo neglected. Let w Ob./ft.) denote the weight of the 
unstrelched string per unit of length, and let y (ft.) be the displace- 
ment at any point P{x, y) of the string from the equilibrium position. 



Wc wisli to investigate the trans\'cn;e vibrations of the string under 
(he a.ssumption that the}’ are veiy .‘iinall compared to the length L. 
In nccordiinco with this .supposition, we maj' consider the length of the 
string when it. is in an extreme position farthest from the x-axis as 
.^eji.rihly equal to L, and suppose that each point P traverses a straight 
line per])endicnlar to the a'-axis. 

'I'lu; di.qilacement y is a function of two variables, the distance x 
along (lie .string .and the time i. 'flius wc may c.xpcct our problem to 
lead to a partial dificrential equation. 

Since the weight of a small segment PQ, originally of length Ax, is 
tr Ax, and the accelenition is d'y/dl', wc have for the force (lb.) acting 
on this .segment 


wlie.w 0 r- 32.17 fl./Vcc,- This force must be the rc.wiltant of the 
jj-conqwncnt.s of the tcn.don.s at the two ends; if « and ^ represent the 
mich's made !>y t he t.angential forces F with the horir.ontal, wc have as 
a sX'Cond cxjnwssion for tlie n>;ultant force 

Ffsin ,5 — .rin a). 
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the slopes of the tangents at P and Q arc, respectively, 

—1 = tan a, —1 « tan 0, 

dsJx dxJx^x 

SO that 


Bin a 


tan a 

Vl + tan^ a 



em0 ~ 


tan/5 


dxl 


V l + tan^ 0 




But for small vibrations such as we are considenng 3y/ar will be small 
and its square maj be neglected m compari.«on inth umtj , consequent^ 
w e have approximately 

ay] ay-] 

sm a = — , sm ^ ' 

dxjx 

Substitutmg these lalues and equatmg the two expressions for the 
\crtical force, we get 

g aP \5rJ*+A* dxJx/ 

and 

^1 _ ay*! 

wd"]/ ^ ^ dxAx+tx dxJx 
0 61® Aac 

Allowing Ai to approach zero, we therefore get m the limit 

= 0) 
6P 6x® ’ 

where a® = Fg/v>, evidently a has the dimen"!ion.s of ' clocitj , feet per 
second This is the partial difTcrcntial equation of the nbrnting string 
the solutions of which Tcprcsenl the displacement y an> distance z 
from one end and at anj tunc t, for the larious possible modes o 
X ibration 
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■We Imvc not as yet upecl the facts that the string is of length L and 
that its ends are .'jitnated as stated. Denoting a solution of (1) by 
y(x, /), we may -i^Tifc the. given boundarj' conditions as 

2/(0, 0 = 0, y{L, 0 = 0, (2) 


these relations to hold identically in /. If, in addition, we specify the 
manner in which the vibration is brought about., we have a definite 
p)hy.‘.ical problem. .Suppose that the string is displaced in a sinusoidal 
arch of height j/o and then released from rest. Then we have also the 
initial conditions 


TTX 

y{T, 0) = 2/0 sin — , 

Jj 


dt. 


(~0 


= 0 , 


(3) 


where these are to hold for every x between 0 and L. Consequently the 
complete fornmlation of ouv problem is comprised of the differential 
capiation (1), the boundarj' values (2), and the initial conditions (3). 

hit us settle a solution of this problem by the method of Art. 69. K 
we assume 

y(x,l)^X(.x)-T(.{), 


v.'e get. by .substitution in (1), 


or 


XT" = aW'T, 
X" T" 

"x ^ 


Here wc h.ave placed the constant a- in the right-hand member, 
althotigh of coui-so it might equally well appwir at the left. By pre- 
cisely the same rea.soning as was employed in the example of Art. 69, 
Wc mav write 

A'" _ T" _ 

T 

or 

A" - hX - 0, T" - a-kT = 0, 

when’. /; i.s a constant. Xow we get three types of solutions of those 
c.rdim,ry diffemntial equations, and hence of (1), according as h b posi- 
tive, negative, or sera. Thus we have 


(^- > 0 ), 
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y — (cs sm V — /I x + cq cos V"— X a:)(c7 sin 

+ cg cos oV^ 0 (i < 0), 

y « (ctfX + Cio)(cuf + C12) (4 ■= 0), 

•ft here the c's are anj arbitrarj constants "We must choose the proper 
one of these types, m agreement ftith the phj sical requirements Since 
fte are dealing -vvith a periodic motion, every position of the stnng being 
reproduced o\ er and over as time goes on, it is evident that fte need a 
solution m which the functions of t are periodic Consequentlj k must 
be negative, and 

y= (cfism a/— /: a; -f cg cos V— Xi)(c7 sm Cs cos avCXt) 

The first of boundary conditions (2) gives us from this equation, 

0 = C6(c7 sm ^ + eg cos aV ~k t), 

for every t, which is most easily met by takmg ca = 0 The second 
boundary condition then requires that 

0 = Cs sm a/— X Z f(c7 sm a\^~k t + cg cos oa/— X t) 

We cannot here take Cs = 0, or our solution ivould be the tnvial one 
y = 0, which would be correct only if the stnng remains at rest m its 
equilibnum position, contrary to supposition Likemsc, wc cannot 
have C7 = cg = 0 for the same reason But m addition to the c's, 
the constant A. is at our disposal, provided merely that it be negatne 
Hence if we have 

A ^ — k L = mr, 

where n is an integer, sm A^^^ L = 0 and the above equation is satis- 
fied Therefore we get ns a solution satisfy mg (1) and (2), 

nirx / navt naTC\ 

y = C5 sm ^C7 sm + cg cos J , W 

with n any integer 

Wc nwet impose the initial conditions (3) Taking the second of 
these first, as it is the simpler, w c see that wc must tiavc 

njTX c^nax 
0 “ cj sm — — 

u Li 
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Since Cf, ctannot i)0 zero, we set C7 = 0. Then a solution that satisfies 
(1), (2), and the second of equations (3) is 


nirx na^^t 


y — C5CS sin 



(5) 


Finally, the first of equations (3) imposes the condition 

TTJ . IITTX 

7/0 b’in — ■ = sin — , 

L Lt 


Viiuch wll be satisfied hy taking Crfi^ — yo, ii — 
desireil j^olution is 

TTX airt 


Vi^t 0 == 2/0 sin — cos ^ 
Lr L/ 


1 . 


Therefore the 

( 6 ) 


If the initial disiilaccment of the string, y{x, 0), were other than an 
arch of a sine curve, the solution of the iiroblcm would entail a more 
extensive analysis. To illustrate, let the first of the initial conditions 
(3) he rc])]accd by 

y{z,0) ^ l:{Lx ~ x^), Q^x^L, (7) 

other conditions remaining the same; that is, ^yc .suppose the .string 
di.‘-plac<'d into a pai-abolie arc pas.'^ing through the fixed end points 
T 0 and X = L, where /.* (ft.“‘) is a .small positive constant, and 
relea.ccd from rest. 

Now, if wt; nt\em])t to meet. cornVition (7) witii the solution (5), 
we apparently liave to choose numbers cjcs and n such that 


/:(/> — z") — C:,Cs Pin 


ns-z 

17 


identically for 0 ^ z ^ L. But thi.s is impossible since a sine curve 
(viniiot In' made to coincide with a parabolic arc over the entire z-range. 
Fawl with this difiiculty, wc miglit first think of u-sing the property 
of a liiK-ar homogeneous partial differential equation expre.ssed in the 
iheoRin of Art. f»S; thus let us try the effect of taking, in.stead of (5), 
th«» Hun of a linear combination of terms of that form with n — 1, 2, 
‘ rt} in lum; 


p '' hi j-in 


z.r (izt . 2rx 2aTrl 

y -i- lu sin cos h ' 

*■' ij h Ij 


. miTx mart 
sin — — - co.s (8) 


L 


L 
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B> OUT theorem, the sum (8) will satisfy the differential equation (1) 
for anj choice of the b s and for any positue integer m Moreorer, 
since eadi term of (8) reduces to zero for a: = 0 and for x~ L, the 
sum mil satisfj both boundatj conditions (2), and since byfdt as 
guen by (8), vanishes for i — 0 the second of the mitial conditions 
(3) mil be met 

Unfortunately the sum (8) is still madequate as regards the satis 
faction of (7) However, the form (8) together wnth the knowledge we 
ba\ e acquired about the wide applicability of Founer senes, suggests 
that we generabze to an mfimte «enes and wnte 


TTX CTri utx nairt 

y — sm — cos + + &« sm cos f- 

U Jj It Jj 


( 9 ) 


Formally, the senes (9) will satisfy all the conditions satisfied by the 
finite sura (8) , can (7) now be met by a suitable choice of the b s 
and mil the resultmg senes converge to tlie required function y{x t)! 

We readily see that the first part of this question will be satisfactorily 
answered For, (7) now imposes the condition 

„ me 2irx nrx 

k{Ijx — ar) = 0i sm h &2 sni h -f* On sm h , 

h Lt L 


for 0 ^ X ^ L Consequently we have to find the half range smo 
senes representmg k(Lx — x^) oi-er the given interval Using the 
method of combination of senes (Art 49), w e get (Peirce, 809 and 811, 
•mtli c — L) 


IL 

-A 


21, r TX 1 2irx 1 3irx 

— sm sm 1 — sm 

X L L 2 L Z L 


2L^[/-n^ 4\ m: 2xa: 

— - I 1 sm sm h 

LVl 1/ L 2 L 




3^rr 1 Bttx 




] 

) 


Thus bi « S/LVx®, hj = 0 63 = 8iL73V « 0 hs = 
etc Hence the desired relation takes the form 


, SkL^ / xar ox/ 1 3xx 3ax/ \ 

l/(xO=-^(sm-cos- + ^sm — cos — + ) 00) 

To establieh the uniform convergence of (10) wc first note that 
j gm (nrz/L) I g 1 and | cos (rtax//i,) { g 1 for c\ cry x and / and for 
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even- n. Ilcnco the terms of the series within tlie parentheses are in 
nb-ohitc vaitic not greater than the corresponding terms of the series 


1 + 


1 


1 


1 


(2n - 1)^ 


But liiis series ccmvcrgcs since 1/(2?! — 1)^ ^ 1/n^, the 7!th term of 
the p-series (Art. 37) with p = 3. Thus (10) is a valid solution of our 
pr?»5ilern. 

PROBLEMS 


V A tiRhlly J'trcfrhecl string ^n(h fixed end points x == 0 and x = L is initially 
in ji portion ^iven hy y{T, 0) « jMsin^ (-x/L). If it is released from rest from this 
find displnremenl |/(t, /) at any distance x from one end and at any 

tinu^ f. 

2. (rt) A tightly stn‘trlK‘<i string; ndth fixed end points x - 0 and x = L is ini- 
tially in its !‘fnijlibrium position. It is Hd vibrating by gi\dng to each of its points a 
Vfdorhy 


^1 


« rosin** 

iv 


Find the di*!fdareinent f/(x, /). (b) If the string is 3 ft. long, weighs O.OG lb., and is 
Mibjf'elcr! ton ron^'tanl l<‘ndon of 5 lb., and if I'd = 1 ft/sec., find the displacement 
of midpoint of tin* string when / 0.01 see. 

3. (n) A tightly stndched string with fixed end points x = 0 and x = L is iui- 
ti'diy ut in its eqniUhrium po^Jition. If it is set \dl)mti«g by gi\ing to each of 
it*^ jHiintn a velocity 




3(Lx - x"), 


find n. ib) If the string h 2 ft. long, weighs 0.1 lb., and is subjected to a con- 
tfHMon of r> U>., find the displncemenl of ibe midpoint when i = 0.01 sec. 

<. A tightly Mndched string with fixed end points x ^ 0 and x =* L is initially 
in n jKi^ition given by y(<^. 0) (Ixx — x^)/100. If it is rclea.sed from rest from 
thi** jKi-^ilion, find i/fx, f). 

S. A tightly ''trcTched string with fixed end points is 4 ft. long, weighs 2 oz,, and 
U Mibjeet^si to a con*<tant tension of 10 lb. It Md vibrating !)y giving to each of 
itr^ \mmr^ nn initial vehwity r ft./^ee., where r « x, 0 < x g 2, and v « 4 — x, 
2 < X < 4. Find the tfisidaecnient of the midpoint of the string Od sec. later. 

C. A tivdiily .^tretela^l ^^ring with fix<‘d end points x » 0 and x « 3 i^j initially 
at rr-t in itv tf*qniltl»ritim |y>dtion. It i-' vibrating by giving to each of its points 
nn initial \xUvrity r, where* r nr for 0 < x ^ 1, r « m for I < x ^ 2 and i* 
- - x) for 2 < x < 3. Find i), 

^ 7. A vihtAting string h subim/^I to a damping fon'i' wlueh is proportional to 
th- \rhvby n\ i 'Wh tKiint and at eaeh iriMnnt. Jrhow that the differential enuatioii 
hv-th* furtn 
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8 If the stnng of Problem 7 has its ends fixed at r = 0 and * « Z, (ft.) and if 
It starts from test with an initial di«placeinent y(x 0) « f(x) for 0 < x < L show 
that tl e displacement function y(x <) is given by 



9 \ honzonlal bar of length L (ft) js initially undcformed and at rest ^The 
end I =* 0 is fixed and the other (z « L) is suddenly subjected to a constant hon-* 
zontal stress S (lb /ft *) Show that the longitudinal displacement i/(z 1) satisfies the 
conditions 


at* * ax* 


where a » y/Eglp (ft /sec ), E (lb /ft *) is Young s modulus p (Ib /ft *) is density 
and g = 32 17 ft /^ec * 

10 Substitute \}{x <) = yi(z) + yiiz t) in the differential equation of Problem 9 
where j/jfz t) is to be a function satisfy ing the same differential equation but I av 
ing two zero boundary values Dyz/dx = 0 for x •= L and yzCO t) *= 0 Hence «bo« 
that yi{x) = Sx/E and determine j/jfz 0 

11 An elastic rod is damped along its length L (ft ) and fixed at its upper cn 1 
(x = 0) If the clamp is suddenly removed allowing gravity to act the ro 1 un ler* 
goes longitudinal vibrations Show that the longitudinal displacement y{x t) 
satisfies the conditions 


j/(0 t) » 0 v(x 0) - 0 


where a = y/LgJp (ft /sec ) 

12 Substitute i/(x 0 >=• !/i(i) + Vj(x, t) in the differential equation of I’rol lem 
11 where j/’(x t) is to lie a function aatisf 3 ing the homogeneous equation t>*y/3l^ 
•= o*(0V/<’-t') and the s.ame boundary comb lions ns yix, t) itself Ilcncc show that 
Viix) “ gx{2L — x)/2a' and determine y’(x 0 

VI. One-dimensional heat flow. We turn non to a diseussion of 
flow of heat m a conducting body from which we can gam Ivnovtlcdge 
of temperature distnbution under various conditions We ba'se our 
analysis on the empmeal laws 
stated tn Art 7(d) 

Consider (Fig 40) a homo- 
geneous bar of constant cross- 
sectional area A (cm^’) andsup- 
po‘:c that the sides ore insulotoil 
so tJiat the streamlines of heat 
flow are all parallel and perpen- 
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dicular to tho area A. Take the positive x-axis along the direction of 
flow, fhc origin 0 l)eing at one end of the bar. By law I, the quantity 
of heat in a slab of thickness Ax i.s epA Ax (ti -f* 273) calories, where p 
is Ihe densitv (gr./cm.-''), « is the temperature (°C.) of the slab, and 
the coiLHtant of proportionality c is c.aUed the specific heat (cal./gr. 
deg.). Then 

dll 

epA Ax = ivi — 112} 


where 7f i and 77- arc the rates (c.al./scc.) of inflow and outflow, respec- 
tively. Kow by law III, 


7?i = -KA 


du 


Ho = -KA 


du‘ 

dx. 


'x-f Ax 


the negative sign appearing a.s a coiLScquencc of law II, w-here K is 
oalled tho thermal conductivity (cal./cm. deg. sec.). Hence ■we have 


epA Ax 


du 



bet n* =■= K/cp, the dilTusivity (cm.-/sec.). Dividing by epA Ax and 
then pa«.siiig to the limit n.s Ax approaches zero, wo get the partial 
difTercntial e(iuation 

t)» 


m 


Cl 


dht 

a?’ 


( 1 ) 


Supiiose now that we h.ave a bar, 10 cm. long, with its sides impervi- 
ou.s to heat so that the heat flow i.s onc-<limon.sional as a.?sumed above. 
I,ef tho end.''- .1 and H of the bar bo kept .at 60° C. and 100° C., respec- 
tively, until steady-.st.ale conditions prevail, that i.s, until the tempena- 
tuiv at any particular point no longer varies with time. The tem- 
iM'mtutX' at A is then suddenly rai.scd to 90° and at the s.amo instant 
that at H is lowered to (50°; these end temperatures arc thereafter 
maintained. We wi.rii to find an c.xprcssion for the temperature at a 
di'taru'o / from end A and at any time i subsequent to the changes in 
end temi'i-nituri’s. 

We hrst mathematic.ally formulate our boundary and initial condi- 
tioiiv. l or the boundaiy conditions we evidently have 

atO, /) ^ n(l0, 0 =00, (> 0. (2) 

Tt. oiitain an ..ipiation cxprt'.s-ing the initial condition, we proceed .as 
fellows. Previous to th.e tenitveraturo changes at the end.s, when i = 0, 
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the heat flow was independent of tune But if the temperature u 
depends onl> upon x and not upon (1) reduces to 


<b? 


Oi 


( 3 ) 


the general solution ox which is 

u = ox + b, (4) 

where a and b are arbitraiy constants Since u = 50 for x = 0, and 
« = 100 for X = 10, wc get from (4), 50 = 6 and 100 = 10a + 
whence a = 5 and 6 = 50 Thus the imtial condition is expressed by 

u(x, 0) = 5x + 50, 0 < X < 10 (5) 

We therefore haie to find a temperature function «(x, i) satisfying the 
differential equation (1), the boundary conditions (2), and the mitial 
condition (5) 

Now if we immediately follow the procedure adopted m Art 70, 
we encounter a difficulty that did not arise there The tw o boundarj 
values m each vibratmg string problem were both zero, and we were 
able to find a function that not onlj satisfied the differential equation 
but also fulfilled the boundarj" conditions Here, however, we have 
non-zero boundary values, and therefore we modify the procedure 

We break up the requmed function, «(x, 0, nito two parts, 

u(x, t) « Uj(x) 4- Vi{x, t), (0) 

where tXiCx) is a solution of (1), involving only x and satisfying the 
boundary conditions (2), tx/(x, i) is then a function defined bj (6) 
Thus, «,(x) is a steady-stale solution, of the form (4), and Uj(x, i) raa> 
consequently be regarded as a transient solution which numerically 
decreases w ith increase of I so as to become negligible after a sufficient 
lapse of time 

Using the form (4) for «#(x), we get, since t/i(0) = 90 and «,(10) 

= 00 , 

«,(x) = 00 - 3x (') 

Consequently we have, from (0), (2), and (7), 

«.(0, 0 - a(0, i) - «.(0) = 90 - 00 = 0, 
u,(10, 0 = «a0, 0 - «*(10) « GO - GO - 0, (8) 

and from (G), (5), and (7), 

r/,(x, 0) «= tt(x, 0) - t/.(z) « 5x + 50 - 90 + 3x = Sx - 40 (0) 
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Equations (S) and (0) express the boundan' and initial conditions rela- 
tive to the transient solution. Since the boundary* values given by 
(S) are both zero, ve now apply the method used in Art. 69 to deter- 
mine 0- 

We a.'vsutne Vi{x, t) to be of the form 

vtix,t) ^ X(x)-m, (10) 


substitute in (1), and separate the variables. Tliis jdelds 


XT = a-X"T, 


r 


X" 




( 11 ) 


whore k i.s a constant. AYc then find three tj'pcs of solutions: 

lit = + coc-v^-), k > 0; (12) 

Vt ~ sin nr + cos V— A: x), k < 0; (13) 

= c:;c + Cf„ k = 0. (14) 


hiiiice 111 is (o dccre.ase numerically with increase of t, form (13) rauist 
!»c chosen. From the first of conditions (8) we got the relation 
0 =- which c.an bo, met only by taking c.| = 0. The second of 

conditions (S) then yields 0 = csc^’^sin 10\/ —k, and, since cg cannot 
he zero (or u, would be identically zero), we take lOV^—k — nir, where 
11 is an integer. lienee (13) reduces to 


10 


(15) 


It h .apparent that no .^um of a finite number of terms of the form 
(l.'i) will sali‘'ly initial oontlition (0). Kca.'ioning as in Art. 70, we arc 
thus let] to the infinite series 


»t 






Pin ' 


n*- 1 


7?:rX 


( 10 ) 


*J‘hF series will fonnaliy satisfy (1) and (S). Relation (9) now letid.s to 


8t 40 ” sin ■ 


nrrx 

To” 


0 < 2 - < 10 . 


(17) 
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"We easily get the needed Founer half range sine senes for Sz — 40 bj 
combining Peirce 809 and 808 Setting c = 10 m these senes ne find 


« o 1 1 Sira: 

Sr — 40 = 8 — I sin sm 1- - sm 

T \ 10 " 


10 ■ 3 
Sirr 


) 

4 / ira; 1 Sirr \ 

IT V 10 3 10 / 

80 / irz 1 27ra: 1 Sirx \ 

1 sm h - sm h - sm f- ) 

7 r\ 5 2 5 3 5 / 


(IS) 

80/2ir, etc Substitu- 


Therefore hi = 0 62 = — 80/ir, 63 = 0, 64 = 
tion m (16) yields 

80 1 ninr . ^ 

W( = / ~e ^ sm (19) 

IT n 5 

Fmally, combmmg (7) and (19) mto ( 6 ), we have the required solution, 

. . SO 1 3 * 3.rt* nirx 

m(x, 0 = 90 - 3r > - e'"^ “ sm (20) 

If frf n 5 


To establish the umform convergence of the senes (19), wc first 
note that, since [ sm (nirx/S) ( g 1 for every x and for everj positive 
mteger n, the absolute values of the terms of the senes do not exceed 
the corresponding terms of the senes 


_ ^ i 

Hence, if this senes conv erges for i > 0, so wall (19) Applying 
Cauchy 8 ratio test to the test senes, we get 




W _(2n+l)r*«*</25 

. 




and the limit, as n becomes infinite, is zero for any positive value of i 
Thus (20) IS a V alid solution of our problem 


PROBLEMS 

1 (o) A rod of length I> h'w its ends A and R kept at 0® C and 100* CX re«pee- 
Uvcly until Bteady-state conditions prcvaiL If the temperatua of Rwtien reduced 
euddcnly to 0® C and kept so while tliat of A is maintained find the temperature 
«(i /) at distance f from A and at time t (I») If the rod of part (a) a of silver 
20 cm long with specific gravity 10 C thermal conductivity S - 1 0^1 cal /cm deg. 
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find the time required for the temperature at a point 10 cm from the cooler end to 
reach 90% of its final stead> >81316 value 

10 \ bar with insubted sides is mitiaUj at temperature 0* C throughout The 
end X =» 0 is kept at 0® C , and heat w suddenly applied at the end x =■ 2/ (cm ) at 
a constant rate, so that 6u/dx » A for x =* L, where A is a constant Find the 
temperature function ti(z, 0 

11 Heat 13 flovnng in an insulated wre in which heat is being generated at a 
constant rate Show that the temperature function «(x, t) satisfies a diffcrentul 
equation of the form du/dt => a‘’(,d"'u/9^) + c, v here o* is difTusi>aty and c is a 
positive constant Hence show tint tlus equation has the solution «{x, t) r{x, t) 
+ ct where t(x, 0 is a solution of equation (1), Art 71 

12 H the ends x = 0 and x = L (cm ) of the wire of Problem 11 are kept atO® C , 
and if «(x 0) = /(x), show that 




cx{L - x) , 2 r 

2«* ^ ““ A Jo L 2aS 


+/(x)Jsin— dx 


13 A thin w ire is conducting heat along its length and is also railiatmg heat from 
its surface Assume that the diameter is so small that at any distance x from one 
end of the wire and at any time t, the temperature u(x, <) does not vary the 
1 rofis-eection Assume also that the temperature of the surroundings is 0* C and 
that the radiation obeys New ton s law, so that the time rate of cliange of tempi ri- 
ture due to radiation, is proportional to the temperature Show tliat tt(x, t) s.*tisfiC8 
a difTorcntial equation of the form du/dt •= a'(d^u/dx‘) — Bu, where a* is diffusing 
and B is a positive constant 

14 Show that the equation of Problem I3 has a solution of the form u(x, 0 
= c"^'i(x, 0, where t(x, t) satisfies equation (1), Art 71 

16 SupiKxse that the wire of Problem 13 is initially at temperature 0® C through- 
out its length L (cm ), and that the temperature at the end x — A is suddenl> raised 
to iio while that at x = 0 is maintained at 0® C I sing the method of Art 71, m 
wluch we set «(x, 0 “ w»(^) + «<(x, 0, show that •• uo{»inh 
('«inh \/B L/a), and determine the function «j(x 1) 

16 Show that the differential equation for radial heat flow m a homogeneous 
solid sphere is 

du j/iJ'u 2t)a\ 

^ t W ’ 


w here r (cm ) is the radial distance from the center to anj interior point 

17 Show that the equation of Problem 10 is satisfied by «(r 0 “ i (r, l)/r, where 
i(r 0 13 a solution of the equation Oi/dt = a’(d'tf/dr^ 

18 The sphere of Problem 17, of nidms a (cm ) Ins the initial tem|»eralur*' 
distribution w(r, 0) »» f{a — f), 0 < r < a where e is a constant If u{« 0 •• 0 
t > 0 find u(r, t) 

19 The sphere of Probkm 17 is initially at temperature 0® C throughout ami 
the temperature of the surface h suddenlj made and kept at a constant valu" A 
Find the temperature function u(r, t) 

72. Two-dimensional heat flow. As an extension of the li'^at-fiow 
problem treated m the prcccdmR article, we non snppase the bed 
Mreamlmes to bo curves instead of straight lines, these curves 4ing m 
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pamllcl planes, so that the flow is here two-dimensional. Let there be 
pivcii a sheet of conducting material of uniform thiclcness r (cm.), 
denpit%' p (gr./cm.^), thermal conductivity (cal. /cm. sec. deg.), and 
.specific heat r. (cal./gr. deg.). IM the .ry-plane he taken in one face 
of the sheet, and consider a rectangular region ABCD, the coordinates 
of the comeis being those given in Fig. 50. By the second and third 

Ti 



t’lo. 50 

laws of heat flow, tlie amount of heat entering the side AB in 1 sec. 
is approximately equal to * 

Su' 

— A't Ar — , 
d!/Jy 

tiini the amount leaving CD per .second is, nearly, 

aul 

— hr Ax — 


Hence the nite of giiin of Jieat due to tlio.se two boundaries is approxd- 
matelv 


Similarly, the ajiproxinuite rate of gain of heat <lue to the boundaries 
.t /) nnd 

-y). 

x+a.- f7rJx/ 

• !!rrr j!,,. nv. niC" v.-slu- of :,!onc Ah. Simihrty the other three tern- 

I ^ ‘ t r ^ j « I n ;> ' ri Vv.%^ ct V 1 m ^ 
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Consequent! j the appro\imate total rate of gain of heat m the region 
ABCD IS the sum of these tn o terms, or 



Moreover, this rate of gam of heat is given approximately by 


du 

cpT Ax Ay — , 
dt 

by law I Equating the above two expressions, dividing by t Ax Ay 
and then passing to the limit as Aj and Ay both approach zero, iie get 



where again ~ K/cp is the diffusivity If, in particular, the stream- 
linca arc all parallel to the i-axis, the rate of change dii/dy of tempera* 
turc in the y-<lirection u ill be zero, i\ hence d^n/dy^ = 0 and (1) reduces 
to the partial differential equation of one-dimensional heat flow found 
in Art 71 

^Vhcn the streamlines are non-planar curves so that the flow is 
three-dimensional precisely similar reasoning leads to the equation 


/0\ a'^u _ £« 

\5x^ dy~ dzv at 


We shall, however confine oiir attention to two-dimensional heat flow 
If the boundanes of our sheet are kept at definite temperatures, the 
faces being insulated to insure two-dimensional heat flow, there will 
come a time when the temperature at any particular point remains 
sensibly constant throughout later time intcnals, that is, stead} state 
conditions will have been attained Since w wall then depend onb 
upon X and y, du/dt wall be zero at every point, and equation (1) wall 
be replaced by 


aht 



( 2 ) 


This partial dilTcrcntial equation which here enters into tlic imesti- 
gation of temperature distribution for two-dimensional lieat flow 
al«o in many other problems of mathematical phjsics oml is therefore 
of considerable importance m engineering mathematics It is cane<I 
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Laplace’s equation, and \vc shall meet it again in later chapters in 
rotincrtion with other (yj)cs of problems. 

In the study of Rleady-stalc temperature distribution in a rectangular 
.‘beet, .’-ay, it is naltiral and ti.sualh' most convenient to deal ndth rec- 
tangular coordinatc-s. a.s we liave done above. Sometimes, however, 
pol.'ir coordinate,’'' (r, O) arc more irseful than rectangular, so that we 
.'-liould like to have L:iplace’s equation with the independent \’ariable.s 
r and 0 in‘'tcad of the variables r and y. Since the relations between 
the two coordinate sy.stcm.s. when the polar axis is taken along the 
podtive .T-a\is with the pole coinciding with the origin, are 

X = r co.s <?. y = r sin 0, 
we have by an application of formula.s (IG) of Art. GG, 
dll du dll 

— = — cos 0 sin 0, (3) 

dr dr dij ^ 


du du du 

— = r .sin 0 rcQSO, (4) 

dd dr dij ^ ^ 

d-u d‘u , d‘u dni „ 

"" = ~7; co.s* 0 + 2 .sin 0 cos t? -1 sin^ 0, (5) 

or- dx‘ dxdy di/ 

d-H du d^u ^ „ d^u „ 

__ r cos 0 -I ^ r- sin* 0 — 2 r* sin 0 cos 0 

dx dx- dx dij 

. d-v „ , 

r sin d r- cos^ 0. (G) 

dy dy- 

Multiplying (G) by 1/r* and adding to (5), we get, using the identit 3 * 
sin* 0 + coA' 0 1 , 


d'a ^ 1 d'u d'tt d'U ducosO du sin 0 


j 

dr r* d0‘ dx‘ ‘ dir dx r dy r 
MuUii>!yiiig (3) by 1/r and adding to (7), there is found 
d'll I du 1 d-u d‘+ 


~ ■ ^ -u * " 

dr^ r dr ' r- dO' 


#.n 

(ru 
Ojt- dtr 


Hence l.aphu'e'.s ctjuatiun (2; become.^ in polar coordinates, 


dr^ ' dr fip" 


0 . 


( 7 ) 

( 8 ) 



290 


PARTIAL DIFFLRENTIAL EQUATIONS 


[Chap \II 


As an illustration of the use of equation (9), consider a semicircular 
plate of radius a (cm ), and let the bounding diameter bo kept at 0® C 
and the circumference at any fi\ed temperature Vq 0 until steadi- 
state conditions pre\ ail In order to find the temperature distribution 
m the plate, wq ha\e therefore to find a solution «(r, 0) of (9) valid 
for values of 0 between 0 and r * and for values of r (cm ) between 0 
and a, subject to the boundary conditions 


u(r, 0) = 0, 

(10) 

u(r, tt) = 0, 

(11) 

u(a, 0) = Wo, 

(12) 


where (lO) and (II) are to hold for any r and (12) for any 8 in the gnon 
ranges 

Wc assume that (9) has a solution of the form 


wCr, 0) = Rir) Tie), 


which gives us, upon substitution in (9), 

r^R"T + rR'T + RT" - 0 , 
or 

rR' ^ 

T 


Setting each of these two expressions equal to a constant K, we get the 
ordinarj differential equations 


,d^R dR 


(13) 


+ = 0 (H) 

dr 

Let us examine equation (14) for T{0) first We readily find 
T = c\ sin VT 8 + C 2 cos -y/l 0 (* > 0), 

T ^ (/^ < 0), 

T = C 50 + c« (k = 0) 


Since «, and therefore T, must be a pcnodic rather than an increasing 
or decreasing function of 0, it is eiidcnt that L should be chosen as 
pobiUvc 


' Or, equally well, for 6 between 2 t and 3r, etc 
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TuminK now to o(iuation (13), we sec that it is an Euler difi'erenlial 
equation (Chapter I, Art. 12) ; con.«cqucntly we set r = c', so that (13) 
i*? trun.'-fomied into 


Ak /.- is to lie positive, a .suitni)le solution of this equation will be 

Before applyinj;; our boundary conditions, we note that since u, and 
hence R, is to remain finite as r approaches zero, we must have cs = 0. 
Then we have 

n — c-;r^^{c\ sin V^‘ 0 + C 2 cos ®)- 


Xow from (10), 

0 = c-r^^'-C2, 


niul since cy cannot be zero without making n identically zero, we must 
lakcCi = 0. From (11), 

0 — Crr'^^-Ci sin \/J:v, 

:tnd since neither rj nor cr is to vanish, we take 

\/k — n, 

an integer. Finally, since (12) cannot be .satisfied by a single term of 
the fornv hr" sin nO, nor by the sum of a finite number of such terms, 
we take 


I 

'I’lien (12) gives us 

«r 

~ X/ 0 < ^ < r, 


whence 


n I 
O 


cos no 


and 


e - I ag f;in nO dO ~ 

~ ‘hi 

“ V 

(1 — cos iit), 

-Iffo 1 /r\="~J 

*(2-. -DO. 


h - 


2»o 

•5i/o 


(ir,) 
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To pro\e the validity of (15) for 0 < r < a and n ^ a ^ 

r ^ 25r^ U/ ’ 

and the Cauchy ratio test for this senes gives us 


lim 


hm 


2n - 1 
2?z -f~ 


t0 >G/. 


which IS less than unity for 0 < r <' /r /t 

Int^T' '■enved from (IS) by™ rW diffT 


PROELEiMS 

b-mU'.;,';' ™ sv". ‘i?.™”’”'' 

0* C Md semicircular plate, of radius 10 cm , is kept at 

•= 5(», 0 < g w(lTfl) r|)f boundary is given by «(10,ff) 

temperature function u(r, 9 ) ^ ® < »■ ^md the steady-state 

radius Vcm"" Th. ^ of a circle of 

t^^itu^r alone ^ = 0 and 9 ./2, are kept at 0“C. and the 

0 <Ti ,/•> f jnd the IS kept at I00 Ct 9 - 29») degrees C. 

a 4 . steady-state temperature for r =. 5. 9 = jrM 

parwl to Its wiluh^fl ^th insulated surfaces is 8 cm wide and so long com- 
in anprecialile err tr Considered infimte m length without introducing 

S, T J O " one short edge, y - 0 is given by 

function u(x y) at 0' C , find the steady-state temperature 

eommrtd to lU msuhfed surfaces is 10 cm wide and so long 
me an atinre 11 * ^ considered mCnitc in length without introduc- 

IwotoneTo kept at lO'C while the 

find tin (>» 1 ^ 4 "* *1^ " cll as the other short edge, are kept at 0* C 

cur Jln ‘r temperature at anj point (x ,j) of the phte (?) Dnw a 

X - I '*analion of temperature w ith distance y along the midsi ction 

I’f' nn I '-a ^ ttio distsnccs y at which the tcmtieratures are 

ifme ttV« w r, ^ showing that u(5 y) - (40/t) tan"' and main 

fi 01 ' distaneea y from this formula 

me 5"^^ wpre^sion for the function u(z, y) of Problem 5 by the follow- 

mg proaaJurt J«t t - rc" m the relation 





PARTIAL DIFFEREXTI\L EQUATIONS 


ICilw 




73 Fluid flow. Hydrodynamics, %\h)ch deals ^^lth the motion of 
fluids, forms another topic into vihich partial differential equations 
enter We shall discuss here only fluid flon in which the fluids are 
supposed perfect, so that they are homogeneous and continuous m 
structure and such that viscosity may be neglected Tlius we may 
consider small elements of a fluid body as having the same physical 
properties as the entire mass, and may also take all thrusts everted by 
the fluid on an immersed surface as being normal to the surface, whether 
the surface in question is at rest or in motion m the fluid Although 
these assumptions are not all realized in practice, they permit a math- 
cmaticvl analysis to be made more readily, and the results thus ob- 
tained piovide valuable information about fluid flow m general 

Consider threixlimcnsional fluid flow lelativ e to a set of rectangular 
aves Let u, r, w (ft /sec ) be the components of the velocity pamUcl, 
respectiv ely , to the x-, y-, and z-axes at a point P{x, y, z) at time < 
(sec ), so that ii, r, w are functions of the four vanables ar, y, z^ t In a 
time interval M the fluid particle onginally at P will have moved to 
another point Qix + Ar, y -f- Ay, z + Az), and if we consider this one 
mov mg particle rather than the successive particles passing through P 
we shall have the coordinates (x, y, z) of that particle as functions of / 
Consequently the components of the acceleration of our particle arc, 
by equation (15), Art GO, 


bu dx 

bu dy 

bu dz bu 

— 

+ 

d [- — 

bx dl 

by dt 

bs dt dl 

dw 

bu 

du du 



= u — 

+ 

V 

— 


— 


bx 



dy 

bz 

bl 

dl 

bv 



bv 

bv 

bv 

— 

= u — 

+ 

V 

— 

-f Uf f- 

. — 

dt 

bx 



dy 

dz 

dt 


( 1 ) 


dw 

It 


awj S.m flitf Ow 

u h V f-ta f- ■ — * 

dx by bz bi 


Now let P{x, y, z) be one vertex of a small rectangular parallclcpipe<l 
of dimensions Ax, Ay, As, as showm m Fig 51, and let 
(lb /ft be the density at P at any time t Suppose the fluitl to be m 
motion owing to the action of a force F{x, y, z, i) per unit mass, whose 
components in the x-, y-, z-fhrections are Tj, A, F$ (ft /see ), respec- 
tively, and let p(x, y, z, 0 (Ib/ft ■) be the pres.siirc at P at time t 
Equating the algebraic sum of tlic forces acting m the x-ihrection to 
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F)o. 51 


l!ie procUicl of nnd the x-componcrvt of Jicceleration, we get the 
nppn'xiiTiatc relation 

- iix Av — = Fi - Ax Aij Az + (p] — pi ') Ap Az, 

(I ‘ dl (I ^ -** -ii+Ai' 

where g 32.17 fl./i^ee.' Dividing Ire p Ax Ay Az/g, passing to the 
limit a^! Ax, Ay, and A; all approach zero, and making use of the first of 
eipmtion.s (1), we get the equation 


dll dll dll dll g dp 

jf — 4- ( 1- to 1 = 7^1 

dx dy dz dl p dx 


( 2 ) 


Similarly, for the y- and c-directions, \vc find 


dv 

Or dr 

dv 


l\ - 

g 

dp 

XI 5- 

V \- xr — 

^ 




Ox 

df/ dz 

d( 



p 


Oiv 

Oir Ony 

dw 


^3 - 

(j 

dp 

t 

L IP 

u- — 

1 

=:= 



Ox 

Oy ' dz 

dl 



p 

dz 


(3) 

( 4 ) 


I>liiritimi« {2)-{-}) are the partial differential efjuatioa« of motion of 
the finid, for threfwiimendonal How, If the fiow is two-dimcn<donal, 
?-ay in planes parallel to thcxp-plane, the equations of motion become 


dll dll dtt g dp 

— ^ Fi --~L, 
dx dy d! p dx' 

dx dy dl ' p dy 


(5) 


( 6 ) 
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In nddition to the equations of motion, there exists another relation 
among our \ anables, the so-called equation of conUnuUij. Tlic rate at 
which fluid enters the face PABC is p iW Ay Az, and the rate at which 
it leaves the opposite face DEQG is p At/ Az, so that the rateat 

which the amount of fluid m the element is changing owing to these two 
faces is 


( pu — piM ) Aw Aj = —Ax Ay Az 

-I* -Ij+Ax' 


pu 




-Ij+Ax/ Ar 

Likewise, the rates of change due to the other two pairs of faces are 

'"] 


-Ax Ay Az- 


Ay 


and 


-Ax Ay Az - 


But the weight of the element is p Ax Ay Az, and its time rate of change 
IS (dp/dt) Ax Ay Az Equating this to the sura of the preceding three 
cxprc^ion'!, dmdmg bj Ax Ay Az, and passing to the limit, w e get 


3p 3 (pit) 3 (pi) 3 (pie) 

31 3x 3y dz 


(7) 


If the fluid m question is incompressible, so that p is constant, the 
cfpntion of contmmtj is 


3u dv dw 

—+—+—= 0 

3x 3y dz 


(8) 

For two-dimen‘Jional flow, we have mstcad of (7), 



3p ^ 3(pi/) ^ 3(pv) ^ 

dt dx dy 


(9) 

and if in addition p is constant. 



3u dv 

= 0 

dx dy 


(10) 

The quantiti who'c components are 



1 /dw di\ 1 /3it 3uj\ 1 /3 p 

auN 

(10 

2 \3y ” ' 2 Vaz ™ dx/ ' 2 \ax 

” 3^/ 


IS called the rotation of tlie fluid, a small sphere of the fluid has an 
instantaneous angular %c!ocit3 with these expressions as components. 
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If all throe fif the exprc-'sions (11) are identically zero, the motion is 
Kiid to be irrotalionnl. Now the necessarj' and sufficient condition that 
u <ix -i' V du -r dz be the exact differential of some function of x, ij, z 
Is that the. quantific.s (II) vanish identicallj'.^ Hence, if fluid motion 
is iiTotationiil, there will exist a function, which we denote by 
—<^(x, y, z), .«uch that 


~-dd> — n dx dr V dy w dz. 


( 12 ) 


The function <;^(x, y, z) so determined is called the velocity potential. 
binco ddt = (d^/tlj) dx -}- {d<f)/dy) dy -j- (dcfi/dz) dz, we have 


u — 


dd> 

lx’ 


d4> dijy 



(13) 


Wdicn the fluid is incoinjircssiblc and the motion irrotational, the equa- 
tion of continuity (8) becomes, in virtue of the relations (13), 


a-<p d-d> 

dx" d]f dz" 


= 0. 


(14) 


Thu.s the velocity potential .sati.^jfies Laplace’s equation in three dimen- 
sions. 

'J'ho Mrmmh'nrs of fluid motion at any instant are defined as curves 
.‘■'uch that the tangent at any point of each gives the direction in which 
t he fluid at I hat point is moving at that time. Con.scquently the values 
of the velocity components u, v, lo at that point arc proportional to the 
direction co.sinos of the tangent to the streamline. Now at any point 
of each surface of the family d>(^> Ih = const, the partial derivatives 
dd>/dx,dd>/dy, and dd>/dz arc proportional to the direction cosines of 
the nonnal to the surface. It therefore follows from the relations (1.3) 
that the 8trcamlinc.s cut each of the velocity equipotential surfaces 
dy const, at right angl&s. 

Suppo-r; now that the motion of an incompre.'^siblc homogeneous 
fluid is irrotational, and that no external forces arc acting. Since the 
motion irrotatjojial, \w have 



dn 

fhr 

ac 

du 

MV--*- rf- j 

0?/ dz ' 

d: 

dx’ 

— W. tzz 

dx 

ly' 

If ^ 


d^ 





w « 


dr 




dz 

in Ch^ipirT 

vill. Ar!. 

. sr,. 




( 15 ) 
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Malang use of these relations, and setting Fi — F 2 ~ = 0, the 

equations of motion (2)-(4) become 


flu fli) flui fl 3<i g 3p 

1= , 

dx dx dx dx dt p dx 

flu fly flu? 9 fl<> g dp 

u f- y w , 

dy dy dy dy dt p dy 

flu fly flu? 9 fl<#> g dp 

n j-iy 

dz dz dz dz dl p dz 

If g denotes the resultant \ elocity, so that = u" + the^ 

equations maj be WTitten as 



3 d4> 

9 dp 

dx\ 

2/ dx dt~ 

p dx 


g^\ 9 d<}> 

9 dp 

dy\ 

. 2 ) ~Ty~dl “ 

p fly* 

u 

fl 30 

9 dp 

dz\ 

.2/ ~ 

p dz 


Multipljong respectiv elj by dx, dy, dz and adding, ne get for any fixed 
value of t. 



Integrating, 0 therefore find 


¥ flI 


(IG) 


the arhiixary element. oJl mt/yjpaJjimL being; m. general a function of I 
If tlie motion is steady , so that p, g and ^ arc independent of the time, 
/(O maj be replaced bj a constant, u hence 


p = c 


P 



(17) 


As an application of the foregoing theorji consider l\No-dimca‘?ion‘i 
steady irrotational motion of an incompressible fluid near tno bounding 
vvaIN at right angles to each other \\ e take the positiv e J?- and y axes 
m the vvaJU anil suppo'^c the lines of floM at a great distance from the 
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origin U) be scnribl.v parallel to the x-axis, 

rectangular hyperbolas,* 

” X!/ = const. 


Tlien the streamlines are 
(18) 


.Since the velocity cquipotcntials are the orthogonal trajectories of the 
{.trcamlincs, wc find (Chapter I, Art. 7(a)) for the former curves, 

x.“ — IT = con.st., (19) 


a {■ccotul family of equilateral liyperbolas. 

Xow becau.‘-c the velocity potential ^ is constant along each of the 
euzv'cs (19), <;> must be some function of the combination — i/, say 
- /(x‘ — 7/-). The form of this /-function may be determined from 
(he fact that <l> .satisfies Laplace’s equation in two dimensions, 


d-<;> d-4> 

q- 

dx~ dy~ 


0 , 


( 20 ) 


to which (b!) reduces when flow is two-<limensionaI. Denoting by/' 
the derivative of / with respect to its .single argument we get 


dx 


= 2x/', 


^ = 4.-r/"+2/', 
5x“ 


== -2y/', ^ =. 4ff" - 2/'. 

dy dir 

Substitution in (20) yields ‘i(x^ -f- jr)/" = 0, whence 


/" =.0, /' = c„ / = Ci(x= - r) -b C2, 


whert' cj and co nre con.stant.s of integi-ation. Tlierefore the potential 
mu«t be of the form 

'i> " ci(z~ - y) + C2’, (21) 

the values of ci and will depend upon the .‘system of units employed 
and the choice of reference position from which potential is measured. 

If we arbitrarily take zero jrotential on the line y = x, so that co = 0, 
(he, velocity components will be, by (13), 


ap d(i> 

U — 2cix. a = = 2ciy. 


Ox • ' dy 

C<7n?cqucntly the pres-'^uro at .any point P(x, y) is, from (17), 


( 22 ) 


I .a. 

V" + IT), 

U 


whffr 7 >., is the pr>vsun’ at the corner (0, 0). 
» Vi On 


( 23 ) 



300 


PAHTIAL DIFFEEENTIAL equations IChap vu 

74 Flow of electricity in a cable In Chapter II, Art 20 ne dis> 
cussed a cable canyung an electnc current under steady-state condi 
tions We wish now to investigate that problem from a somewhat 
more general viewpoint, m which we consider not only the xesistan*e 
and leakance of the hne, but also its inductance and capacitance* 
We shall then take mto account m addition to the v anation of poten 
tial and current with distance along the line, the change m these 
quantities with time It is evident that such an analj sis mil lead to 
partial differential equations, from which transient effects as well as 

o X P Q 


Source Load 



Fio 62 


steady -state conditions may be studied We measure the distance 
X ~ OP (miles) along the cable from the source of e m f taken as origin 
(Fig 62), and let 

e = e(z, 0 = potential (volts) at P at time t (sec), 
i = t(x, t) current (amp ) at F at time t (sec ), 
r 5= resistance of cable (ohms/mde), 
g = leakance to ground (mhos/mile), 

L ~ mduetance (henncs/nule), 

C = capacitance to groimd (farada/imle) 


Then the drop m potential along a segment Ax = PQ mil be, approM* 
matelj, . 

at 

Ac = — r Ax t — Zp Ax — , 
dt 


so that, divading by Ax and allomng it to approach zero, we 
limit 


&e 

dx 


bi 

L- 

dt 


get in the 


0) 


Likcmse, the drop m current along Ax is, approximately, 


from nhicli wo get 


-j7 Ax e — O' Ax — , 


Ot de 

— = -gc - C — 
Ox dt 


*\\e suppose these four quantities constant per unit length 


( 2 ) 
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Equntionf! (!) and (2) constitute a sj-stcm of simultaneous partial dif- 
fmmtinl equations in the independent variables x and i and the depen- 
dent variables t and c. "We may eliminate i and c in turn, obtaining a 
single partial ccjuation vitli one dependent variable, as follows. Dif- 
ferenti.ate (1) partially with respect to x, obtaining 


O'c 

di 

d-i 

- m 

‘—'V — ~ 

^ Ij 

dxr 

dx 

dxdt 


( 3 ) 


and ditTerentiate (2) with respect to t, whence 

d'i dc d-c 

_ —g (7 __ 

dt dx di dt- 


(D 


Siib'-titiiting from (2) and (-1) in (3), we get 


or 


d-c 

dc dc 


d-e 


^ rqr 4“ rC — h Lq — 

+ 

LC~ 

dx^ 

dl ‘ d( 


dt- 

d-c 

Cl 

dc 



^ LC-x-l- (rC + L<j) 


+ rfire. 

'dx- 

dl- 

dt 



( 5 ) 


This jq a linear homogenc'ou.s equation of .‘-'ccond oiricr for the potential 
Likewise, we get by elimination of c from (1) and (2), 


(T-i 


!}x~ 


= LC 


O'l , f)i 

" 7 ^ + (rC + Lg) — + rgi, 

Ol~ dt 


(G) 


which Is similar to fo)'. ? merely replaco.s c. Evidently (5) and (G) 
nshice to the e<iuations for r and i found in Art. 20, Chapter II, if 
l.~ (' - 0. The present equations (;>) and (0) arc called the telephone 
being used in teiojihonic theory. 

l'>i‘<iuently, as in telegraph transmission, the leakance and mduefc- 
:ui(v ;)r wilier- little elTivt a.s compared to the cfTcrts of resistance and 
eapariianee. tSettinp p == L 0 in (1), (2), (5), and (0), we get 


dc 


7“ = -n, 

dx 

( 7 ) 

d{ ^ dc 


dx ' dl ’ 

( 8 ) 

d-c d>- 

— - 7 C-~, 
dx- dl 

( 9 ) 

di 

rx- rf* 

cV ‘ d(* 

( 10 ) 
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which are known as the telegraph equations We note that equations (9) 
and (10) are of the same form as the equation for one-dimensional heat 
flow (Art 7 1) Thus our methods of handling a problem in the flow of 
heat should be applicable to the study of current flow 
As an example mvoliung the telephone equations, consider a trans- 
mission line, 100 mi long, for wluch r = 2 ohms/ mi , Z» = 0 02 henrj /mi , 
C = 5 10“^farad/mi , andff = 5 10 mho/mi Imtially the potential 
at each pomt is mdependent of time, with the ends x = 0 and x = 100 
at potentials lOOe = 272 volts and 100 volts, respectu elj * If both 
ends of the hne are suddenly grounded, reducing each end potentnl 
to zero, we wish to find the resultmg potential function c(x, t) 
Substitutmg the given values of r, L, C, and g m equation (5), we 
have „ 

^ - 10-*e + 2 10~° — 10-s ^ (11) 

5x2 gi2 

Assummg a solution of the form e(x, t) = X(x) Tit), we get, bj the 
usual procedure, 

10 ^ ^ + 2 oor + t” _ ^ 

X ~ T ' 

a constant This leads to three types of solutions, 

i>0, (13) 

e — (cs sm 10~^V^X x + Co cos lO'^'V^— A x)<““^‘ (cj sm t 

+ cg cos "V^ — i /), L <0, (I"!) 

e = (cgX + cio)e“'^^*(ciit + C 12 ), A = 0 (15) 

Now the boundary conditions are 

c(0, 0 = 0, c(100, t) = 0, (IC) 

for t > 0 It 13 easy to see that these relations can be satisfied onJj 
b> a solution of tJTic (14) From the first boundary condition wc get 
Cft = 0, from the second, sin 10“® = 0, whence « lOOnr, 
n bemg an integer It e therefore hav e 


c “ C5 sin Y“ < sin lOOrnrt -f- c$ cos lOOntt), 

* The data have been chosen so as to make the coffpatntions rchtuily Bimpl 
Also the Rjinbol « u now used to denote the Napicnan b-vst 2718 to avoi' 
confusion with potential e 
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whieh fvntif-nfc? the difTcrcntial equation (5) and boundarj' conditions 

( 10 ). 

V.'c next oon-^idcr the initial condition*;, of which there arc two. Fii-st, 
since lilt' potential at any point of the line before the change is inde- 
IXTidcnl. of time, and because of the inertial effect of inductance, the 
initial time nite «jf change of the potential will be zero: 


From (17) we get 


f)r~ 

dt. 


= 0 , 

{ «'»0 


0 < X < 100. 


( 18 ) 


“ — Cr, sin ’'^®'(100/!-C7 cos lOOtirr/ — lOOn-cg sin lOOnirt 

01 100 

— I00c7 .sin lOO/ixt — lOOcg cos lOO/ix/), (19) 

and (18) therefore yields ]00nxC7 — lOOcg = 0, or cg = nxc?. Conse- 
(piently (17) becomes 


fiXX 

c = sin c 

100 


-100< 


(sin lOOnxf + ?ix cos lOOnxi). (20) 


'fo deal with the remaining initial condition, we need a solution of 
(11) thill, is indeiiendcnt of /. When c depends only upon x,c = e,(x), 
(11) rwluccs to 


d-c. 


= 10 * 


( 21 ) 


which has the solution 


r,(x) = (22) 

Since c,{0) ^ 1(K)< and c,(l00) — 100, we get, from (22), 100« = a + h, 
100 fi« + hr', whence n = 0, h = lOOt = 272. Consequently our 
other initial condition is 


c(x, 0) 272£“'”“ 0 < X < 100. (23) 

It is aiipun'iit that (23) can be fulfdled only by taking an infinite 
.•■»'ri<> of tenn., of type (20) ; 




^ lOOnrri + «x cos lOO/ixt). ( 24 ) 


Applying (23), %ie find 


?Jflrh„) Fin ~— 
^ 100 


I 


( 25 ) 
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Accordingly, must have 

^ I 2726-/100 su. „ 
100 


(Chap UI 


nvb, 


wluch yaelds 


2 /»ioo 

272,-«»6m— dx, 
100 Jo 100 


j, _ 544(1 — e ^ cos tit) 

" r+nv 


(26) 


Inserting these values m (24), we therefore get 


„ cjj 'V'l — € costitt riTX 
This ^ the desired potential functon + "’r cos lOOnrt) (27) 


PROBLEMS 


no steady flol^ of an incompressible fluid in which 

no external forces act but m which the rotation c. = ^(0v/3z - du/%) ^0 

- 0 A = F, 1 0 together with the 

.„;;rrd\r.hr.^'r 


“ + = 
r dy 


Since in the expression d^/dt = « O^Ox + v d«/dy + o«/dt we liave d«/d< - 0 
or steady motion along a streamhne it foUows that the rotation m this tjpe of 
motion 13 constant 

Am a °f velocity m a certain steady flow of an meompress ble 

nc upon y no external forces are equal to those of a particle moving with 
coi^tant angular % elocity A. m a counterclockwise d rcction along the circle x* + J/* 
particle ^ ^ rotation of the flmd is equal to the angular velocity of the 

3 If m the example of Art. 73 the w alls mako an angle of GO" w ith each other 

It may be shown that the streamlines are gi^ en by ^ - const * Show that 

a ptrmwsible potential function is ^ = x* — 3xj^, and find the corresponding press- 
urc p at any point (x y) if p(0 0) = po 

4 The Btreamhnes of steady irrotational two-<limensional flow of an mcom 
prcssi 0 fluid about a rotating cylinder are concentnc circles x* -f y* » const 
i5iiow Uiat a permissible potential function is - -tan-^ (y/x), and fnd the corre- 
sponding ptcasure p if p - p, at an infinite distance from the cylin Jer 

o A transmission Imo 1000 mi long is initially under steady-state conditions, 
with potential 1200 volts at the source (x - 0) and 1 100 volts at the load (x - 1000) 

e cmimal end of the hnc is suddenly grounded, reducing its |iotcnttaI to ten, 


•See Problem 7 Art 101 
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and the total flux threading a crele of «<!.„„<« 

^(r, 0 “ 2 t r rJ7(ar, t) dx 
*'0 

Hence the e m f mduced m a shell of radius r and thiekneas Ar wdl be 


Jo at 


dx, 


wh^ tve have differentiated under the mtegral sign, using formula (3) 



the eheJI^fff ta the resistivity (abohms/ cm of copper, the rcsistanic of 
Sdvturrtr'^''" 7“^ '='> ^vs'/Ar iVlso, if . .3 the 

around eddy current circulating 

ofriirrunf ef ^ 1 be 1 Consequently, by Ohm’s hn , the product 
KheU be equal to the potential drop around the 

(I) ’ Heli'ce ne Jme mduced e m f , given by equation 


2rpr /'*■ 

.=-ir. 

prJo 


dH(x, t) 


dx, 


dllix, t) 


( 2 ) 

^onsKler the shell of radius r and thickness Ar, but now of 
If mo! ° L of the entire rod, as a solenoid of one turn 

I intcnsitj at the midncction of a solenoid 

no-ae length Zt is \ erj large compared to its radius ls gi\ cn hy imh/I 
Li n IS the number of turns and 7, the current (abamp ) in tic 
solenoid Since ne ha\o here n « 1, /, « jLAr, it follous tint the 
approximate change m field intensity //(r, () due to the eddi current 
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AN EDDY-CUmiENT PROBLEM 


S07 


flou-itiK in the phcll is MJ « — Ar. Di^^dmg by Ar and passing 
to llic limit as Ar approaches zero, vrc get- 


dllir, f) 




and from (2) there follow's 

d//(r,0 -Irf" dll(x,t) 


--f 

P'fo 


DifTcrcntiating partial!}' with respect to r, remembering that the integral 
on the right is a function of its upper limit, w'e have 

d'^H 511 Airr 5II 

7* 1 (4) 

dr 5r p 51 

This is the partial differential equation for the magnetic field intensity 
!I{r, t) ns a function of distance r from the axis of the rod and of time t. 

In conjunction with equation {•!), we have to take into consideration 
n boundar}' condition. At the surface of the rod, i.c., for r = a, the field 
strength mu.st. be equal to the uniform value of H over the cross-section 
when an air core replaces the cojjper rod, wlicncc 

7/ (a, 0 = A^NI cos 2^Jt. (5) 

Following the u.sual procedure, suppose that there e.xists a solution 
of (1) of tlie form 

JI{r,t) R{r)-ni). 

Huhstituting in (4), we get 


rR’'r + R'T 


R^ R' _ -tx r 


Now' if, ixa in o\ir previous problems, we sot each member of the last 
equation c<iual to n constant, and examine the solutions of the resulting 
orvlinat}' differential e{junti(in.s for positive, negative, and zero values of 
tin- const.anl. wo encounter a .rituation which ha.s not arisen before. 
For, if the constant wi>rc positive, T would be an increasing oxjioncntial 
iunruon of !, and ihcrcfcirc II would build up indcfinilel}' vrith increase 
o, vitnj*, for a ncg^rtu'c corjsUint, W'e should get for R a decreasing 
cxfv.jicatin! function, ^o that II vcould d.amp off indefinitely; and if the 
eoiuitaiit Wen’ zero, T, and therefore //, w'ould he independent of time. 
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Evidentlj none of these choices will meet the requirements, since it is 
apparent on physical grounds that '(vhen the exciting current b a 
periodic function of time, the resultant field must also be pcnodic, ns 
js mdicated by the boundary \ alue (5) 

Further consideration of the difficulty, hone\er, shows us that ive 
can get for T a periodic function of the tune if we choose as our constant 
a pure imagmarj number, jk, where k is real and j is used to denote 
V^— 1 to a\ Old confusion with the symbol * for current Thus, we get 
the equation 


from which 

T — — Cl {^cos— 4* 0 sm-^ , 

\ 47r 4x7 

where ci is an arbitrary constant Smce the boundary condition (5) 
requires that the penod of T be that of the current flowing in the sole- 
noid, we have ^.p/47r = 27r/, and therefore 


P 

T =* =» Cl (cos 2Trft + 3 sm 2jr/i) 

The equation for the determination of the function ^(r) is then 

dfR dR 

jkrR = 0, 

dr dr 


with L given by (6) Equation (8) differs from the differential equation 
considered m Chapter VI, Art 63, only in the coefficient of the last 
term, this suggests the use of the substitution r = cz where z is a ncr 
independent variable and c is a constant to be determined Then we 
haae 

dR IdR £2? 1 

dr c dz’ di^ * 


and (8) becomes 


dz^ dz 


— 3h(?zR *= 0 


This will be the equation discussed m Chapter \ I Art 03 if c w so 
chosen that ic® « I, or 1/c *= Hence a solution of (8) anil be 
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Comhining this v.-ilh (7), \vc therefore have as a solu( ion of equation (4), 

Now it was shown in Chapter VI, Art. 63, that JoO '-) ^ complex 

function, witli real component her 2 and imaginar}' component bei c, 

= her 2 + j bei z. 

I'Im.s (he factor in (9), ns well n.s the exponential function 

will Im complex quantities, so that for real value-s of r and i, H as 
given by (9) will, in general, be a complex number. V ith the constant 
f] a comph'x number (whicii may, of course, be real as a particular 
ea'-e), wc (hen get by separation of real and imaginarj’’ components in 
(9), an expre.ssion of the form 

11 = 7J,(r,/) +jJh[r,l), 

wliera //j and TI-j arc real functions of r and (. Substituting in (4), we 
have the relation 

(rill flf/i -iTrrOf/i f ar/n 4-r37/2\ 

— i + ) = 0, 

Or Or p 01 \ Or Or p 01 J 

which i-! sati'^fied identically in r and t since 7/ is a solution of (4). But 
if n complex number is equal to zero, its real and imaginarj' parts must 
each be zero, whence 

5=;/j 377, 4rr 377, 

r — n — I — , 

Or Or p 01 

3 = 7/2 , 37/2 __ -WrOIh 
Or ‘ Or p Of 

That isq the rral and inmginarj' components of 77 individualh' safLsfj’ 
equation ( t). We may t herefore take as (he physicallv possible solution 
of our problem (lie re.a! part 77, of It as given by (0), 

Iltnvev.'r. it is inconvf'uient at this .stage of our v.’ork to break up 77 
uto it.': two component.': //, and J!.. and apply the boundan' condition 
00 to the fimciiou 77, (r./) so obtained, fre^tead. we shall for the 

k- 'd continue to fle.nl with the complex function (0), and shall 

(cpbw^. t.») by tlw new boutid.nrj' condition 


//(«. (i rs 


( 10 ) 
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and the poner loss in a shell of radius r, thickness Ar, and 1 cm long 
will be, approMEoately, 


^ 2irpr 
2[MQ(Vk a)l* Ar 


TplN^I^ 

[MoCVXa)]^ 


r[il/i(v^r)f Ar 


Summing for all such shells from T = Otor*=a, -we get for the total 
heat loss per centimeter length of rod, 


Fi - 


[HUy/La)? 


fWiCv^r)]® 

•^0 


dr 




J f*vTo 

z[Mi{z)f 

a 


dz 


ergs per second, -ttherc z ~ \/k r 
To carry out the mtegration, ue express Mi(z) in terms of thederiva 
tu es of her z and bei z We have 


'f y (her z+jhai z) 
dz dz 

~ e^'^^^Cber' z 4- J bei' z) 

Since the modulus of the product of tuo complex numbers is equal to 
the product of their moduli, and since the modulus of is unit}, 
we get 

[i»/i(2)P= 0)61^2)= + (bei'z)2, 

so tiiat 

Vv'n>'nin» 7yosshlrt;\tiTfAx'gi'iAu’u> 7an*t's,'a5nrgNVft:iT’/iiN’iu?E.‘if»0.'.'U}Irx 

VI, Art 03 For the first term, let 


u hence 


u =» z ber' 2 , 


du = — zbcizdz, 
In the second term, let 

M *= z boi' z, 


dv = ber' z dz, 
i> i= ber z 

dv = bci'zdz, 


du => zberzdz, 


from uhich 


t ss beiz 



Akt, 7t>| 
Tlierefore 
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f'^i=(l«.r'=)= + r(l'oi’:)=i* 

Jfi 


her : bcr' 


ber z bei z dz 


C . 1'^'’ 

z bci z bei' ~ ~ J ^ J 


= o(bcr a bcr' a + bci Vfc a bei' Vfc a), 

find 

p „ (i>cr -\/k a ber' VI' o + ^ei \/b a bei' -y/h a). (14) 

We llniH have an expression for the jiowcr loss (crgs/scc.) in 1-cm. 
!e«Kt!i of rod.* 'rhe foregoing thcora' has considerable practical 
np])H(vation in connection with induction fumaoc.s.t 
70. Diffusion problems. J Consider a slab of porous material con- 
t.aining a liquid, being dried b.v evnjionilion. Let the thickness of the 
slab be o (ft.), .and snppo.'^c the cflges coated so as to prevent evapora- 
tion from taking place except at the two opposite faces each of area 
N (ft.‘). We .«hall investigate the "difTusional” stage of drj’ing in w’hich 
the liquiil evapomtes from tlic surfacc.s as bust as it gets there by diffu- 
sion from tiw iuteyiov. 'I'Ue l^uid c,ouw.wtra.t\ou at a surface is aoustaub 
throughfnit lhi.« stage; we c.all this concentration the equilibrium liquid 
concentiation. It a'ill be assumed that the initial liquid concentration 
is uniform throughout the interior, but that at the .surface it fall.': to the 
c(|uilibrium value immediately at the beginning of the difTusional stage. 

'Flic cmpiriwtl law of diffusion upon which our analy.cis Avill bo ba-sed 
1“ .‘-imilnr in fonn to tlie thirrl law of heat flow (Art. 71), and may be 
stated as fullows; The mte of diffu.sion is proportional to the cross- 
Sfctiunal area and to the concentration gradient. Let efr , !) (Ib./ft.^) 
1 h' the concentration, and take the T-axis in the direction of flow, with 
origin at the mid-Tction, so that flow t.akc.s place from the central 


* T.'il.’.-f. {.r of Is r r, 1 h-s z, ImV z, Ik.!' r also apjx'.ir in MrLfirbLnn, pp. 

l77-t7s. 

t S-- Mr.rci.1>-vi)V.s '‘Th« Iniluctiftn Funwee,’' Jr^irnnl EX., Vol. 

«.!, p Jn.'v.'j; DiMcht !um 1 “C.ilruLtiou" for CorcloAsIi^^tnction Funwees," 

'll iff •_ lOICl, 

: l.'i r. >:.>■. -.-.v.n ^.!d> po,! V:n, f-o A. B. Xfwnvin, “Thfj Drrfng of Porous 
S •. P- 'n C'is'ifAtstta'..” TrcM. A. !. Chn. E., Vol. 27, p. 310, 1031. 
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plane ac = 0 to the faces x ~ ±a/2 (Tig 64) Let Q (lb ) be the 
amount of hqmd m the slab between a: = 0 and x ~ x&i time i (hr) 
Then by the above law, we have 


di dx 


( 1 ) 


where K is the diffusivitj constant of proportionahty (ft Vhr ) 

the definitions of c and Q, we ato 



have 


BO that 


= (oSdr, 


dx 


cS 


( 2 ) 


mg the Tcsultmg equation by S, we get 
dc ^ d^c 


We may elunmate Q bj differenti 
atmg (I) with respect to z and 
(2) wath respect to t, and sub- 
tracting Domg this, and divad- 


(3) 


Now let Co be the uniform liquid concentration at time < = 0, for 
~a/2 < a; < a/2, and let ci bo the equilibnum liquid concentration at 
z — dba/2, for alH > 0 For simplicity, let C(x, t) denote the concen 
tration m excess of the equilibrium value, 

C = c — Cl, 

whicli We may call the free liquid concentration Then the imtial free 
liquid concentration will bo 

Co = Co - Cl 

Since dC/dt = Oc/dl and d^C/dx^ = d’e/dx^, wo maj write our differ- 
ential equation m the form 

!£= K — 

di~ Ox- 

We wish to solve (0) subject to the conditions 


( 6 ) 
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AlVt* i-zii: A A 

Af.'nmiing C(x, () = Xix)TiO, vrc get from (0) 

XT' = KX"T, 

T' X" 

Since C, nnd tlicrcfore T, must decrease witli increase in t, k must be 
negative; for convenience, let this negative constant be denoted bj’ 
— X*. Then we have sis a juirticular solution of (G), 

C = cos Xx -b 7? sin Xz), 

where .4 and B arc arbitrno' constants. Generalizing to an infinite 
fcric.s of terms of this typo, we maj' write the formal solution of (6) as 

C ~ cos X„x + Bn sin \„x), 

n»»i 

where the X’s, A’s, and B'r are at our disposal. 

Tlccaii.'-c of symmetry in the plane x = 0, C(x, i) ^ C{—x, t), and 
therefore we must have Bn - 0 for every n. From (7), wc get 

n -A-xp , 

0 - / "/InCOS-—- 

n«l ^ 

'J'hi.s condition will be mo.st easily met by taking all A's with even 
.sitb‘5crij)fs (‘cjual to zero, and all X’s with odd subscripts equal to odd 
multiples of r/a: 

. (2n - ]):r 

-lof) ~ 0) l ” 

a 

For, cos (X;„_io/2) == cos [(2« — l)r/2] = 0, .«o that each tonn of the 
series will vanish, while we have vstil! at our disposal, for use in meeting 
condition (S), the .I’s with o<ld subscrijits. Our solution thus bccome.s 

^ « w I d 

Xiw from (S), 

{2a - l)rx 
Co 

TTi a 

Bn; is \va« found (C’hapter V, Art. -18} that it was possible to e.vpand 
unity in a Mr rics of pWH'isoly thh type, valid for ~o/2 <x < a/2, with 
( — I)""’.! . rt2!! ~ 1). lienee WC have 


^f rx 1 
V 3 


I ^TTX I orx 

•• W ^ cOtS 

3 d 5 d 
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and the solution of (6) which satisfies conditions (7) and (8) is gi\en bj 
4Co ^ (-!)”-» 


^ ^ 2n~l 


,-{2n-l)Va/<» 


(2n — l)jra: 
cos-^^ i— (9) 


This senes, ns ell as its derivatives, is uniformly eomcrgont for 
—a/2 ^ X ^ a/2 and for f ^ > 0 

It IS desirable to ha^e, m addition to (9), an expression for the 
average concentration c at any tune i Thus, if at time i e\ aporation 
from the surfaces were stopped, the liquid in the slab would settle doim 
by diffusion to this average concentration Let 

C = C — Cy (10) 

be the average free liquid concentration at time i, evidentlj C = Co 
when t — Q Then the total free liquid content at time t m the slab is 

pa!2 

UaS= CSdx, 

whence 



Smee the senes (9) is uniformly convergent, it may be integrated term 
bj term, and therefore 

a Jo w 2a — 1 a 


L 1)2 

_ 8Co I 


a Jo 


( 11 ) 


It is of interest to note that (11) holds for f = 0 as well as for /> 0, 
for, using the ^enes 

^ 11 ^ 1 ^ _i_ _L 

s’ (2n“-^lj2 " ^ 32 7 * 

•we get from (11), C « Co when / <= 0, os wc shouli 



diitusion problems 

Conpirlfif next a i)orouH cylinder vrilh its ends coated, so that the 
liquid diiTuf-es nsdially from the axis ton'ard the cun-cd surface, i.e., the 
liquid flow is now twfwltmcnsional. Let the cylinder be of length 
L (ft.) and radius o (ft.); then for flow througli a cylindrical surface of 
radius r < a, we get from equation (I) 


Moreover, 


vdiencc 


dQ dc 

— = K2-rL — 
dl dr 


Q = 2-L f 

Jq 


redr, 


dJl 

dr 


2-Ltc. 


Kliminating Q as before, we find 



( 12 ) 


It may be remarked that, by reasoning similar to that emplo 3 'cd in 
An. 72, we get n.'^ the general differential equation for two-dimensional 
li<iuid flow, 



i’or the cylinder we are now ron.ddering, c will depend onh" upon r and (, 
and not upon 0. Ifenec the ia«t equation reduces in thi.s case to oqua- 
thni (12), which wo h.ave derivcxl ab initio. 

f>infe fsjualion (12) applies aho to the problem of temperature dis- 
tribution if we interpret r. as tonjperature and K as thcnnal difTusi\-itj', 
the following rttmlysls may be u.'cd in the study of the lieating or cooling 
<‘f ri ct'lindrieai surfaer-. 

Again Using C, us given bj* (-5), to denote the free liquid concentration, 
ne m:i_v replace. (12) Iw the equation 
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Under the same assumptions as before, ue have m connection mth (13) 
the conditions 


for t > 0, and 


C(a, t) * 0, 


C(r, 0) = Co 


for 0 < r < a 

Assummg C(r, /) - jR(r) Tit), (13) leads to 


(U) 

(15) 


RT' = K (r^'T + i Kt) , 


r _ ^ R' 




From T' = ~JO?T, vre get 

T = 


(IG) 


whore A is arbitrarj Now the equation for iK(r) may be WTitten 


d^R dR 


\^rR 


= 0, 


(17) 


which closely resembles Bessel’s equation of order zero (Art 57) 
Letting r =* bs, where 6 is a constant to be determined, we have 


and (17) becomes 


dR _ldR d^R 1 d'^R 

dr b ds ’ dr b^ ds^ ’ 


d^R dR 

s— + — +X^6®irf? 
ds' ds 


0 


Hence, if we choo'^e b = 1/X, we have Bessel’s equation, so that a par- 
ticular solution of (17) IS 

R = Jfjis) = Jo(Xr) (^S) 

Combimng (IG) and (IS), and forming a senes of such products, we get 
as a solution of (13), 

C = A,Jo(X,r)e-^^ -f + , 0^) 

where the A’s and X’s arc at our disposal 
I’rom (14), w e get 

0 *■ /t *!■ Aji/o(^2a)c "f* 
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Xow the (unc.tion Jc(x) has infinitely many positive zeros 

(Chapter VI. Art. ap): Ux = 2.105, liz = •‘5-'>20, /?.■? = S.Go-I, 
Hence condition (M) may be met by choosing X„ = Rn/a, so that 


C' - A v/a (/^l + AoJo (/?2 + • * •• 

From (15), we have 

Co = AyJo (Ri ^ + .-1 2^0 (^2 ^) + • • •• 


(I'liiis 'V(‘ have to expand the con.'^tant Co in a scries of Bessel functions. 
H wa-s fbowi in Chapter VI, ^Vit. 01, that the e.xpansion of unity in 
.‘oich a .«erios is 


RiWi) 




2 


~r 


/?2^/ 1(/?2) 


MRzt) +■ 


valid for 0 < X < I. Letting r — r/a, we therefore have 


— Jo (Ci -) d — /o (^2 , (20) 

RiJiiRi) \ a/ R^iUh) Vo/ 


which holds for 0 < r < fl. 

'riicreforc the .solution of (13) which satisfies conditions (14) and 
(15) is 


C(r, t) = 2Co^ 0^" “) (21) 

izi RuJ\(Rn) \ a/ 


It is Iteyond the scope of this book to examine .serie.s (21) for conver- 
gence. Be shall assume that (21) may be integrated term by term, 
.<0 ns to obt.ain an oxpr{»ion for the avemgc free liquid concentration, 
wliifb is our principal result, and examine merely the resulting series 
for C. 

We have for the total free liquid content in the cylinder at lime t, 


wfuaici*. fri<ui (21). 


€--a'L 2:tL f Crdr, 

'h 


J/’ /VI “^ofCn“) 

V .. :L? f ^ g/ 

0 - Jo {r{ RJi[lh) 


dr. 
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Using the relation ~ — (2'*/i(a')] (Chapter VI, Art 58), wcha\e, 
dx 

with X — Rnf'/cif 


from which 




Consequently we have 




( 22 ) 


Since e ^ 1 for I ^ 0, and /?„ > n, the terms m the summation 

of (22) are less than the corresponding terms of the con\ ergcnt series 



-1 

Whenf 


Hence (22) con\erges uniformly for i ^ 0 
= 0,C = Co, so that w e get from (22) the interestmg relation 


_L _ 1 

That IS, the sum of the squares of the reciprocals of the positive zeros of 
J o(i) IS equal to ^ (Cf Chapter V, Art 45, Example 2 ) 




PROBLEMS 

t A copper rod 6 cm. in diameter, 100 cm long, and of resiaUvity 1720 
abohms/cm *, la wound over its entire length with, 5000 turns of wire The cod 
13 excited by a GO-cycle alternating current whose effective value is 0 1 abamp 
(a) Compute the magnetic field strength when 1 = 0 03 see , at the axis, 1 era 
from the axis, and at the surface of the tod (5) Find the heat lass in natta in the 
entire rod. 

2 Find the r m s iraluo of the field intensity over a cycle at the axis and surface 
of the rod of Problem 1 and at sevcrvl intermediate distances Hence plot a cune 
ehomng the vanation of cffi'ctive field strength with distance from the axis 

3 I'or each of the points used in Problem 2, find the phase difference lx tween 
the field strength and the exciting current, and plot a curve showing the vareiUon 
of phase difference with distance from the axis 

4 . A porous slab 2 5 in tluck, and mth its edges coated, is allowed to do 
40 hr , dunng w Inch diffu«ion controls the drying rate Initially the coiict ntrnliw 
H 0 1970 lb /ft *, and at the siirfaci the concentration is 00309 lb /ft * If t c 
diffu«ivil> con'ttanl is N •• 0 00016-1 ft */}ir, find the AMrage concentration C * 
the end of 10, SO, 30, and 40 hr , and plot a curve wlmwiog the tunc lanation c 
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6. A jKirou-i rylinrlff, 9 in. in di.'vmctrr and coated at the ends, i.s allowed to 
drj' for -10 hr. Eainc tin- relevant d.at.a of Problem 4, find the vaUic of C at the end 
of 10, 20, 30 , and 40 hr. .and plot .a curve showing the tinne variation of C. 

77. The vibrating membrane. As an example of a partial differential 
{•qtmfion involving three independent, variables, tve consider the prob- 
lem of the vibrating membrane. 

Suppose a inembnmc to be tigblh' .stretched and firmly held by a 
rigid rectangular frame. Place the membrane in the .ry-planc so that 

fdge^ arc the linc.s x - 0, x = a, ?/ = 0, and y — h, where a and b 
are mca.sured in feel. Under the action of a dLsturbance of some kind, 
(he. displacement r (ft.) of the membrane will be a function of x, y, and 
time ( (see.); r = r(x, y, /)• 

'Jilt! difterential equation to be .satisfied by z may be derived in a 
manner analogous to th.at of the vibrating string (Art. 70). The result 
i.s found to be 



where c ~ (ft./.«cc.), T (Ib./ft.) is the constant tension per 

unit length in any direction in the membrane, g (ft./.«ec.-) is the gravity 
conslanl, and .s (Ib./ft.*) i.s the surface density of the material of the 
membrane. In accordance with the po.sition of the fixed edges, as 
mentioned above, we al.«o have the following boundary' conditions: 


i(0, r/, /) = 0, 0 <y <h, t> 0; (2) 

r(a, 0=0, 0 <y <h, t> 0; (3) 

z(x, 0, 0 = 0, 0 < X < (7, / > 0; (4) 

=(x, h, /) = 0, 0 < X < a, (>0. (5) 

Hiippo^e that vihmtion is brought about by giving the membrane an 
initial di‘-i)lacoment r - /(x, ;/), 0 < x < a, 0 < 1 / < 6, and releasing it 
from nvt. Tiien the initial condition.*^ are 

:(x, u. 0) r-.- fix, y), 0 < X < o, 0 < y < 6; (0) 

‘I- 0 < x < fl, Q<y<h. (7) 


A' -nme that then- n .«olution of mir problem of the form 

- AV)-rty)>rifs. ^^ul.'-tituting in (I ) and separating the variable^- 

7" .Y" }•" 

Jr ' "y* T' 
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Each of the three terms in this equation must be a constant, and 
m order that the function T{() be a periodic function of time, each 
member of (8) must l>e a negative constant Moreover, to meet the 
boundarj conditions (2)-(5), z must be a periodic function of x and 
yasnell Therefore nc set 



n hence (8) yields 

T' = 4 - ( 10 ) 

Tollowing the usual procedure, uc find from (2) that X must have 
the form C\ sin ax, where is a constant, and from (3) that a = wir/o, 
where m is an mteger Consequently 


VlTX 

A = Cl sm 

a 

Similarly, boundary conditions (4) and (5) require that 


( 11 ) 


r 


niry 

= Cq sm “7~ , 
b 


( 12 ) 


where n 13 an mteger Then (10) becomes 


where 

T" « -f = -<^Ki„T^T, 

Hence 



r = C3 sm cKmnT^l + C4 COS cKmnVt, 


uhcre C3 and c\ arc constants 
Initial condition (7) now imposes the condition C3 
Imc 


VflTTX tlTry 

z ~ c sm sm — — cos c7v„„Tt, 


0, and we tlius 


( 10 ) 


where c' is arbitrary , m and n arc integers, and Kmn is n corresponding 
number given by (14) Kclation (10) satisfies the differential equation 
(1), all Imundarv conditions (2)-(5), and initial condition (7), initial 
condition (6) remains to be met 

Neither (IG) alone nor anj finite sum of terms of tint tjpc will, 
in general, senc to satisfj rchition (0), but certain special forms of Uio 
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function j/) may lead to a simple solution. For example, if the 
iniu.'U displacement 1 .“? ^ ^ 


y) = ^0 sin — sin — , 

a b 


( 17 ) 


where Cfl (ft.) is a constant, it is easily seen that the full solution of the 
problem is 


ttJ ■Try C'jr"'/ a~ + 

:(a', ?/, 0 = -0 pin — sin — - cos ; (, 

a 0 ao 


(IS) 


obtained from ( 14 ) and ( 10 ) with m = n = 1 , c' = Zo- 

In less pecial ca.scs, however, we are led to formulate the double 
series 

. m-j . tiTTj/ { m~ 71- \ 

- E E""“ T ("W^ + F 

rn »* I ft I 

This relation will fomuilly satisfy all the conditions of the problem 
jnovided that/( 3 :, y) (xm bo represented b}' the double Fourier series 

rnTrr. . mnj 


^r-\ mTTX. HTT 

f(h 2 /) = 2 ^ sm sin — 


w I r* I 


WJ j 

EE 

nt 1 ' ti ^ 1 


7 i 7 nj\ m^rz 
/?„,« sin .sin 


b } 


( 20 ) 


for 0 < a; < rt, 0 <1 y < h. Kow, for each fixed waluc of y between' 
() and b, ( 20 ) is the Fourier sine series for/(;r, y) if 


E llrrlf 2 r'’ 7 ?Itrj 

linn sin == - I /tx, y) sin dx - y,„(y), (21) 

„ I b a Jo a 


say. This in turn will be valid if 

O 


linn - 


I t?n(y) si 


u-y 

sm dy. 
b 


(22) 


Tluis, ( 10 ) will bo the desired nisult when the coefficients Env. are 
those f^iveu by 

4 r' r'"' . ^ . mrrx ;it;/ 

b/.n - I ?/).sm m\—^dxd>f. ( 2 . 3 ) 

ab Jo Jo a h 

b .sliimld he ludol that. .aUliouRh eacii individual (enn in ( 19 ) is a 
pcrif*.rjc fuartion (4 I, the fmu-tion r represented hy the tlouble series 
is Jiot, in general pe.rii«iic in 1. For, tlie numbers Kn>n .dven by ( 14 ) 
an* not inte,i:r:d !auitii>K< of .'my lixwl jnimber as in and n independ- 
ently tin* values 1 , 2 . . 3 , • • .. C<nise(|ue!it!y a vibnitin^ mem- 
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brane -mil not necessarily emit a musical note In special instances, 
howe\er, a musical note will b e emitted , thus, the function (18) is 
penodic in I, ^nth period 2ct>/c V c? + 


PROBLEMS 


1 Let the uutial displacement ol the rectangular vibrating membrane of Art 77 
be gi\cn by 

r(x y, 0) •= /{r, y) •= h{ax ~~ 3r)(by - y*), 

where A (ft “’) is a constant Show that the coefficients of the double scries (19) 
arc then 

j y (1 — cos IBt) (1 — cos fix) 

2 Suppose a membrane to be stretched over a fixed circular frame of radius a 
(ft ), in the xy-plane and with its center at the origin Let the membrane be given 
an imlial displacement z /(r 6) and released from rest, where (r 0 z) arc cyhndn 
cal coordinates. Show that the differential equation and the boundary and initial 
condiUons arc given by 

dt^ Kdr^’^rdr^r^de^J' 
zia, <?, 0 “ 0 ^1 = 0, 2 (r, 0 0} = fir. e) 

3 Obtain a solution of Problem 2 m the form of a Founcr Bessel expansion 

a ^■I'».(Xmt.r)(A«„ cos mS + B„nSin m9) cos c\„J, 


w here is a Beascl function of order m X** are roots of the equation J m(aX) — 0 
and 




roVm+iCaX, 


ry«(Xm„r)/(r, fl) cos md dO dr, 


Tn*Ji,+i(aX„, 


7^a 


rJ'«(X«p,r)/(r, 0) pm m0 dO dr 


4 Suppose that the initial displ iccmcnt of the circular membrane of Problem 2 
IS a function of r only, say /(r) If the membrane is released from rest show that the 
di<iplaccmcnt z (ft ) ls gist;n by 


5 ^ Ji>(g»r/(i) 


cos ^ J^rJo(<*nr/(t)/(r) 


df, 


where a (ft ) is the radius and the a a arc the positive roots of Jo{X) 0 

« If fir) - A(o* - r) in Problem 4, where A (ft “’) is a constant find the 
dLsplacemtnt function r(r, 0 IBnl Make usi of the resulLs of Problem 22 \rt fl 
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78, Potential due to charged sphere. The potential tt at a point P, 
rinc to a point charge f/ at a distance r from P, was defined in Art. 05 
to he II ~ <i/r. More generally, the potential at a point. P{.t, ij, z), due 
to a di.stribution of charge of density p(t,, yi, zj) throughout a volume 
V, may be defined as 


. rre - dxxihjidzi 

“ 'M- V(i - + to - + (= - 


where (.Tj, i/i, ci) is a point inside V and 1: is a constant of proportion- 
ality depending upon tlic units of mea.surcmenl . 

Hy partial differentiation under the integral sign, we get 


“ ^ 2/1 > ‘i) ^2/1 ^^-1' 


where r* == (x - -r (rj - Ui)~ + (z - ^i)'- Similar e.'cpressions 
are obtainable for du/dy and du/dz. Second differentiations with re- 
.spect to T, ij, and r, re.spcctivcly, yield 


0-M 

<ru 

Oy" 

iPii 



3(x - j,)‘ 
r’ 

3(.i/ - iiif 



r" 


pdxi diji dzi, 
P dxi diji dzi, 
p dxi diji dzi. 


Addition then givc.s 


d'li O'u rPn 

o d" 

tlJ* ()y- (iz- 


= 0 : 


( 2 ) 


that i.'-', the potential function (I) satisfies Laplace’s equation. 

Now consider a sphcncal surface of radiu.s a, carrying a given fixed 
ilLfribiitinn of charge. We wish to detonninc the potential u at each 
point interior or exterior to the sphere. 'I'o deal with this problem 
an.'dytically, it is c<.>nv(',ni(‘nt to ii.se spheric.al eoordinate.s instead of 
reoiangular tawrdinaie.s. Let (r, P, 6) denote the spherical coordinates 
of a point I’, whose n.'Ctangnlar coortlinatos are (x, y, z), c}io.«en so that 
we have the transfonnation ccjwations 


X r- r .sin iJ cos y ~ r sin P sin <2», z = r co? 0. (.3) 

Here r denotes the length of the radiu.s vector from the origin 0 to the 
point P, 0 is the smele from the r-nxis to r. atnl 6 is the angle from the 
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«-plane to the plane of r and the z-asis Then, by a procedwrc analo- 
gous to that of Vrt 72, uherehy Laplace's equation in ti^o-dimcnsional 
rectangular form was transformed into polar form, relations (3) serve 
to change the three-dimensional rectangular equation (2) into 


?ru dxi t)‘u du Brxt 

r^— -f- 2 r 1 r-f- cot*^ f- csc ^0 — r *= 0 

dr^ dr 80^ 88 


(4) 


Suppose that the potential distribution on the sphere, where r « n, 
IS independent of 4>, and thus is esprcssible as a function of 0 alone, 
saj /(3) Then, hy sjmmctrj, the required potential function wnll Iike- 
wn';e be independent of so that the last term of equ ition ( I) drops 
out We shall also require that the potential approacli zero ns the 
point P recedes indefiniteh far from the sphere Then the problem is 
to find a solution xt{r, 8) of the reduced Laplace equation 


„ 3"u du 3'« 3w 

^ d- 2r — -H -T + cot 3 — = 0, 
3r^ 3r 80~ 80 


(5) 


satisfying the two boundary conditions 

u(fl, 3) = f(e), 
hm u(r, 3) = 0 


(G) 

U) 


We again use the methotl of separation of variables, setting «(r, 3) 
= ff(r)T(fl} Then, from (5), 

t^R"T + 2rR'T + RT” + cot 3 RT' = 0, 

whence 

r=/2" + 2r7?' T” -f- cot 3 T' _ , 

^ ^ ^ » 

u cunAwifv Titu Ticfna- uc[trq.iuti 'Vutft 

rR" + 2rR^ - AT? = 0, 

>ield3 the solution 

wheren + i, so that/ « n(« + I) and — ^ 

e — » — 1 Therefore the equation for 7’(3) becomes 

T" + cot or + n(n -b l)r *=■ 0 


( 8 ) 

-vrn 
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By f-ntting r — co?0, this transforms into Legendre's equation (Art. 
Go. Problem 18), 

„ d-T dT 

{1 - X-) —TT - + «(n + 1)T = 0. 

nx" (lx 

Con'-erniently the Legendre poljTiomials are obtainable as solutions, 
provided that n is zero or a positive integer: 

T ^ PrXr) ^ Pnico^O). ( 9 ) 

For points inside the sphere, we choose = 0 in (8), so that v doe.s 
not become infinite as r approaches zero at the center 0. Wc may then 
take, for 0 e r ^ a, 

sr 

^) = X/ ^^r,r''Pn{co$ 0) 

n *• 0 

as a .solution which formally satisfic.s Laplace’s equation (5). It re- 
mains to determine the eocfricient.s /i„ so that boundan' condition (G) 
i« met; that i.s, we must liave 

0) -- f{0) (/?nn’’)P„(co.sO), 0 < 0 < 7r. 

But this can be done (Art. Go, Problem IG), for suitable functions /(<?), 
by t.nkiiig 

2/1 -P 1 

~ I /(0)P„(cofi 0) sin 0(lO. 

2«” Jf, 

(Vin'-fHjuently, for point.s insiflc the .sphere (0 g r g a), the potcnti.al 
function is 


^ £ (2u + 1) (-) P,.(eos{!) X 

I f(0)Pr.(co^ 0) .sin 0 do. ( 1 0) 

When the jvunt P i.s mit-dde the sphere, we take Cj = 0 in (S) so 
that btjnnd:\n- condition (7) can be met. Thi-- gives, for r ^ a, 


U'. 


C... 

zie. 0} ~ / , — P„{ci>i 0), 
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and since \\e are to ha%e, by (6), 

Ma, e) « S{d) = ? P„(co3 e), 

this requires that 

(2rt + l)o"+^ 

C'n = I /(fl)Pn(cose) sia5d5 

2 Jq 

Hence the required solution for r ^ a is 


«2(r, ^ (2/1 + 1) (-) P„(cos e) X 

I 


/(9)P„(cos 8) Sin 0 dff (U) 


If, in particular, the potential is constant o'ver the spherical surface, 
so that /(fl) = «o, equations (10) and (11) peld simple expressions 
For, since 


uhereas 


X' 

f 


UoPo(co& 0) sin 0 do 


= «o I i 
*'0 


sm 0d0 ~ 2ho, 


^‘oP«(co3 6) sm 6 rfS = UoJ* P„(x) dx = 0 


when n = 1, 2, [equation (17), Art 65] (10) gives 
Wi(r, 0) ~ Uo, 0 g r ^ o, 

and (11) gues 

= — > r ^ a 


Thii'? all interior points have the same potential as the surface and at 
exterior points, the potential vanes mvcpiclv as the distance from the 
ongm 0, just as if we liad a point charge at 0 


PROllLI MS 

1 Find Ihp fitca(t>-fttate temperature function v(r,C) within a sobd sphere of 
radius o if the temperature on the surface u ii(o 0 ) •• 50(1 + cost!) 

2 Fin I the stiady-wtatc tem{>ern(uri function «(r, 0) within a solid sj here of 
radius a il tlic upper heniisphencal surface (0 < S < i-/2) is Vept at a eoiislanV tetn 
perature Wo and the lower (r/2 < 5 < t) at sero tcmivnUm 

3 Fin 1 (he stead) -state Umfienitiirc function u(r 0) wilhm a solid hemwpl ere 
of radius o if the hemisphcneal surface tomjRrature is u(a 0) « lOOwn*? (0 < ^ 
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< ?-/2), K thf" p!an<^ nmilar ban' insula t<!d, so tluat du/dO ^ 0 when 0 « tr/2. 
//if.f; the rr'^Mit of Problem -I, Art. G5, 

4. A ffilM-rif'al shell haK inner rrifliu^ a and outer radius 6- If Iho inner surface 
n»ni[K'mttire is H(a,(f) =* /(^), while the outer Mirfacc is kept at xoro temperature, 
jdKuv tint the steady-state temjK'rature function n(r, t?) within the shell is given by 


J'(r, 0 ) ” ^ ( 2 n -f 0 ( 7 ) Minims 0) f-in e dO. 


A‘^ a jinrtial ctieck, talic /(O) « ?/o, n constant, and compare the result vaih that 
obtained in Problem 57* Art. l*f. 

G. Fi!ul the MTOly-<tat<’ temperature function n(r, <?) within a solid hemispberc 
of radius n if the hemispherical surface temperature is t/(a, = 7^0r constant 

(0 < V < r/2), and if tla* linse temperature is zero. Hint: Define w(o, to he 
— for t /2 < 0 < T, tliercby crentini; an odd function and making j)o«^sible the 
evpan^-ion in odd Ix*gcndre polynomiaU. See a!<o Problem 3, Art. 05. 

G. rind ihf' sfeady-«-tate temp^Tuttm' function 7/(r, 0 ) willjin a solid that may be 
cott^bh'n‘fl infiruif in rvtent if the tempcmttm* along tlie r-axis is given by 

7. A noo-homogencous bar, with ends at x » —1 and x = 1, has thermal 
c<nidurtjvit y ptnportioital to 1 x% and density p and specific heat c such that the 
prtitdtiet rp r<>U‘-tant througliout. If its sides and ends are insulated, its tempera- 
lure ufx, /) is then given by (ef. Art. 71) 


Ou 

Iti 



where /: Is a constant and / is time. If a{x, 0) « /(x), show tlmt 

n[T, t) « i V (2n + + • r'/(j-)P,.(T) dx. 

8. Find the lemtH'niture function a(x, t) for the bar of Problem 7 if («)/(x) = 
uciX*; 9>i> /(r) »«? 

9. Shfc.v that tlie gravitational potential, due to a thin homogeneous circular 
nirv of rrtdiu*. n and m^t*-s V(, is 


Ijf r, fO 


7 [ ’ " («) 5:7 (0 ] ’ 0 g r < n, 

. 1 _ ^ f,) i J j ^ ^ ^ ^ 

10. ShovN tint thi' gnivitationn! i^olential, due fo a thin homogeneous circular 
piptr of radbh a and ro'*'-'' ?’{, is 

“ '.M G) ■■■ 2"!^ (0 fl) - • • • ] , 0 g r < a. 






l’*!h to* 2^ 4 ^ 2. 




r > c* 
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Vector Analysis 


79 Introduction Vector analj'sis is a tool frequently employed in 
the mathematical treatment of physical and cnginecnng problems, and, 
as such, merits a place m a book of the present sort Although it is 
probably true that anj problem nhich can be solved by vector analj«;i 3 
IS also susceptible to non-v ectonal methods, there are a number of rea- 
sons whi famihantv with vector notations and concepts is useful to the 
engmeenng student 

In the first place, manj books on engineering topics make use of 
vector <ymbohsm, acquaintance mth this subject is therefore neces- 
sary to the perusal of such books Secondly, vector analysis provides 
a convenient shorthand by means of which mathematical relations 
between physical quantities may be compactly wntten and exhibited 
In addition, to the student who acquires the ability to interpret 
physically the v anous v cctor expressions, such ns divergence and curl, 
vector analv sis becomes a mode of visualizmg the underlying physical 
meaning of mathematical relations and theorems — becomes, mdeed, a 
mode of thought 

The physical quantities with which we deal are of two kinds, scahr 
quantities and v ector quantities A scalar quantity is one which is com- 
pletely specified w hen its magnitude, i e , size or number of units accord- 
ing to some scale, is given, examples of scalars arc mass, length, tem- 
perature, clcctnc charge, and quantity of heat A vector quantity is 
one vvho'ic specification involves, m addition to magnitude, a direction, 
thus, displacement, velocity, acceleration, force, clectnc current, and 
temperature gradient are all vectors, since wo speak of these things 
“m such and-such a direction ” 

A scalar may be represented algebraically by a lymbol or number, 
gcometncally by a hne segment whose length indicates the magnitude 
of the scalar according to a giv cn scale, but w ho-'C position m space may 
be taken arbitranh A vector may be rcprcscntctl algebraically by a 
syunbol, differing m '=iome wax from the f^nnliol indicating the m igmtudo 
of the vector quantitv, and it may be repre^ntiHl geometrically by a 
dircctctl line ‘^gment wath arbitrary initial {wint and wath an arrow- 
head on it, the length in(hc*iling magnitude, the mclmnlion indicating 
direction, and the arrow-head indicating sense In thw Ixxik a seal ir 
330 
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•will be denoted by a number or a letter in italic tj'pe, as s, and a 
vector vill he denoted by a letter ui Clarendon or bold-faced typo, as 
V* its mapiitude being denoted by the same letter in italic type. 

80. Vector algebra. Two parallel line segments of the same length 
and sense are said to be equal vectors, whatever their initial points 

may be. Two parallel line segments hanng 
the same length but oppoHtely sensed are 
said to be one the negative of tlie other; if 
one vector is denoted by v, the second is 
denoted by — v. A vector parallel to a 
second vector v and similarlj- sensed, but 7n 
times as long, is denoted by rnv. 

Let a and b be fiin' two vectors. If we 
place the initi.al point of b on the tcrnunal 
point of a, the vector r drawn from the initial 
point of a to the terminal point of b is de- 
fined as the vector .sum of a and b (Fig. 55): 

r = a -h b. (1) 

This is the Familiar p.arallelogram law for the 
compo-'ition of two forces (which arc vec- 
tftrs). 1‘Ividontly the same vector r will be obtained if we place the 
initial point of a on the. terminal point of b and dr.aw the directed line 
.H'gnicnt from tlie initi.al point of b to the terminal point of a, so that 



r = a -f b = b -f- a. (2) 

Consequently vector addition is commutative, i.o., the order of the 
Vfcton'- .appearing iji a .«mn is immatcri.al. The extension of our 



ttetinitifia of vector addition to tlie c;i-a-' of three or more vectors i.s im- 
Jta oiate, I( jtppurent from Fig. oG that addition is also iissociative, 


r " (a -t- b) -f- c — a -r (b -- c). 
Nut.;* th.rit a, z luvd not lie in a single plane. 


( 3 ) 


* In n 


nv'nl h U* <1* 

1 Vi r \u*h u h.r if, ,T, 


vreior V no i- 
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By the difference a — b of two \ectors is meant the sum a -f (— b), 
or, in other iiords, the ^ector i\luch added to b produces a (Fig 57) 

r = a - b, r -f b = a (4) 

The two forms (4) being equi\ alent, it is implied that in such a rela- 
tion a \ector term maj be transposed from one side of an equality to 
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the other by changing its sign, just as m scalar algebra Another form 
equivalent to the relations (4) is (Fig 58) 

r + b — a = 0, (4i) 

where the nght-hand member 0 sigmBes a vector of length zero, i e , a 
null vector 

To familiarize ourseUcs with the foregomg definitions, let us nppl> 
vector analj'sis to the proof of the folloumg geometrical theorem The 
hne which joins one i ertex of a parallelogram with the midpoint of an 
opposite side cuts a diagonal in a jjoint of tnsection Ix:t a = AS 
and b = AD be adjacent sides of the parallelogram as ^hoivn in Fig 59 



b 
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If E IS the midpoml of the side DC =» b, we Ime BE ~ Jb, and AE 
= a + 2 ^ Lcttmg F be the point of intersection of AE and the 
diagonal BD, the lector AF mil bo "omc fraction of AF, or AF 
= 3 -a -f (x/2)b Since EE = b - a, the lector BF mil likewx«e be a 
fraction of BD, or BF = yb — ya Then in the tnanglc x\BF, \sc haic 

a + yb — ya « xa -f - b, 


or 


(1 - y - x)a + ^y - b « 0 
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But M'nre a and b arc difierently directed, tlie above equation can hold 
only if ^ 

1 -1/- T ^ 0, t/-~ = 0. 

Hence \vc get x j, y = ’t) and 

BF = J(b - a) = IBD, 


fo that. F is a point of triscclion of BD. Incidentally, we get also 
AF ~ so that F is a trisecting point of AF ns well. 

If, is often convenient to refer a vector to a s}-.stem of coordinate 
t\xe.s, A”, r, 'A. This allows for a tran.slation from vector notation to 
Cartesian notation, and eonversoly. For definiteness, we shall agree 
to use a right-handed .system of axe.s,* a.s shoum in Fig. GO. Let i, j, k 



•Icnote till- three unit vectors along the positive dircfdions of tire x-, y-, 
and r-aves n-qwfivcly. If r is the vector from the origin 0 to any 
point 7’(x, y, ;), we thejj have 

r == H -f Vi d- .:k. (5) 

Moo' geiiemlly, if a is .any vector (with arbitraiv' initial point), whoro 
roififKincnts along the uses arc oj, o^, 03 , then 


If also 


ft K f),i a. a. 


( 6 ) 


v*e have 


b 6ti 4- M -|- bzk, 

a d- b - («! -7- hi)i 4. (fi 2 d- d- (rt? d- f'.rlk. 


( 7 ) 


• A 


'y>'U ut h U) 
<’in z-iU\ 


if r/rev/ v.'ith 

nn^l(' from the rn)-*- 
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Having discussed sector addition, vre turn now to the matter of 
^ ector multiplication Although the sjanbol ab may be given a mean- 
ing, this ^ ector operator, ivhich is called a djad,* will not be considered 
here Of principal importance m elementary vector analysis are the 
tn 0 tjTies of multipbcation represented by the scalar or dot product of 
tno vectors and the \ ector or cross 
product of tw o vectoiB 
The scalar or dot product of a and b 
IS denote^ b;y 

a b = a6 cos (a, b), (8) 

w here (a, b) is the angle betii een the 
directions of a and b The name dot 
product IS used because of the dot sym- 
bolism, the designation scalar product 
IS proper since bj defimtion a b is a 
scalar quantity and not a \ ector Other notations eometimcs used for 
tins product are iSab and (ab) Endently (Fig 61) a b may be re- 
garded as the number obtained by multipbing the magmtude a of a bj 
the projection b cos (a, b) of b upon a, or as the number obtained by 
multipljang 6 by the projection a cos (a, b) of a upon b Since 

a b = b a, (9) 

scalar multiplication is commutative, moreover (Tig G2), it is distribu- 
tive, 1 C, 

a(b + c)=ab4'ac (10) 



If a and b arc perpendicular to each other, neither being a null vector 
then cos (a, b) = 0 and a b « 0, if a h *= 0, and neither a nor b is n 
null vector, then a is perpendicular to b In particular 

i j = j k = k i « 0 01) 

•Sco Gibbs-tnison, “Vector Analyow,” and A V ttdU “Vector find Tcii.«or 
AnaIysj.'»-“ 
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If b a, a-b = a“ = 6'; in particular, 

i-i = j-j = k-k « 1. (12) 

If a == a,i -f 023 -f ^ = hi -r hj + relations (S), 

(1 1), and (12), ivc have 

a-b = oh cos (a, b) = (oji -f oal + fl3k)-(6ii + hoj + hgh) 


Consequently 


— Ojhj d' 02^2 "}■ 


cos (a, b) 


Oj hj O 2 1*2 O3 (>3 

— “d — d — , 

ah a b a b 


(13) 


%vhioli, since a,/o, In/h, etc., are the direefion cosines of the line seg- 
ments a and b, is the familiar formula of solid analytic geometiy for 

the angle between two lines.' 

The vector or cross product of 
a and b is a vector v (Fig. G3) 
perpendicular to the plane of a 
and b, so sensed that a, b, vform 
a rightr-liandcd system, and of 
magnitude v ~ ah sin (a, b). If 
Vj is a unit vector in the direction 
of V, so that V = iwj, we have for 
the vector product of a and b, 

V = a X b = Viab sin (a, b). (14) 

Geometrically, the magnitude of a X b is represented by the area of 
the parallelogram wliosc adjacent sides are a and b. Other notations 
for the cro'S pemhiet are Vab and [ab]. Vector multiplication is not 
comnmt alive, for we have 

b X a >== -a X b, (15) 

as may he seen hy interchanging a and b in the figure; hence it is 
important to pre^-rve the projicr order of the vectors in a vector 
prt>iiuct. It is e:isi!y shov,-n geometrically, however, that vector 
tmtUiplication i'i distrihutive, so that 

a X (h d- c) « a X b d- a X c. (10) 

If ft is parallel to b, it follows from the definition (M) that a X b = 0; 
if ft X b '-f i), and neither a nor b is a null vector, tlien a and b are 
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parallel The relations 

i X i = j X j - k X k « 0 , 
i X j « -3 X i = k, 

( 17 ) 

j X k » -k X j = i, 
k X i = -i X k = 3 , 
are of particular usefulness If 

a = oii + ojj -f Qak, b = ?)ii + 62] + 63k, 
ne get from ( 16 ) and ( 17 ), 

a X b = (oii + 02] + aak) X (6ii + 62] + 

= (0363 — a 3 f> 2 )l -f (usbi -- oiba)) + (aib 3 - a^bOk, 

n hich may be easily remembered by rniting it in the form of a deter- 
mmant, 

i j k 

a X b = Cl 02 03 ( 18 ) 

bj 1)2 l)z 

Note that the components of a X b are the direction numbers, i c , 

numbers proportional to the direction cosines, of a line in space perpen- 
dicular to the lino segments a and b 


1 
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nnd thfircfore, by (M) and (17), 

n L — rin (cc 4“ i5) k — (cos a i — or j) X (cos ^ i 4“ sin ^ j) 

== (cos a sin ^ 4^ a cos ^)k, 

vdicncc wo gel 

sin (« 4- P) - « cos ^ + cos a sin /5, 


n familiar trigonomclric fonnula. 


PROBLEMS 


1. Sho;%‘ b.v vector mctbotLs that the diagonals of n parailelo;rram bisect each 
other. 

2. Show by vector methods that the medians of a triangle meet in a point of 
triwUon of eaeli tm^lian. 

3. Derive the hv.v of codnes for a triangle. Hint: Express one side as the vector 
rnm of the t>lher two, n « b + c, and consider the scalar product 

a-n *=* (b 4* c) • (b 4* c)* 

4. Uriag vector methods, derive the trigonometric formulas 

sin (or — » sin or cos ^ cos or sin /?, 


cos (or — /?) cos a cos ^ -f* cr sin d 


5. Show that 

a ‘ (b X c) b • (c X a) *== c • X b) «* 


Oc 03 
^2 ^3 

Cj Cz CZ 


^Gu*rl' a oji d o4 + 03k, etc. Interpret the scalar triple product a«(b X c) 
g«^nm*tricnUv\ 

G. Sliow that 


a X (b X c) ^ — 03^:01 d oj?ncs)f 

•h (o.d>yr3 — d 

+ — ozhz^z -r 02^;C2)k, 

nhi'm a «d *h oj d ojtk, cfe, 

7* Show tint 

ft X (b X c) ^ (c X b) X a. 

8. (if) Show that the Vretor triple priKluct a X (b X c) may be vrritten as 
ft X (b X c) {ft‘C)b (a-b)c, 

(a X b) X c (a'‘C)b — (h*c}a, 

*'< tJist w^U-r ii in pi-n.'nsl no? a-vocintivc. (fc) Show tlat 

« X (X-> X c) -r b X (c X «} 4- c X (a X b) « (), 
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Con<?ider now a scalar function of po'^ition, u = n(x, y, z) The dif- 
ferential du of u IS (Chapter VII, Art 66), 

du du 3u 

dtt — — dx H dy H dz (6) 

dx dy dz 

Reference to equation (13) of Art 80 suggests that the abo\ e expression 
for du may be regarded as the scalar product of ti\o \ ectors ivho'® com 
ponents arc du/dx, du/dy^ du/dz, and dx, dy, dz, respectively Conse- 
quently we ba\e 

/du du du \ 

du = ( — iH jH k] (dxi -f dyj + dzk) (7) 

\3z dy dz / 

If r = XI + yj zk, the second vector in (7) e\ndentlj represents dr 
The first \ector m (7) is, as ne shall see later, of fundamental impor- 
tance m field problems, and is denoted by Vu 


du du du 

Vu = — 1-1 j k 

dx dy dz 


( 8 ) 


The QTnbol V, called “del,” * therefore represents a vector differential 
operator, or symbolic vector. 


d d d 

V = 1— -f-j — + k- 
dx dy dz 


( 9 ) 


If F = Fii. + F 2 ) + Fak IS a vector function of position, F = F(x, y, z), 
v\c have 

V F - (ni*f F 2 J + w 

\ dz dy dz/ 


and 

VXF = 


dFx dF2 dFz 

dx dy dz 


( 10 ) 


1 j k 
d d d 
dx By dz 
Fi Fz Fz 


\dy dz / \dz dz/ \dx dy / 


Kdy 

• Sometimes called ‘ nabla or “atlcd* 
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'■Jlie vector Vu h relied the pradimt of i/, and is then written grad w; the 
rf-calar V-F i^; callc<i the dh-^rgme^' of F, and written divF; the vector 
^ X F is ral!'’d the curl of F, and written curl F. The reasons for 
thc.'(‘ namus and the utility of these concepts in the applications of 

vector anah'sirf to phj'sical prob- 

, lems will bo indicated in the fol- 

\ \ Jo^\^ng articles. 

\ 82. Applications. We are now in 

\ a position to consider a few phj'si- 

jy\ c.nl problems from the standpoint 

of vector analysis. 

-- Consider first the motion along 

.a given path of a bodj’ acted upon 
by a force. Lef, the force, which may varj* in direction and magnitude, 
be denoted by the vector F, let dr be the elementarv' displacement tan- 
gi-nt to the path, and let 0 he the variable angle between F and dr 
(J-’ig. GG). Then tlic work done by F in producing the displacement dr is, 
approximately, 

All' = F dr cos 0. 

But by definition of the scalar product of two vectors, Fdr cos 0 = F -dr. 
Ilciu-c (he work done in mo\’ing the body from A to B along the path Is 
given hy the line integral 

ir =£ F-dr. (1) 

A<. n second illustration of (he use of vector notation in mechanics, 
consider the moment Jf of a vector force F about a point 0, defined as 
the ptmiuet of (lie magnitude F of the force and the perpendicular 
<li‘-tance of (Ik- line of aetion of F from 0. 

If r 1 “= the Vector from 0 to (he point of iF 

afiplicntion of F, and 0 is the .angl(“ between 
the direction'^ of r and F, we have (Fig. 07) 

^ Fr .sin 0, 

'I hi-< ,<-tigcests eithor the vector product 

rx For the vcTtor pnvhtcf FXr^ — rXF 

a vector O'prx-.'^'ntation of M. Adopting ' 

the coiivciitiun of making a moment pod- | 

tiv.- wlnn it tend- to profluce nUation in j 

the tx'‘.intt'r>'’l(X'kai"<' seme, we set’ tliat q — —j 

Mh<;i tie' iv.'mnit i-* right-haiidni nlwuf } 

ii vccteir l'»‘*p'’n>iic»l.ar to the pajsT and Pui, f ,7 
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tcii^p \air 


pointing toTvanl us, as m the figure, a \ector pointing m this direction 
will be a con\ enient choice Hence c i\Tite 


M = r X F 


( 2 ) 


If 0 IS made the origin of the coordinate axes so that r = j’l -f yj *f zk, 
then, setting F = Fii + F 2 } + Ak, ^^e get 


M = r X F = 


J 


I Fx Fi Fs I 

= (yFg - zFa)! + (zFi - rF3)j + (xFz - yF,)k, 
■whence the components ilf, of M are given by 

= yFz - zFa, 


Mv = 2F1 — xFa, 


(3; 


iJZ, = XF2 - yFi, 

which agree with the usual expressions 
In connection with our next topic, the kinematics of a particle wo 
require the concept of the curvature of a cun c at a point P on it Let 
the scalar variable s denote the length of the cun e from a reference 
pomt R to P, and let T denote a unit tangent to tlio cun e at F, 1 e a 
vector of unit length tangent to the curve m the direction of increasing s 
(Fig 68) When « is increased by an amount As, T changes not in 



magnitude but in direction, bj an amount AT For email xnhios of 
As AT IS approximately equal to the arc of a unit circle with central 
angle A9, where AB is the angle through which T turns when $ changes 
bj As Hence AT/As is approximately equal to AB/Ai m magnitude 
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AitT. •'» » 

and in tlic limit as A.s i? allowed to approach wro, we have exactly 


lim 


i^! 

jdTj 1 

o' As 1 

i ds 1 1 


wh'^rc tho barn indicate the magnitude of the vector or scalar. Since 
(lOl(h is by flefinition the curvature of the curve, we define the vector 
curvature as 

fZTI 


K 


£?S 


The direct ion of K is evidently along the nonnnl at V. Then if p 
is the radius of cun'ature, we have 

dT 


A' = - = 
P 


<h 


(4) 
1/A’ 

(5) 


Now, if at time i, r is the vector from an origin 0 to the point P 

on the path of a particle, wc shall have r a 
function of time, r = r(t). In the lime At, 
the particle viil have moved from P to Q, 
say, and its disjdacoment will be roughly 
ccjual to At (Fig. CO). Consequently the 
average velocity over the interval At is 
nearly equal to At/ A t, and therefore the 
instantaneous vector velocity v at P is 



V = tT = 


v.'hcrc r is the sju-ed. 

dr 


dr 
dt’ 

The vector accelomtion then is 
dv 
dl 


( 0 ) 


XciVt’ 

dT 

(ITds 

fJint 

Ti 

ds dl 


d-t 

dv 


. — 

« —T 4 


dl- 

dt 


d dv dT 

~ (cT) “ — T 4- t--— • 
dl dt dl 


Kv, 


(7) 


Uvn^‘ we have ths familiar nvmU the.t the vector acceleration of a 
umvinit p.rt'ul-' b tie- sum of two vectors, one. a tangential component 
<'f taagmtuoe d'./dt, t tie other a r.ndial or nomuil eomponent of magni- 
tude r A 5-- W/p. 
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We next consider the orbital motion of a particle acted upon by some 
force of attraction directed toward a fixed center 0 (Fig 70) Em- 
dently planetary motion is of this type If Iiere r is the \cctor from 
the pomt F of the orbit to the center of attraction, the \cctor i clocity 
dr/dt will be directed along the tangent to the orbit, and the \ectQr 
acceleration dpzfd^ along PO, that is, in the direction of the attractive 
force Since the angle between r and 
d\/dt^ IS zero, we have 


dh 

— Xr = 0 
dir 

Now 

d /dt 
— Xr 
dl \dt 


( 8 ) 


\ dr dr 


r 

j 4*-vXr, 

dt dt^ 


and since the vector product of a vector 
into itself vanishes, (8) maj be written 

d /dr \ 

- —X rj = 0 

dt \dt J 

Integrating, we get 


dr 

— XT = 
dt 


( 9 ) 



nhcrc c is a constant v cctor Rcmembermg that the magnitude of the 
cross product of two vectors represents the area of a parallelogram hav- 
ing the‘5e two v cctors as adjacent sides, wo maj interpret the left-hand 
member of (9) as twice the area sw cpt out b> the radius v cctor r in unit 
time, 60 that this quantity, called the areal v elocity, is constant for 
planetary motion 

Consider now the flow of an incompressible liquid jn a three- 
dimensional region Let Q denote the quantity (lb ) at a point P 
of the liquid, flowing m unit time through a unit cross-«cctional 
area perpendicular to the direction of flow , which v\c take os the direc- 
tion of Q, and Jet <?,, Qy, Q, be the components of Q along tho coonJi- 
natc axes Consider an elementary v olumc Ai Ay Az of the region, os 
shown m Dg 71 Then the quantity flowing into the left-hand face is, 
approximate^ , 

Qy Ax Az, 

wliilc lliat flowing out of the parallel nght-liand face is, approximately 
Ar Az 
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Ilciifc Iho approximate net incroji?e of liquid in the parallelepiped due 
to ihe~e two faces is 


Q., - {Qu + AQj/) Ax - AQi, Ai Ar. 



Sjjinlarly, tlic approximate net. increases inside the volume due to the 
other two sets of jiarallcl faces are 


— AQj. A]/ Ar, — AQi Ar At/, 
so that the totjil in(;re;isc i.s nearly cqiuil to 



is ’ AzJ 


Ax Ay Az. 


I5ut, for nil incompressihle liquid, this total increase must be zero, so 
that, .‘■••(titifr the .itK)V(‘cxpr<‘S'qon equal to zero, dividing by —At Ay Az, 
and then pa-'-'-ifig to the limit ns Aj-, Ay, and Az all ajJitroach zero, we get 


,1Q, 


Ox 


•f 



tfy 



=- 0. 


( 10 ) 


'riii- i-: one fonn of the sahealled equation of continuity. Comparing it 
V sth » quaiion (10) of Art. SI, we sec that it may he written in the form 


div Q V..Q = 0. 


( 11 ) 
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bo-s: \\t 11 gi\ e nse to lines of force which diverge from it, this indicates 
the reason, for the designation divergence for the operation V 
As a final example before proceedmg vnth the dev elopment of lector 
concepts, consider the gradient of a scalar function of position, V, 


„ dV dV dV 

oj: di/ dz 


If ne operate on both members of this identity with V , i e , if we take 
the di\ crgence of the gradient of V, we get 


/ d a d\ f^y QV aF \ 

\ dx dy dz/ \dx dy dz ) 


g2y 

dx^ dy^ d^ 


( 12 ) 


Thus the operator V V, or as it is usually written, is the three- 
dimensional Loplflcian operator The Laplace equation 

V’V = 0 (13) 


IS, as has been noted before of great importance m mathematical 
phjBics, occurring for example, in the study of threc-dunenstonal 
steady -state heat flow We shall have occasion later m this cliaptcr 
to deal with the scalar operator V V — V” in other connections 


PROBLEMS 


1 It u 13 a. scalar function of x y, and r and v and w are vector functions of 
z y i show that 

(o) V (uv) « Vu V -f uV V, 

(h) V X (uv) « Vu X V + uV X V, 

(c) V(v w) - T Vw -I- T X (V X W) -f w Vv -f w X (V X V), 

(tl> V fy X - w V X T - T V X w,, 

(e) V X (v X w) - (V w)v - (V v)w + (w v)v - (v V)w 

2 If u 13 a scalar function of position, and v is a vector function of position, 
show that 


(q) V X Vu - 0, 

(h) V V X V - 0, 

(e) V X (V X V) - V(V V) - VH 


3 If T •- (it -h yj -f ?k)/ V sr + j/ + 1\ ehon that 


r T - 


2 


-f V* + ** 


rx V - 0 
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4. If r « Va:^ -f 2r + 2^ and n is a constant, stow that 
VV" = n(n + l)r"-% 

and hfucc that the function 1/V^ar + j/" + 2“ is a solution of Laplace's equation. 

6. If a is a constant vector, and r = V x- + jr + ‘S show that 

.v(l) = 

6. If V is vector function of x, t/, and 2 , show that 
Vv' = 2(v-V)v + 2v X (V X v). 

7* Ixt w be the constant angular velocity of rotation of a rigid body about a 
fixed axis. Taking « as a vector along the axis of rotation, its sense being such that 
rfiUitjntj in the given direction is right-handed with respect to w, and letting r lie a 
vector from a point on the axis to anj" point P of the body, show that the linear 
\»']orit3* V of P is given in magnitude and direction by v = o> X r, and that o = 
Iv X V* (Cf. expn^ssions (11), Art. 73.) 

8. A fiuid is flowing across a plane surface with a uniform vector velocity v, 
if K h a unit normal to the plane, show that the volume of fluid that passes through 
a unit area of the plane in unit time is v*N. 

0. Ixd a ray of light pass from a medium whoso index of refraction is uj into a 
medium of index uj. If a and b are unit vectors along the incident and refracted 
mys rrs]K‘ctivety, their directions being those of the light rays, and N is a unit 
normal to the surface of scpanition of the two media, show that 


mN X 0- ” nsN X b. 

10. Consider a particle moving along a plane curx'c, and let r l>c the vector from 
tbe origin 0 of the plane to the po<iitiou P of the particle at time /, the polar coordi- 
nf P being (r, 0). If N is a unit vector in the direction of r increasing and T 
b a unit vector perpendicular to r and in the direction of 0 incrciusing, show that 


dr dr 


dr do 



83. Senhr fields; gradient. We luavc had occa.=;ion, in connection 
'vitli .<^0100 of the toj>ir.s nlrt'ady dii-ciis^e<l, to ileal "with a sc.alnr funcUon 
of portion, or f^calar point function u(t, v, z). We now \vi.«b to o.xamine 
farther (Ins tj-pc of function a,s repm=cnting .«ome jtliy.sioal property in 
ti ihrviMiimen.'^ional reirion nr field. 
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If '?\e Ect the scalar point function u{x, y, z) (which we assume to be, 
together with Its first partial dcn\ali\ es, finite, continuous, and singlo- 
1 alued) equal to a constant c, w c get the equation of a surface at eveiy 
pomt of w hich u has the same v alue Wc call the surface 

y, 2 ) = c (1) 

a le\ el surface of the scalar point function U I^t r = m + yj -f zk be 
the \ ector from the ongm, 0 to the pomt P{ti V, z) on a Ie\ el surface ( 1 ), 
and let N be a unit normal to the surface at P m the direction of increase 
mg M (Fig 72) If ds denotes the magnitude of the differential \ ector 



= 1 dr + 3 -f- k from P to a point Q on a neighbonng lev cl 

surface, and diV the \alue of ds when dr is m particular taken m the 
direction N, wc have 

dA^ = N dr, (2) 

«« that the differential du of the function y, 2 ) will be 


du du , , 

But we have seen m Art 8t that du maj be wTitten m the fonn 

, bu au . 3» , 

du s= — dr H dy i dz 

dx ay az 

s= ^ + j + k— ^ (1 djif + j dy + k dz) 

\ dx ay az/ 


(3) 


Vu dr 


du 

— N dt 
dN 


Jlencc w e get 


(4) 
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Since Oils relation liolds for any differential vector dt, it follows that 


Til = 



(5) 


Kou- the lonpth of path PQ ~ di^ is least along the direction N, i.c., 
fLV is the !e:is( value of ds. Consequently the maximum value of 
dii/dn is du/dX, \\> therefore have the following interpretation of 
T/c Thr grodiail of n is o vrclor along o normal to the Icrcl surface 
u(t, h, r) *= c and in the direction of increasing u, its magnitude being 
fqnat In thr grratrst rate of increase of v. 

The al-iove intenrretation of Th is of considerable importance in con- 
ned ion with the concept of jjotcntial. "Wc shall for definiteness discuss 
gravitational i>oton(ial due to matter; similar discussions apply to elec- 
tric potential <!ue to chiirgos and to magnetic potential due to poles, 
l>'t a particle of mass m bo .situated at the origin 0, and let a second 
particle of unit ma.ss l>o .situated at the point P(r,y,z). U t — ri 
d' y] d- rk j.s the vector from 0 to P) the vector force F which the 
particle at 0 exerts on the particle at P is, when the magnitude F of 
F i.s !neiusur^'{l in gravitational units, 


F = 




( 6 ) 


where T] is a tmil vector in the direction of r, .so that r = rci. Wc now 
define the potential at P due to the mass m at 0 as (cf. Art. 05) 


m 

« = 7 ; ( 7 ) 

rvi<lent1y n is a .scalar point function .satisfying at every point excciR 
(he oriciu 0, the condifion.s imposetl at, the beginning of thi.s article. 
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80 that 


j (n + J/J + 2 k) 


Combining (6) and (8), wo see tliat 

dn 

F = vu = — N 
dN 


( 8 ) 

( 9 ) 


Thus the force of attr-^ction is directed along the normal to the leicl 
(equipotential) surface, and its magnitude js equal to the greatest rate 
of increase of the potential From (9) ne find also, smce F = du/dN, 
that the difference in potentials betneen tivo level surfaces is 


V2 — Ui ~ frdN^, ( 10 ) 

dtr 

uherc the integration is extended along the path from one level surface 
to the other, the curve bemg such as to be normal to all level surfaces 
intersected But the nght-hand member of (10) also represents the 
work done * in going from one level surface to the other along the stated 
path Moreov cr, smce the potential is constant on a lev cl surface (lierc 
a sphere uath center 0), so that no work is done in moving about on 
one such surface, it follows that the work done in gomg from one cqui 
potential to the other bj anj path is equal to the difference in potential 
on these surfaces Smce u approaches zero as r becomes infinite, bj 
the definition (7), we infer that the potential at any point P is equal to 
the work done m bringing the particle from infinity to tint point bj 
anj path 

AVc gu e next an alternative expression, m the form of a surface inte- 
gral, for the gradient of a scalar point function, we shall make me of this 
result in our later w ork Lei P bo a point m tVic scalar field under con- 
sideration, let be a small \ olume containing the point P and bounded 
b\ the closed surface S, and let N be a unit outnard-drawn normal to 
an element dS of 5 1\ c shall now show tliat 


jJuNdS 

grad u = Iim — , 01) 

1-0 

•Thw work imy tw done on or by (I c particlf*, d<*pcndinB upon tlic dirwlion of 
travel, no fon^dcr hvre mertb the numencnl value of the work done 
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\vh<‘re Iho limit is (o be taken as V shrinks flown to P. To establish 
fhi'^ n-];i(inn, v.f shall show that the right-hand member reduces to the 
expression previously given for Vu, In the first place, we may wnitc 

N = (N-i)i + (N.j)] + (N*Ir)k, (12) 

so tliaf the right member of (11), wliich wo denote for brevitj' by A, 
iH-cnmc-s 



Kow lot tJ,% and denote the elements of area cut from the siarfacc S 
by an c-lomonlar\' cylinder parallel to the x-axis as sho^\■n in Fig. 73, let 



ttS: the f'ominnn proj(>ciio!» of and dS; on iho i/:-plane, jind let 

Iv. t},c projection of on the y.-.plnne. Then if Ns and N. are the unit 
n«rii:.ab to ds\ nn.d i/.k, rcsiK-ctivcly, v/e have 


d.S‘y r- — (N5.i)<h'?j (N;"i) fi'>k. 

l^'itsnc; >ij and V; dt-noto the vidiasof v on f?.?, and <IS^, rcsricctivclv wc 

Xh^tx pi * " ' 
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JJu(N 1) dS “ JIJ «2(N2 1) dS2 Ui(N, 1) dSi 

‘"JJs ~ 

Now let Au = J/o — Hi, and let Ar be tlie length of the elementaiy 
cg^lmder between dSi and dSj, so that 

£«(N0dS 

y y 



where (Att/A3:)i is the average value of Ait/ Ax over the 1010010 V 
If, now, we allow V to shnnk down to P, so that Ax approaches zero, 
(Au/Ax)i will approach the value of 5u/3j at P Consequently we 
have for the coefficient of 1 in (13), 


Similarly, we hai e 


and therefore 


lim 

v-«o 




i)d5 


hm - 


V 

j) dS 




On 

’ 52 ’ 


f£- 


A = lim - 
1 -0 V 


Ou du , du 
- = i 4.3 — 4. k~ = V«, 
Ox Oy Oz 


(14) 


the desired result 

84 Vector fields, divergence and curl In the preceding article wo 
defined a scalar field associated with some physical prop< rt> which was 
gi\en b> a scalar point function If, on the other hind the ph 3 «icil 
propertj to be in\ estigatcd m some region ls specified bj a \ cctor point 
function v(x, y, z), we speak of the region in\ ohed as a \ector field 
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.Ttisl as the gradient of a scalar point function plays a large part- in 
scalar field probjems, so the divergence and curl of a vector point fiinc- 
ti(jn enter into various vector field problems. Accordinglj*, •n'C shall 
eou'-ider the scalar V-v and the vector V X ^ more iu detail in the 
present' article. * 

We first establish an alternative cxprc.«sion for the divergence V-v, 
similar in form to the expression for the gradient Vw discussed above, 
'rhe relation to Ik; obtained is 

div V = lini , (1) 

r- 0 V 

where the .sj'mbols in the right-hand member have the same meaning a.s 
before. If I'l, I's, t'.i arc the components of v, .so that v = t'li + e-j 
-j- r.ik, we have 

N-v = r,(N-i) + roCN'j) + faCN-k). 

lienee the limit on the right .ride of (1) may be cxpres.scd a.s the sum of 
thre<* limi(.<, the first of which is 



But this i^! .similar to flie left-hand membor of equation (14), Art. S3, 
the scalar point fimcllon u merely being replaced by the scalar point 
function Cj. Tliendoix! the first of the three limits who.se sum is desired, 
w «^ri/Ox, and, similarly, the other two are dvi/dij and dv^/dz. Conse- 
(juenily we have immedi.atcly 


ff Nvf/.S 

. JJs f7f, 


lim 

r-o \ 


ot’i (ii'i Oi'ii 

T- d- + -r- = 
ox 01/ (jz 


which the truth of eqii.ution ( 1 ). 

\VV may show eitually n'^arlily that 




ctiri V 


r'** 5% Art S1 " 
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3;>l 

To begin 'Rith, \^e wnte (cf equation (12), Art S3), 

N X V = ill (N X V)] + jU (K X V)] + kik (N X v)) 

But for anj three vectors a b, c, v, e have a (b X c) = b (c X a) (■see 
Problem 5 following Art SO), so that 

N X V = i[N (v X 1)] + j[N (v X j)J + k[N (v X k)J 


CJonsequently the nght-hand member of (2) is a vector whoso r*compo- 
nent is 



Xi)dS 


Vfhich, by equation (1), is equal to div (v X i) Likewise, wo see that 
the y- and z-components are, respectively, div (v X j) and div (v X k) 
But by the definition of divergence, we have 

div (v X i) = V (tfaj — Pak) , 

dy dz 

dVt dv3 

div (v X j) = V (Pik - lai) = , 

dz dx 


whence 


div (v X k) = V (P 2 i — Pij) = 


9^2 

dx 


dvi 

dy * 


lim - 


XC" 


X vdS 


(di3 dV2\ , / 9 p , 

dz)'^\dz 


dxj \dx dy/ 


= V X V, 

and equation (2) follows 

now proceed to consider a particular relation lictiiccn a surface 
mtegral and a v olume mtogral, knowm as the div crgcncc theorem, which 
lias a number of u«:cs in further theory and applications Ixst v he a 
vector pomt function, and let the associated v cctor field be a volume V 
enclosed bj a surface S Then if N ls an outwanl-drawn unit normal 
to the element of surface area dS, the divergence theorem states that 


//j;d,vvcrr-/j;Kv« 


( 3 ) 
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To prove this relation, siippo'c V to be siibdi\ided, say by planes 
parallel to the coonlinatc axes, into small elements or cells. The sur- 
face intepral in (3) may be replaced by the summation of the surface 
infccrab taken over the aggregate of surfaces of the.«e individual cells, 
for any surface common to tvo colls (I^ig. 74) will be integrated over 
twice, the dirtjction of iV for one case being opposite to that for the 
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other, .CO that Nj-v -Ni*v and cancellation results from the two 
integrations, L<>ttirig AS donate the surface of a typical small cell, 
wc then have 

s/£N.vrf(AS, -/Xh-vcB, (4) 

where the sjunbol S denotes summation over all the cell surfaces. 
Now if aV is the. roll volume enelo.sed by AS, the average value of 
div V over a cell will be, by equation (1), a])proximated by the exprc-ssion 

and therefore the -summation of the divergence over 1' will be approxi- 
inrit^'Iy pven by 

:i:divvAV^-:2l'£N-vd(AS) 




by ermatiou (4). Allowing the number of cell.s to become in finite anrl 
earli AV to nppwcioh roro, we get in (he limit the «iivergenee theorem 

As a simple Verification of cqimtion (3) for a particular e,i.vo. Id V 
n sph. n- of r.uliu--. r .-uui vitli center at the origin O, and H 


V ^ .-I H- //j 


rk. 




vector anausis 


IClfAf \III 


/ b b b\ 
r= (i— + 1 — ) 
\bx ^ by bz) 


(ti + !/J + 2k) « 1 + 1 *f 1 « 3, 




On the other hand, since N and v arc both directed along the radius of 
the sphere, 

N V = T, 
and 




Thus equation (3) holds m this instance 

Although the divergence theorem obtamed os a mathematical 
relation betnecn a volume integral and a surface integral, it has on 
important physical beanng as well Regarding v as a vector represen- 
tation of a flux, e g , electnc or magnetic flux, heat flon , or fluid velocity , 
we maj state the divergence theorem in words as follow’s In a vector 
field the summation of the normal component of flux ov cr a claserl sur- 
face 5 IS equal to the summation of the divergence over the volume T'" 
enclosed bj S, each being a measure of the excess of outward flux over 
the inward flux 

86 Theorems of Stokes, Gauss, and Green. As a prchminarj to 
the derivation of Stohes's theorem, wo first obtam the following lemma 
Let V he a lector jioinl function, let AS be a small elanenl of surface area 
hounded by a closed cunc c, let T be a unit tangent to c, m an arbitrarily 
chosen positiie direction, and let N be a unit normal to AS in the direction 
related to the posiliie direction 
around e as the (Arust and twist of 
a screu tcilh right handed thread, 
then approximately, 

(K curlv) AS Tds, (1) 

the approTimalion being better the 
«maW<T and more neerfy plane AS 
M iaJen 

Supposing AS to he so small pjo 75 

that it is Fcnsiblj phne, constnict 

ft nght cv linder of height h and liavang AS as its upper ba‘« (Fig 75) 
Let AT’’ <=> h AS denote the volume of this small cjlmdcr, and let N| lie 
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a unit normal to tlin lateral surface ASi of the cylinder. Consider nov\ 
(hr. surface intcfrnil of the scalar function N-(N, X v) taken over (lie 
(o(al surface of the cylinder. Since the unit nonnal to the lower base 
js- —N, the upper and lower base.s will together contribute nothing to 
the surface integral, which therefore reduces to 


f£ 


N-(NiX v}d(ASi). 


•S'l 


Now N-(Ni X v) = v-(N X N,) (see Problem 5 following Art. SO), 
and .‘•■ince A.S’i is of con.'^tant height h, the above integral may be 
written 


I: 


Morf'over, N X Kt 
cvlindcr Ijecomcs 


v-(N X Ni)/{ds. 

cr 

T, and consequently the .surface integral over the 


ff N- (Ni X v) d(AS,) - h fv'Tds. (2) 

Jc 

Hut from equation (2) of Art. SI, we abo have the approximation 

(N-curl v)h AS N- (Ni X v) d(ASi). (3) 

Cnmliininf: (2) ami (3), we (1), 

\W\u[i (1), we may now caj^ily prove Stokeses tlieorem, which may 
he htat<*{l fnltowi?. Lr( S bv aiuj open surface honndrd by a closed cune 
C ivUh unit tnuycnl btv he a vt dor point fnndioUf and let N 6r a posi- 
iivdtj diredrd norma/ (o iS’; then 


Ifri -mrl V dS 


v-Tds. 


(d) 


T«i prove this relation Ix'lwtH-n a surface integral and a contour integral 

.‘■"uppO'e N sulKii\*ido<l itito .‘•mall elements 
of .‘•urhice AS. Then the line integral in 
f t) may be replaced by the sum of the 
Hue integrals around the boundarif's of 
all tie* .‘"ulKlivi-rUnis^ nn arc common to 
t'jn, 7 G elements being traced (vice in oppo- 

site di-racdon^: and therefore eontributiiig 
ntuhiug (Fig. 7d). Co:i'>''^}Uently we have 


J 
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Tihere c i the boundar} of a topical element and S again sigmfics the 
summation of all <5ueh mtograls But from equation (1) vre get 

2(N curlv)A5-sJvTds, 

so that 

2(N curlv)AS-^vTds 

Passing to the limit as the number of subdi\Tsions becomes infinite and 
each AS approaches zero we get (4) 

Another important theorem is that knowm as Gauss's, 'which maj be 
obtained from the di\ crgence theorem of Art 84, 




vds, 


where S is a closed surface enclosing a \ olume V Let r *= xi H- 1/3 + zk 
be the vector from the ongm O to anj pomt P(x, y, 2 ), and Jet ri be the 
unit vector m the direction of r, 1 e , from O toward P, so that r = rri 
Take as the v ector pomt function v the \ ector * 


so that 


Also, since 


XI + yj-{-zk 


f£ 


's r 


(5) 


iVow 


^ + ^ -2x‘ 
(I' + Z + z')’*’ 




d 

Ox 

±(t)^ , 

dtj \r^/ (z* -b -f* 

*f r - 22* 


(i* -b r + 

x' + z" - 2t/ 


:]■ 


m- 


(r* + r + ' 

• Cf Art S3 wf ere wo luul u m/r, Vu •« — mr/r* 
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■n-henco 


div— = 0, 
r' 


( 6 ) 


and tiiorcforo, from (5) and (G) combined b.v the divergence theorem, 

N-r, 

" (7) 




Apparently this i.s our full result. But let u.'? c.vamine matters a little 
nioie crilie.ally. We have, in ail the foregoing work, confinetl our atten- 
tion to formal manipulation, and have given little or no regard to .such 
points as eontimiiiy and diflorent lability in connection with the func- 
tions treated. However, although some of our inaniinilation.s and 
limit -taking prof'(>sses n-quire a more careful stiuly and certain refinc- 
inent.s to put them ou a firm foundation, fortunatcK'ihe re.sults obtained 
am valid and complete, for all functions to which they apply in .suitable 
n’gions of sp.'ice. Here we .see that our rc.sult (7) is correct only if the 
origin 0 is outside the .surface X, .«o that we do not- as yet know the 
comjiiefe .sior}’. For, if 0 is in.sifle S, the function 1/r, the grarlicnt of 
which is the negative of our vector point function v, becomes infinite 
at a jioint (namely 0) of T', and con.scqucntly the volume integral of 
cliv V cannot he obtained. Hence we should write our result 



dS — 0 (0 outside »S). 


(7i) 


Now consider the ca.ee in winch 0 is within S. We describe about 0 
as center a small sphere Si lying entirely inside iS and of radiu.s c, and 



fake as V the volume l>etwivn St and X (lug. 77). Then div v ft.-ci.sts 
in ihi-. ivgion, and <,"j) may he apfilicd to the complete bound.-rry.so tliat 





r 


^ 0. 
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Note thnt since the unit normal N is to be directed outn ardly from V, it 
mu''t be drawn toward 0 on the surface Sj Consequently N ri =» — 1 
m the second mtcgral, and smec r *= e for pomts on jSi, we get 


and 





4t 


Allowing e to approach zero, we then ha%e for the volume enclosed by 
S with merely the point 0 deleted, 


iri^' 


4ir (0 inside S) 


( 72 ) 


Relations (7i) and (Tj) together comprise Gauss’s theorem: 

\ 0, 0 outside S, 
l4jr, 0 inside S 


f£9 


( 8 ) 


Gauss’s theorem may be interpreted physically in a simple manner 
Consider, for example, the i octor field of force surrounding a point 0 at 



which IS pheed an clcctnc charge Q (coulombs) Tlio cloctnc force or 
fichl mtensily f’ntan\ point /’ will, by Coulomb's hw, i ary in magni- 
tude imcn-cly as the square of the dLstance r from 0 to R Ixl Ai 
lie a clo«o<l surface to which 0 is interior and let S 3 lx* a second closctl 
surface to winch 0 is txtenor 7S) Describe about 0 a spliero 
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witli radius Th, Ijdng entirely within Sy. Since the flux crossing the 
fc-pbere .% will be equal to that crossing Si, we have 

On the other hand, any flux entering So u-ill also leave it so that 

Nti 


f£ 


■ dSo = 0. 


sj r 


Since 0 is inside Si but outside >$ 2 , we have here the two cases of Gauss’s 
theorem. 

We proceed now to the derivation of Green’s theorem, which also 
springs readily from the di^■ergence theorem. Let n and xo be two scalar 
])oint functions which, together with their first partial derivatives, are 
continuous and .'-•inglc-valucd over a voliune Y enclosed by a surface S. 
Wc fii'st take 


.so that 


dw dw dw 

V = « Vto — iw 1 - h ku — 

dx dxj dz 


N -v = wN- Vtc, 
div V 


d / dw\ d f 3»)\ 3 / atc\ 




3; 




3h dw du dw dlt dw 

+ 1 1 

dx dx dy dy dz dz 


iiN • Vui dS. 


(9) 


fd~W 
~ ” \3x- 

= u V~w + V»' Uw. 

Hence, substituting in the divergence theorem, wc get 

Tni'^ i-i Gr(><ai’s theorejn in the first form. Now if wc interchange the 
ro!(“,s played by .and tr in v, wc have similarly 

JJJ(w V-u + Vw ■ Vu) dV = JJwN . Vu dS. (10) 

Sublntctitig (10) from (9), we find 

fffv’‘ ~ ^ (ii) 

which h GnauV thconan in the second form. 
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86 Further applications In Art 82 ue considered a fen aimplo 
examples, of the use of xector analysis in physical investigations, 
these examples being based upon the results obtained in Arts SO-SI 
Employing al«o the malenal of Arts 83-85, ne may now discuss 
further applications 

We begin bj making use of the divergence theorem in the denvation 
of the partial differential equation of three-dimensional heat flow * 
Since the rate of heat flon across umt area is in the direction of decreas- 
ing temperature and is proportional in magnitude to the temperature 
gradient, we have 


di 


du 

-K — N = 
BN 


-K Vu, 


( 1 ) 


by equation (5), Art 83 , here BQ/Bt is measured m caloncs per second, 
u IS the temperature m degrees centigrade, N is a umt normal m the 
direction of flow , and A is the thermal conductivitj (cal /cm deg sec ) 
Now if p IS the specific gravitj and c is the specific heat (cal /gr deg ), 
the amount of beat w hich Icav cs an elementary \ olume dV m 1 sec will 
be, nearly, 


and the total loss of heat per second tliroughout the \ olumc V is 


Icp — dV 


( 2 ) 


Letting A Ik. the surface bounding V, the total amount of heat Icanng V 
in 1 sec maj al'^o be written as 


ffN — dS « -A'ffN VndS, 

JJs Bt JJs 

by equation (1) Appljang the divergence theorem, wath v — Vu, we 
therefore liav e 

JJn ^ dS 

Combining (2) and (3), and remembenng that dn Vu ■> V Vu ■■ V®u, 
wc get 


Cf CliAj !i r MI \rt« 71 72 
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But if this relnlion is to hold for any volume V, the integrand must itself 
vanish. For, if the integrand were, say, positive tliroughout any region, 
howo-ver small, F could be chosen as this region, vhence the volume 
integral vould also be positive, contrarj’- to (4). Hence ve have the 


equation 


dtt 

dl 


= cr V' 




d^u 


•f ~~7 + "T^) J 
dy" dzr/ 


( 5 ) 


where or = K/cp. If the flow is one- or two-dimensional, equation (5) 
reduces to one of the equations obtained in Chapter VII. 

We next consider the motion of 
a particle acted upon by a con- 
ser\'ative force, which is defined as 
a force such that the work done in 
moving a particle from one point 
to another is independent of the 
path followed by the particle. Let 
the vector F represent a consen'-a- 
tive force, let P and Q be any two 
points in the vector field, and let 
C'j and Cj be any two cuiv'as connecting P and Q (Fig. 79). Then the 
work done in carrj’ing the particle along Ci and along Co will be the 
s.ame, i.c., 

I F-Tds = r F-Tc/s, 

JCi Jct 

when; T is a unit, l.angcnt to cither cuiwe. If C denotes the complete 
circuit frtrm P to Q along Ci in the positive direction and then back to 
P along Co described in the negative direction, wc then have 



jF-Tds^O. (6) 

I mm Stokes '.H theorem it therefore follows that 

• curl F dS = 0, (7) 

u here N is any ojx-n surface bounded by C. Since C is any cunm m the 
vector field, wc conclude that 


curl F = 0 


tvrpv.here in the tield. Conversely, if the curl of anv vector force F 
vh-ntieaUy rem in a vector field, so'tlmt, (7) holds, wc get by Stokes’s 
.U'tirvtn the relation (C), and therefore the force is a conserwative one. 
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Hence a force is conscrvati%e if and onlj if its curl vamsbes identical!) 
Moreoi er, a hen F is con‘?cn ati\ c, the a ork <lone m monng the particle 
from the origin 0 to anj other point P(r, y, s) will be dependent only 
upon the po«ition of P, so that wc may ivnte 

F Tds = u(x, y, z), ( 8 ) 

where u is a scalar pomt function Consequently, letting dr *= Td^, 
where r = xi + + 2 k, we get from (8), 

d« s= F dr 

But we haae seen m Art 83 that du = Vu dr, and therefore 
F dr = Vu dr 


Smeo this relation holds for anj i alue of dr, w e get 

F = Vu (9) 

Thus a vector wliosc curl is idcnticill) zero maj be expressed as the 
gradient of some scilar pomt function 
This lost result maj be used to prove a theorem of wluch we made 
use in Cliapter VII, Art 73 The ncccssarj and sufiicjent condition that 
u (It d- p dy -f ir dz, where ii, i are functions of x, y, and z, be the 
exact difTerential of some function is that the curl of the vector F «= 
«i + tj + uk vanish identicall) To show the necessity of thus condi- 
tion, suppose that u dx + v dy w dz is the exact differential of some 
function /(x, y, x), so lliat 


But wc have also, 


df = u dx + r dy -f tr dx 

df = — dx H dy -j dx, 

^ dx dy dz 


whence, since dx, dy, ami dx are independent, we must have 
Sf df df 

tic= — j r = — , ir« — 

dx dy dz 


Ilenco 


/t)rp 5t>\ /t>» dic\ ^ fdp 
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Conven-cly, if curl F == 0 identically, F must, by (9), be expressible 
as the gradient of some function, 


Therefore 


wlicncc 


F = V/. 

df .df , df 


dx 


df 


t> = 


10 


and 


dh' 


df_ 

dz 


df df df 

» dx + J’ dy 4* w dz = — dx 4 dy 4 dz — df, 

dx dij dz 


so that It dx 4- 1 > dy + w dz is the exact cliffereutial of the function 

f(^, V, ')• 

Our next problem is concerned until the potential due to a continu- 
ous distribution of matter over some region. I.et F be any such region 



bounded by a surface and let pfxj, yi, Zj) be the demsity at any point 
u Vu 'i) of r (Fig. SO). Tlion the potential at a point P{x, y, z) of 
1 due to the mass of an olcnientary volume dVi = dxi dt/i dzi at P\ is 

, ri) dF, 


ulien,’ r \ (x ~ Xj)* 4- (i/ — yO* 4* (' — rj)-’ is the distance behveen 

/’« and and the potential at P due to the entire mass inside S is 


u - 


ffl 




dV, 


r 


( 10 ) 
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Since r but not p depends upon the coordinates r, y, z, we ha\c, for the 
gradient of u, 




Letting r »= iTi be the vector from Pi to ne ha\c, as m Art 83, 


0-7. 


Consider non the surface integral I of the normal component of 
Vii o\cr S Tot the contribution to I due to the clemcntar> mass 
p{xi, i/i, zi) dVi at Pi, wc ha\e from (11), 

dl * -p(xi,y»,zi)dri^^^d5 

Since Pi and P arc inside S, we get b> Gauss’s theorem, 

dl = — 47ro(rj, i/i, Zi) dVi, 

and hence 

1 V»dS « -47r£Up(ri, yi, ri) dr, 

= -'43r^0J^p(a:, y, z) dV (12) 

But by the di\ crgence theorem, 




Combmmg (12) and (13), vre get 

J]J(v2a + 4^p(x,y,r)ldr«0. 

and since V w anj % olume occupied b> matter, it foUoira tliat 

V-u + irpiz,y,z) " 0, 

or 

O'u 5’u t>*u , . 

+ -lxp(r,y,2) 

dir dir dr 
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Ainr, 80) 


This is loiown as Pois'on’s equation, wliich is thus satisfied by the 
potential function n tlirougliout a region occupied by matter. If the 
rf'gion under con.'^idcratioii is devoid of matter, so that p ~ 0 at every 
point, (W) becomes I-aplacc's equation, 


d‘u d-it a~ii 

djr 


(15) 


Analogous arguments ma.v be formulated for the phj’-sical situations in 
which n i.s tlic electric potential due to a region containing charges, the 
ningnetic ]>olenti!il due to ])olc.‘5, or the temperature at each point of a 
hc.'i'ted body. (Cf. Art. 78.) 

Using Green's theorem, we next show that a vector point function v 
is uniquely determined, at every point of a volume Y bounded hy a 
.‘■urfare .8, when its divergence and curl throughout V and its normal 
component, over S arc given. For, suppose that Vj is a vector point 
function having the same values as v for its divergence and curl in V 
and for its normal component over S, and let r = v — vi ; if we show 
that r «= 0 for all points in.eide and on S, it ndll follow that Vi = v, so 
that no vector point function but v can c.xist with the given properties. 
Now hy supi)osition, 


(I) div r = div v — div Vj = 0, throughout V, 

(II) curlr = curlv — curW'j = 0, throughowt. F, 

(III) Nt - N.v - N.vi = 0, overS. 


1‘Vom (II), together with the statement following equation (9), we get 
r >!-. rt(, where n is some scalar point function. From (I) and (III) we 
then li.avc 


div Ft/ — y-ji = 0, 


N-Vn = 0. 


(16) 


ComY-quently, tahing (C = v in Green's theorem in the first form (cqua- 
lion (9), Art. So), and using the relations (16), we find 


Ihtt (VfA- cannot !» negative, we must liavc Va = 0 whence 
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As a final application, ^\e indicate bnefly the manner m which Max- 
wells electromagnetic field equations are obtained begin with an 
empirical law based on the experiments of Faradaj and Ilcnrj, which 
states that the n ork done bj an eicctnc force E (electrostatic c g^ 
units) in monng a unit positiv e charge around anj closed path C is pro- 
portional to the time rate of decrease of the fiux of magnetic force H 
(electromagnetic c g s units) through any open surfaced bounded bj C 
In ^Tnbols, this ma> be vmttcn as 

where T ls a imit tangent to C m the positive direction, N is a unit 
normal on the positiv e side of 5, /x is the permeability of the medium in 
which the magnetic field acts, and c * is equal to the ratio of a c g 
electromagnetic unit to a c gs electrostatic unit of charge Maxwell 
using the results of Amperes experiments, deduced a corresponding 
relation m which the roles of E and H arc mtcrchanged, sjanbolicallj , 
his relation ls 

Th Tds = -- ffji EdS, (18) 

Jc c dt JJs 

where « is the dielcctnc constant of the medium m which the eicctnc 
field acts, and the other notation is the same as m (17) The right hand 
member of (18), it should be remarked, is a quantity proportional to a 
fictitious current called by Maxwell a displacement current Now bj 
Stokes’s theorem we have 


Je Tds curlEdS, 

Jht*- JL^ curl H dS 


Using tliese relations together with (17) and (18), it follows that since S 
13 an> surface m the field, 

ftdH 

curl E , 

C di 

( 19 ) 

tOE 

curl H 

c Oi 

• \umencal y e - 2 WS X 10”, the vcW»t> (cm /w-e ) f fl rViI »n ynom 
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T'hfyc arc Maxwcll’fi fteld equations. If ive take the curl of each mem- 
5)cr of equations (19), %ve get 

VX (VXE) = ---curlH 
C at 


end-E 

7‘le' 


« 5 

V X (V X H) = — curl E 

C dl 


( 20 ) 


tfxd'^K 

7 et~ * 


It is readily sho\Yn (Problem 2(c) following Art. 82) that, for any 
vector V, 

V X (V X v) = V(V-v) - V^v. (21) 

Now* further c.\'porimci\t show.s that E and H are such that div E = 
div H = 0. Ilcncc, from (20) and (21), w’c find 


„ O^E d‘E d~E m a=E 

V-E = — -f 4- — = — p , 

dx.' dy dz' <r dt~ 

^ a=H a-H a^H epa^H 

j j _ S. 

3r*' 3|r c" dt 


( 22 ) 


These cqusitions rejircsont wave motions, * and indicate that electro- 
static and tioctromagnetic disturbances arc propagated through the 
medium, the common velocity of propagation being c/V^* It is tliis 
o’sult which gave rise to Maxwell’s celebrated electromagnetic theory 
of light. 

PROnU-IMS 


1. H ti b .1 scalar point function over a fc-alar field of volume T' enclosed b}* a 
#urfaiv .Y, unit K b a unit oiitwnrJ-tlrawn normal to S, show that 

id;. ptid xt dV 

2, If T h n point funt^tion over n vector field of volume V enclosed by a 

N, ntul n xiuK onh\ritd-dmwn normal to S, show that 

III curl rdV "If” XrdS. 

* Cf. Ch-spti f Vir. An. 70. 
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3 If P u a vector function normal to the closed surface S at each point, and if 
V 13 the volume bounded by S, show that 


Sfi 


cutlFdr-0 


4 If u 13 a scalar point function over an open surface S bounded by a cui% e C, 
K 13 a pop'll! vely drawn unit normal to 5, and T is a positively drann unit tangent to 
C, show that 

X grad u dS ■* J* uT ds 

6 If or 0 and y arc the dirccbon angles of N, and if v — til +rji +t}k, 
show that the divergence theorem may be written in Cartesian form as 

fffr (S + S + S) ■''' ^ 1-) 

6 If or ^ -y arc the direction angles of tbo vector v «=> rji + rj + rjk show (hat 
Stokes s theorem may be written in Cartesian form as 




(t>tdr +i‘2dv + ii<h) 


7 Wnto both forms of Green s theorem in Cartesian coordinites 

8 If Pi r<* and i j are the components of a vector v « is a scalar point function 
and p a and 6 are constants erpress m vector notation the following equations 
from the theory of ela3ticit> 




^ - (a + W - + 1 (^5^ + ^ + 53-; . 

"•jf + 

ff ffu and tP are scalar point functions show that 

f uVtp Tda f trVu Tds, 

Jc Jc 

where T vs ft unit tangent to the clo«d curve C 
10 If u IS a scalar and v a vector jioint function show that 

J^N (ru X V + u7 X v) dS T(f5, 

wt ere S IS an opi n surface Iwun leiH y C N vs a posilnely drawn unit normal to 
<S and T 13 a po»itncly drawn unit tmg* nt to C 
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11* If u 13 a scalar anti v a vector point function in a volume V bounded by a 
surface Sj show tlial 


j//,. (nV-v + Vu-v) dV 


v.‘liprc N 13 an outwnrcl-dravrn unit normal to S, 

12. If u in n non -constant solution of Laplace*s equation, show hy means of 
Green’s theorem that 

J^i/N*VudS > 0, 

where N is an outward-draum unit normal to the closed surface 

13. I>'‘t m l>c the tobil mass of a sphere of uniform density and radius a. (a) 
^luHV that the potential u and gravitational force F at a distance r from the center 


of the ifphere arc given by 




3m 

mr 

rnr 

(r g a), 

u «» — ' 
2a 

~2^’ 

re 

1 

(1 

m 

U tst — , 

r 


F_ 

(r g a). 

(D) Hence show that u satisfies Pohvson’s equation at 

points inside tho sphere and 


that it satisfies I^aplace’s equation at ]>oints outside. 

14. If V is the vector velocity and p the variable density of a mo\dng fluid, derive 
the general form of the equation of continuity, 


V*pv « 


Ot' 


ID. IW the region V, hounded hy the surface S, bo occupied by matter of density 
p{^f r), and let r « rr* the vector from the origin 0 to any point P of V, (a) 
l/'Uing V pH in the divergence theorem, show that the potcnti.nl at a point inside 
.S* hi given by 

n^VpdV, 

« hfn* K i)? nn ouitt-ftrd-(.!r:nvn unit nomuil to S. (6) If u satisfies Poisson’s equation 
ajul is tliat Vp » n, show (hat 

wh^rt> F is thp prn vital ional force, so (hat if F is knoUTi at cverj’ point of S tho 
potcjuinl at all interior points may be found. 
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87 IntroductJon Probability considerations enter into scientific 
and engineering ork in a \anetj of gui^^es The theory of probibibtj 
plays an important role m modem physics and physical chemistry in 
problems connected ^nth atomic structure and m quantum theoiy and 
«a\c mechanics Questions of engineering economics, and quality con* 
trol in manufacturing employ the statistical method based on proba 
bility * Frequency cuncs are used m standardization and sampling 
operations f Statistical mechanics is bkcinse based on the theory of 
probability , as is the theory of least squares iihich is useful m the ad- 
justment of ob'ien ations and is employed in prcci'ic sun eying 

In recent years, the entire field of numerical metliods has been np- 
idly gromng Theories basic to such methods and machines capable 
of handling computations at amazing speed hai e dei eloped together 
In particular, there has been considerable adi ance m techniques for 
soiling ordinary and partial differential equations numcncally 

It IS the purpose of this chapter to introduce some of these ideas 
For conienicnt reference, iie begin by stating a fcii of the pnnciplcs 
of combinatonal analysis and probability J 

1 If an cicnt A can happen m m ways and then an eicnt B cm 
happen in n way's both A and B can happen m this order in nm ways 

2 If two mutually e\clusi\e cients A and B can happen m m and 
nways respccliicly cifficr A or R canhappen mm 4- nways (land 
B arc mutually exclu'^ii e if the happening of either precludes the occur- 
rence of the other ) 

3 The number of permutations (arrangements) of n things taken 

r at a time is => nf;i — I) — r + I) « nl/(fi ~ r)l 

4 The number of combinations (selections without rcganl to onlcr- 
ing) of N things taken rat a time is C{n, r) P{n, r)/r\ “ «1/f’(n “ 

5 If the number of wais an eient may result can lie analyzed into 

• F L. Grant, Ptinc»pl« o( rnKmccnnR necnomy 

tT C Fry ‘’I’robibility an t lu FnKmwnnK , A Hstcr "Tb«* Mnltiv 
laaticat Thfury ol I’robal ilitics Inlrodurlory note Isy C Rorty 

t More dctaili^i of iscrmutaboa" combinalioa^ and tbe clement* of 

probabiblj may Iw found in books on alj^bra forcxamile F It MiUcr 

•^College Algebra and Trigonometry, Hispli r I 
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a and b failures, each equally likely to occur, the a priori (or 

mal hemal ical) probability of success in a single trial is p = a/ia + h), 
and the corresponding probability of failure is q = b/{a + b). 

0 . If r successes in 7 i trials have been observed, s/n is called the rela- 
ti\-e frequency of successes. It is a.s.?umed that s/n approaches a limit 
as n becomc.s infinite, and (his limit is defined as the a posteriori (or 
statistical, or oinpiiical) probability of success in one trial. 

7 . If ;?i i.s the probability that an event Ei occurs and po is the 
prob.ability that an event E^j occurs, then pip^ is the probability that 
both events occur (in cither order or .simultaneou.sly if Ei and E^ are 
independent ; in the order E^h if En depends upon Ei, uhen p 2 is the 
probability that E-j happen.^ after Ei has happened). 

8. If Pi is the probability that an event E^ occurs and p 2 is the 
jtrobabilily that, an event E 2 occurs;, then, when Ei and E 2 are mutually 
e.\Tlu.<-ive, pi -}- p: i.s the {irobability that cither E-i or Eo occurs. 

0 . If 7 ) is the jirobability that an event happens, and q that it fails 
to occur, then C{n, is the probability that the event happens 

exactly r tiine.s in n trials. 

88 . The probabilit}’ curve. The obsen’er, taking ohsen'ations, trying 
to fiiul the value of some unknown, is analogous to a marksman try- 
ing to hit the center of a target. Strange though it may seem, the.se 



Fio. SI 


erims of observation or «leviations of shot.s follow a mathematical law, 
or. rather, jippn>\imate it more and more closely as the number of ob- 
!er\‘ations or shots inerea.'^cs. All constant errom— errors for which a 


rerreetion can be applied, like the temperature correction for a .steel 
lapi% etc. —also ini>take.s, are .suppo.sed to have been eliminated. The 
nratheinatioal law applie.s only to unavoidable errors. We shall now 
find a mathematical e';prcs«.ion for this law in the form of an equation 
' -tlie cqssalinn of the curve of error, or the ]>robahility curve. 

We lake an illu'it ration based on a record of 1000 .diots fired from a 
'laylor hrdU-r\- cun at a target 11 ft. high. Fig. SI shows approxi- 
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matdy the n’ornbcT of hits m each division 1 ft \aAo, from nhich, eg., 
the (empmeal) probability that a shot hits the center rectangle is 
or 0212, le , if another shot is fired under the same conditions, the 
probability is 0 212 that it hits the center rectangle 
If, now, no lay' off the 11 intervals each Ax = 1 unit long on a hon- 
zontal x-axis, and draw rectangles iv hose areas y Ax (or ordmates y, 
if Ax = 1) represent the probability that the shot falL, ivitbm the 
rectangle (taking a different comcnient unit vertically), ne have the 
diagram shovvTi m Tig 82 Thus, the probabihty that the shot falU 



between 2 5 and 3 5 is the area of the shaded rectangle, 0070 X 1 “ 
0 079 The sura of all the rectangular areas is 1 
Wc can imagine the number of shots incrca'jcd indefinitely while the 
wadtlis of the raten als get smaller and smaller, then, while the total area 
of the rectangles alway’s remains 1, the form of the area approaches that 


of the area under a smooth curve, y 


/(x), such thatj f(x) dz » I 


ttc make the limits —« and oo since no definite finite limits cm lie 
assigned which would cover all cases Wc now determine the func- 
tion /(x) ^ 

Suppose tliat wc make n obscrvatioas «j, Sj, , on a quantity 
whose true value ut r Ixst Xi, xj, , x« be the errors of observation j 
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positive or negative according as the observ'cd values are greater or 
Irss than r. Then we have for the errors and their sum: 

a-i = Si — z, 

3-2 = S2 — 2, 

j 

Xx-'^s-riz. 

Now (he true vahie of a quantity is unknomi and can never be de- 
tcmiincd exactly by obscra-ntion. If we assume that the arithmetic 
mean of the obscrval walues is the best value that can be assigned to z, 
and replace r in (2) by Zs/n, we obtain 

= Xi+To+----^Xn = 0, (3) 

an approximation ^vhioh becomes closer ns n increases. Tliis relation 
(.1) i.« equivalent to the statement, that the positive and negative erroi-s 
arc eomponsjiting — their algebraic sum is zero — and might have been 
taken n.s an assumption fi-om which the relation z = Ss/n would follow. 

If At is the smalle-st measured interv'al for a given set of obsenmtions, 
we sji}' that 

/(ti) At = probability of error Xi, 

J{Tn) At = probability of error X2, 


J(x„) Ax — i)robability of error x„. 

Hence 

P = fi^i)fi^2) • • • /(x„) Ax' 

is the probability of ocourronce of the set of errors xi, xs, • • *, x„. 
Now, insteafl of reganling z as a fixed constant, we may think of it as 
an unknown, capnlrlc of being assignerl different values depending on 
the fonn of the / function. Wo .assume * that Avhen z is as.signed the 
value Zn/n, that is, when equation (3) hokls, the form of the/ function 
will he .<mch as to give P it.s maximum value. 

In ordi'r to make P a maximum we maximize 

In P ~ ln/(xi) d- hi/fxs) -j f- in/(T„) n hi At 

liy equating to zero tlie derivative of In P with rc,«pect to z: 

S'(ti) {Jtj ^ /'{j-x') dx2 /'(t„) dxn 

/(Ti) d: ~ ~fix2) dr ‘ 7^ dT “ 

» Ttu- r.sstutiiahm t«. t,n rritirkm nn*l levs- Wa muc-li tliscas<--cd, vet it yields 
tP-' rijii-.ot.ft o? th<* cun-.- of i rpir .'’.msrding to tlio incihod of G.nu.-^, 


( 1 ) 

( 2 ) 
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But, from equations (1), 

dxi dx-y dxn 


dz dz 


dz 


■ == -1, 


and, denoting the function ~~ by ^(x), equation (4) becomes 

/(*) 

<^(3^1) + ^(3:2) + 4 - = 0 

The function is to be determined from equations (5) and (3), that 
IS, for all positive integral \ allies of n, we must hav e 


<5) 


<^(3;i) + 0(3-2) + + 4>{ Xn ) = 0, 

Xi + 3:2 -b + a:n *= 0 


( 6 ) 


I/ct US trj to satisfj equations (G) by assuming for 0 ( 2 :) a power senes 
in X 

0{x) « 0(, + flix + + (7) 

Then the first of equations (G) becomes 

nuo + fljSx + a2S2r + = 0 (8) 

Since 2i = 0 bj \-irtuc of the second of equations (6), equation (8) is 
satLsfied if Oi 13 arbitrary and all the other os arc zero Hence vie 
have as a solution of equations (G), 


0(^) 


nx) 

“ Kx) ' 


* fllX 


( 0 ) 


A. more elaborate analj-sis would show that (0) is the only solution of 
equations (G) 

Integrating (9) with respect to x, we find 


ln/(x) . 


- *f In c 


\te now demand that our curve of error, y = /(x), bo rapidly afljinp* 
totic to the x-a\is, so that the probability of making an error wall de- 
crease V cry rapidly as the magnitude of the error increases It follows 
that oi must bo negative, we write, for convenience, Oi/2 — — h*, and 
the equation of the curve of error becomes 


( 10 ) 
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Wc now determine c. Since the area under the curv'e of error is 
unity, wc have 

r ds = 2c f c~^ ~ dx = 1. (11) 

Ropretenling the second integral by I, we maj’’ evaluate it as follows: 

1 = rc-^"^"dx = 

Jo Jo 

= r dy dx. 

Jo Jo 

Transforming to polar coordinates, we obtain 

72 = c-’'''^'pdpdO 

Jo Jo 


Tlicrcforc 


1 _,5 r 


/■" . Vir 

J= . 

Jo 2fi 

.Sul)stiturtng in (11), c = /i/A/ir, whence (10) becomes 


( 12 ) 


y = 



(13) 


the f'fjuntion of the curve of error or the prohahilUy curve. Equation 
(13) i.s sometimes called the normal law of ciror, and a set of observa- 
tions which follows it closel}' is called a normal distribution. 

The con.stant h is called the measure of prcctsion of the set of obser- 
vation'?. A large !i indicates a high peak and rapid fall in the cun’e, 
that !■?, a large probability of small errors and inpidl}^ decreasing prob- 
ability of larger orroi-s. The area of the .shaded rectangle, y Ax, in 
big. S3 represent.'? the probability of an en'or x', the total area under 
the ctirr'c i.s 1. 

Denoting by P, the probability of an error x, and by the prob- 
ability th'il an error is between a and h, wc have 


ft • * < 

F, == 

V- 

(M) 

Dc.<, *= — 1 c - dx. 

V- Jo 

(ir>) 
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The probabiUty that an, error is between. — X and X is then 


P~x r = 


\/v 


•/— JT V TT •'0 


If we let hz — t, then hdx = dt, when ar == 0, / = 0, and when x “ A', 
t « hX, so tint the integral becomes 


P^xx 


V*- «/o 


dt 


This 13 the prc^aibUiiy integral^ but m order to get the form given in 
Peirce's "Tables," where numencal values are tabulated, we replace 
the upper limit hX bj x The letter used for integration \anablc is 
immatcnol, since it is replaced by the limits after integration, calling 
it X instead of /, w’o have for the probability integral 

P-a: X - 4= rV*Vx, (1C) 

V ir *^0 


where the upper limit x = hX This function P— v x « sometimes 
called the error function erf x 


Example In a senes of ob?cr\ ations of on angle Liken to tcntlis of o second, 
h “ 0 0 Find (a) the probahilily of an error 2 ' 0 c , between 10)' and 2X)5 
(J) the probabihtj that the error is not numcneally greater titan 2 ' 


(a) From (»), 

Vr 


000 


<4 


0 008 


l»X4(0 1) 
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AnT. 891 PR013AT3LE ERROR; STANDARD DEVIATION 

(h) From (16), P-i.s = - 7 = f = 0.91 (from Peirce’s “Tables”). 

V TT Jo 

89. Probable error; standard deviation. The number e, such that 
the probability that an error is between — e and +€ is i-, is called the 
probahk error of a single obsen'ation. We have, from (16), Art. 88 , 

= -4= = 0.5000. 

'VirJQ 


From Pcircc’.s “Tables,” the value of the upper limit corresponding 
to a value 0.5000 for the integral is he — 0.4769, so that 


0.4769 

£ = 

h 


( 1 ) 


In Fig. 83, £ is the abscissa corresponding to the ordinate which bi- 
sects the area under the probability curv'e to the riglit of the y-axis. 

In Art. 88 we assumed that the true value 2 could be replaced bj' 
the arithmetic moan Ss/n, of the n observed values, so that the error 
T is then the dcvnalion of the observed value from the arithmetic mean 
of tlie ob.scia'cd values. When .t is so regarded it is usuall}' called a 
rrsulnaj in.stciid of an error. In terms of the residual p, the equation 
of the probability curve (13), Art. 88 , can be written 


" V • 


( 2 ) 


Tlic etan^ard dcvialion, <t, of a set of obsenmtions is defined as the 
root-mean-.squarc ^•nlue of the deviation from the arithmetic mean, or 
the square root of the average squared re.sidual. Thus, if 71 is the num- 
ber of ob.coreations, we have 

V = V— • (3) 

' n 


We may derive a fornnda for <r in terms of h as follows. The 
probability of a residual of .«i 7 .c p (i.c., between p and p + Ap) is 
(h/ Ap. Tlie numlier of residuals of .size p, and hence the 
number of .tquan^l rc.-^iduals of .rizc p*, is (.iih/\/ Ap, where n 
is the tot.'d number of observations and nl.-^o the total number of re- 
.‘idua!'--. If we multiply the value p' of a .‘•xiuared residual by the num- 
Ivr of ^•uch squared residuals, .sum for all values of p, and divide by 
the totrd tuunber of residuals, vec obtain the avenage squarwl residual. 
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Thus 


The first bracket \anisbcs, and the \alue of the mtcgral is ■\/Tf2h, bj 
equation (12) of Art 88 so tliat 



If "wc equate the 131003 of a m (3) and (4) we obtain a formula for 
computing the measure of precision, A, of a senes of obscnations, 


A = 



(5) 


Replacing A bj its value I/\/2<r given by (4), ne can wntc the equa- 
tion of the probability curve (2) in the form 


V 


■v/2ir <r 


(C) 


and from equation (1) we hav e 


or 


t = 0 4769/A = 047G9\/2«r, 
< = 0 G745<7 


(7) 


The value of ir or of e can be iml as a measure of dispersion of a 
set of observations The form of equation (0) shon-s tint for small a 
the curve will Ivavc a high peak and fall mpidl>, shoisnng a small spread 
or dispersion m the ob>5orv ations Let us find the probabilitj that an 
olyscrv ed v aluc vnll dev jate not more tlian <r on either side of the mean 
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TJrfng the equation of the probability curve in the form (6), we have 
for tiic probability that a deviation is between — <r and 



Letting ply/^G = T, dp — '\/2(xdx, the limits for x will be 0 and 
po that 

9 /^.7071 ^ 

= 0.683 (by Peirce’s “Tables”). 


lliu.s, in a normal distribution, 68.3% of the obsenmtions fall within 
ff of the arithmetic mean. Furthermore, 


•P— 2<r.2ff = 
^ »3ff 



dx — 0.954, 


dx = 0.997, 


■‘■o (hat 95.4% of the obscrv'ations fall within a range of 2<r on either 
f-idt of the arithmetic mean and practically all, 99.7%, are within a 
di.slaiice of Sir from the mean value. 

Collecting (he formulas for h, a, and «, (3), (5), and (7), w'c now 
w'rito (hem in (he forms 


h 




c 


0.67-45 



( 8 ) 


As an ONample snppo,«e we lake the data given in Fig. 81 of Art. 88 
aiul represented graphically in Fig. 82. Since (he po'^ition of no one 
of the ix given e.vactly, their average deviation cannot be found 
wtliont further a.^-umption. We shall find the average de^ia(i()n 
(riruhmetic mean of the deviations) of the .--hot.s from the middle line 
0 the targe..t iwlanale (the origin of Fig. 82) under (he a.ssumptio« 
Rial :dl the shots in any uUeiwal -0.5 to 0.5, 0.5 to 1.5 etc Fi<r 8'> 
nm hvated at Uie midpoint of that intetwal, 0. 1. etc., respocirvelv 
iolhnving are \M<hI, m the fii-st column, the number of .shot.s- in the 
•'«*nd column, their corresponding deviation.^ from 0: in the third 
roairnn, the priKiuct.s of the corresponding entries in the first two 
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columns The sum of the third column dinded bj the sum of the 
first column ■anil then be the anthmetic mean of the clenations from 0 

2 

6 

-10 

16 

-4 

-04 

79 

-3 

237 

193 

-2 

-3SG 

201 

-1 

-204 

212 

0 

0 

190 

1 

190 

S9 

2 

178 

10 

3 

30 

4 

4 

16 

1 

6 

5 

lOOO 


-482 

The moan demtion from 0 is therefore — 

0 482 or, sa\, —0 5 

We noa compute the sum of the squares of the residuals, that is, 
the sum of the squares of the dcMations measured from the anthmetic 
mean of the de^uations, namely, from —05 rolloinng are listed, m 
the first column, the number of shots, m the second column, the corre- 
sponding residuals, m the third column, the squares of the residuals, 
and m the fourth column, the product of the entnos m the first and 
third columns, thus multipljmg each \alue of p* the number of 

times it occurs, so that the sum of the fourth column is Sp^ 

2 -4 6 

20 25 

40 5 

IG -3 5 

12 25 

19G 

79 -2 5 

6 25 

493 75 

193 -1 5 

2 25 

431 25 

201 -0 6 

0 25 

51 

212 0 5 

0 25 

83 

190 1 6 

2 25 

427 5 

S9 2 5 

0 25 

65G 25 

10 3 6 

12 25 

122 6 

4 4 6 

20 25 

81 

1 6 6 

30 

30 25 


2 ISO - V 

The 'Standard dc^^'xllon is 

tf " “ vTiso « 1 58, 

' n 

and the proliahk error of a Finglo filiot is 


<-=0C715cr« 100 
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If \Yc a.'vTumc thnt the shots in each inten’al, — 0.5 to 0.5, 0.5 to 1.5, 
etc., arc tinifomily distributocl, we find that the number of .shots nithin 
a range of a on either side of —0.5, that is between — 2.0S and l.OS, 
Is 20 1 -b 212 + 0.58(193 -f 190) = 638, or 61%. The number -ndthin 
a range of 2^7 — 3.16 is 79 -{■ 193 + 204 + 212 -f- 190 + 89 + 0.16(16 
4- 10) = 971, or 97%, and the number within a range of Sc = 4.74 is 
all but 1 -{- 0.26(2 + 4) = 3, or 99.7%. These percentages agree with 
the theoretical ones for a noimal distribution, namcl}’' 68.3, 95.4, and 
99.7, a.s well as could be expected, considering the assumptions made 
and the number of shots yielding the data. Furthermore, the number 
of deviations witliin a range of c on cither side of —0.5, that is, be- 
tween -1.56 and 0.56, is 204 + 212 0.06(193 4- 190) = 439, or 

13.9%. compared with the theoretical value of 50%. 

A.s another examine, from the 12 measurements of a base line given 
in the first rolumn of the following table, find the length of the line L 
(arithmetic mean of the measurements), the standard deviation a, the 
probable error of an observation e, the mea.suro of precision h, and the 
probable number of deviations witliin a range of 0.1 on either side of 
the mean if 88 more observations were taken with the same precision. 


500. r>5 

0.10 

0.0100 

.20 

-0.35 

0.1225 

.45 

-0.10 

0.0100 

.43 

-0.12 

0.0144 

.73 

0.18 

0,0324 

.50 

-0.05 

0.0025 

.SO 

0.25 

0.0G25 

.50 

-0.05 

0.0025 

.3S 

-0.17 

0.02S9 

.55 

0.00 

0.0000 

.85 

0.30 

0.0900 

.53 

-0.02 

0.0004 

153s 


0.3761 

’ .VM..')-'. 




In tl,e second column wo Imv-o the residuals (deviations from the mean 

D - 506.55), and in the third column the squares of the residuals 
Hcluv 

/V /'0.3761 

" ^ Vt == V-l?“ = o-’s- 

< 0.671.57 =r 0.12“, 



n 


'0.3761 


4.0. 
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The probabilitj of a dc^nation bcUeen —01 and 0 1 is 


-7=: I = I dx 

‘VttJq \/tJo 


0 43 , 


eo that if 88 more ob'^enations were taken, then, out of the 100 ob<5er- 
\ations, 43 would probably denate from the mean bj not more than 
01 

We notice that, of the 12 observations, G 7 % hav e residuals between 
—a and it, and 100% he within a range of 2 <t on cither side of the mean, 
a result agreeing clo^el^ enough with the theoretical percentages, con- 
sidermg the small number of observations rurthermoro 60 % of the 
residuals lie between — e and c 

Note on measures of dispersion In determining the best value for a 
quantity by taking the antlimetic mean of a set of observed values, 
it 13 desirable to hav e an accompanjang number which will indicate 
the measure of precision or the measure of dispersion of the observa- 
tions, but there is no umformitj in the u«e of such a number Bj 
making certain more or less reasonable assumptions it is possible to 
obtain a v aluc for h w Inch is V(n — l)/n times the v alue giv en in 
( 5 ) , then, according to this theory , a number n (mean-square error of 
a single observation) lsusccI, which is Vn/(n — 1) times the standard 
deviation, and a number e (probable error of a smglo observation) is 
used, which IS Vn/(n — 1) times the value of t used obovc Thus * 



The V alues of h, )x, c computed from formulas (S') differ slightlj from 
the values of h, a, < computed from formulas (8), and the difTcrcncc 
vanishes with increasing n Even for n « 12 in the previous example 
on ba«c-lmc measurements where we found from (8), 


« 4 0, O' « 0 18“ « “ 0 12“ 

we would have from (S') 

A « 3 8, p » 0 18+ * = 0 12+ 

Instead of the numbers <r, < of (8) or p, * of (8'), anj numbers pro- 
portional to them could bo u«cd as measures of dt-pcr'ion Wc maj 

• Sre, c B , D r Rurtlett "Tie Method of Ixast Sqatrn and 0 M IcUnd, 
‘Tracucal Lrtwl Sqavt-t. 
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divide cuch of these numbers by “s/n and obtain from (S)j 


Ct\ 


VSp- 


n 


= 0.6745 ■ 


Zp 


or from (S') 


'^P‘ 




V *42 
^P 


n{n — 1) 


( 9 ) 

(90 


Tlic numbers <r„, fx„, are called, respectively, the standard devia- 
tion of the mean, the mean-square error of the mean, and the probable 
error of the mean. In writing the value of an arithmetic mean, one of 
these numbers is sometimes attached to it with a ± sign, but the 
usage i.s not standard in this respect. One mu-st be familiar Arith the 
nolalion of the author in order to know the meaning of the number 
uscfi. Perhap.s the second number of (90 is the most common; using 
if. we would have for the data given in the prenous base-line measure- 
ments, 

I 0.37G1 

en = 0.6745 \ = 0-036, 

^12X11 


nnd the length of the line would be Avritten 

L = 506.55 ± 0.036. 


In some boolrs the number of (9) is used, AA’hich here Avould be 

Vo.3761 

€fn — 0.G745 = O4O34, 

-in ' 


or t of (8) is used (enclo.^cd in parentheses).* Thus the length of the 
above ba^c line would be Avritten 


L = 506.55 rir 0.034, 
or 

L = 506.55 (db0.12). 

It is of little importance Avhich of the A'alues of h in (8) or (S') f or 
Avhioh mcaMiro of dispersion is used. Wo .shall UA’oid the ± attach- 
ment to a mean, and u.«e formulas (8) for determining h, cr, and e. 

• Tor ctnn'.p!", C. H, Foniylb, “An Introduf-Uon to the MalhenAatic.al Analyris of 
SeAti-i!*-",'’ .V.ri. 03. 

t It. V. ‘‘Vor!i"-nnscn mi-' df-m Gobioto tier angewandten Matlio- 

mvA." R5. 1. .\iy-.-hniit lH, |12, for .a st.ateuient of the hypothof’C.s Ic.ading to 
f-msuslv; hr v.i^:visr\v <if dhjK.a-ion, nriii n critiiail di<cus4on thereof. 
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problems 

1 Show that the standard deviation is the abscis&a of a point of infection on 
the probability curve 

2 Locate the points on the probability curve whidi are nearest the ongin 

3 Show that, as h vanes, the tangent line to the probability cune at a point 
of inflection envelops an equilateral hj^icrbola 

4 In a senes of observations of an angle taken to tenths of a second with 
A *• 0 447, find (o) the probability of an error between 1 0 ' and J 1", (b) the 
probability that the error is not numerically greater than 3" 

6 A line is measured 400 tunes, and the probable error of each observation Is 
0 3 cm How many positive errors should occur between 0 2 and 0 4cm? 

6 The weights and volumes of ten samples of a homogeneous substance are 
measured and the following values of specific gravity are computed. Find the 
mean value and the standard deviation. 


1 730 

1 73S 

1 745 

1 751 

1 743 

1 740 

1 739 

1 738 

1 74T 

1 762 


7 The time required for a body to fall freely in a vacuum through each o! ton 
distances is measured and the follovnng values of llie gravity constant arc com- 
puted Find the mean value and the standard deviation 

32 12 32 13 

32 21 32 20 

32 18 32 15 

32 10 32 25 

32 23 32 19 

6 Find the standard deviation and the mean of the following chest measure- 
ments of 10,000 men z «■ chest measurement m inches, y ^ number of men. 


X y 

33 6 

34 33 

35 127 

30 331 

37 745 

3S 1300 

39 jsat 

40 1935 


X V 

41 1M3 

42 1127 

43 595 

44 220 

45 82 

40 2S 

47 7 

4S 4 


9 From the following observations on the length of an iron bar, find (e) the 
length of the hat and tlw standard dcMation, (b) llic probable error of an oliscr^ 
lion, (c) tlio number of rcsidaiU numerically between 001 and 0 02 theorctlfally 
and compare with the actual number, (d) the probabilitj tliat another measurrm«il 
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tiiJicn undf'r tbo same conditioa'? will 
nurnmcnlly. 

S3.2S^1 


-302 


,255 

.273 


.310 


de\nat<i from tlie mean by more than 0.006 

S3. 321 
.301 
.295 
.263 
.270 


10. Prom the following twenty angle nieasuroTncnls find the value of the angle, 
the Mandard deviation, and the probable error of a Fingle observation. 


97 ^ 30 ' 39 . 05 '' 
37.55 

41.15 

35.95 

43.15 

37.75 

40.75 

40.95 
39.00 
36.70 


97*^30/ 40.45" 
34.40 
40.30 
41.45 
42.05 
40.35 
3S.25 
37.15 
3S,G5 
40.70 


90. The method of least squares. Let Sn be t? observed 

values of a quantity, and let S represent the sum of the squares of 
their deviations from a number 5: 

S - (Si - + (sa - !?)“ -I h (Sn - ?)*. (1) 

We phnll ?l\o\v that is a minimum when g is equal to the aritlimctic 
mean of the observed values. DilTcrcnliating (1) uith respect to q, 
we have 


-2(Si - 5) - 2 (s 2 - 5) 2(s„ - 5) = -2(Ss - nq). 

aq 

This tlerivntivft vanishes when 5 = — since d-,S/dtf = 2n > 0, 
.V will have its minimum value. 

Iti Art. S$ we assigned the value -.s/n as the best approximation 
to the meanircsl quantify z which could Ijc obtained from n observa- 
tions. We can now .also say that wo .assigned to z a value such that, 
when the deviations of the ol3?cn'cd values are mc.asured from it, the 
sum of the .squares of the.so deviations i.s le.ast. Thi.s i.s the principle 
<'f least squares jvs applies! to direct measurements of one unknomi: 
Choose as the lx's! npproxirnnfion to the unknomi that value which 
mininu?e:s the sism of the .squares of the deviations from it of the ol>- 
s^rcitl vulufs. Hern the value rhoseri for the unknonm Is simply the 
.nrithinetie anemi of the ob.H-iaTtl viihics. 
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Suppose, howe\ er, that the unknoTvii is to be dctennincd by indirect 
ob«er\ ations Tor example, suppose that we arc to determine the area 
of a circle, not by measurmg the area directlj , but by takmg n meas- 
urements of the diameter Should ne compute the n corresponding 
“values of the area and then average them, or should we first average 
the n measurements of the diameter and then compute the area? 

The diameter is the quantity measured, the measured values being 
saj , di, da, , d„ The unKnow m area A is connected with d bj the 
formula A — (A, or ^ AAfu *= d The principle of least squares 

non becomes Choose as the best approximation to the unknonm that 
value which mmmuzes tho sum of the squares of the devnations of the 
observed values from the value which the observed quantity would 
hav e if computed from the chosen v alue of the unknown Applying 
this pnnciple, ne choose that value for A which mmunizes the sum 
of the squares of the differences between tho observ ed val ues of d and 
the value of d computed from the formula d VaA/x Ilcnco wo 
minimize 



Differentiating with respect to A, wc have 



obtainable from the n observations of the diameter, is therefore found 
bj first av craging tho n measurements of tho diameter and then com- 
puting tho area. 

Suppose next that x and y are tw o related v ariables and that, cor- 
responding to a set of values of x, we have measured a set of values 
of y Suppasc further that, takmg tho values of x as abscissas, wc 
have plotted the values of y as ordinates and have found that the 
points follow approximate^ a straight Ime IIow shall wc find the 
equation of tho straight line which best approximates the linear hw 
connecting y and x, i c , the equation of the line which best fits the 
data’ If y •<» a 4* tx represents tho equation of the line, a rough 
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(crapliical method of determining a and h ^vould be to di’aTT a line bj' 
giKV-a, which would Fcem to best fit the plotted points, then mcaaire a, 
the iHntcrccpt, and dctcfminc b as the negative quotient of the y- and 
j--intcrcei)ls. We shall, liowever, solve the problem bj’- the method of 
least squares. 

Corrcsijonding to the valuas Xi, a'2, •••, Sn of x suppose that we 
have ob‘-or\'cd the values y\, y^, Vn of y, and suppose that we 
know, or have found by plotting, that the points (xi, y\), (x2, yo), 
■ • 'j Vn) follow approximateh'^ a straight line. We write the so- 
(xUlcd obson-ation equations, 

yi = o + hxi, 

ih = a -{■ hxo, 

( 2 ) 


' Vn = a + 

Hero there arc two tmknowns a and h to be determined from n obser- 
vation equations. It i.s assumed that n > 2; if jj were equal to 2 the 
two equations could be solved c.x.acth’' for the two unknowns. The 
principle of Iciust square.s now become.s: Choo.=e as the best approxi- 
umtion to the \inknowns those values which minimize the simi of the 
squams of the deviation.*^ of the obsen'cd values from the correspond- 
ing \-alues which the ob.-eia-ed quantity would have if computed from 
(he cho-'-cn values of the unknowns. Applying this principle, we 
minimize 


•S hvj "(ad- hxj)!" d- {1/2 ~ (o d- hjo)]" -j h b/n - (ad- hx„)l“. 

Now A’ i.=: a function of the two unknowns a and h; hence, in order to 
minimize S, no (‘quate to zero its two ])ar(ial derivatives with respect 
to <1 and h: 


oS 

—• •- — 2{f/i ~ (n -f bxt)] — 2[j/ 2 " (rt d- hxo)] 

tm 

~ 2[l/n ~ (o d- hXn)] = 0, 

2x,{;/i - (0 d- f/xi)] - 2 x;[?/ 2 - (n d- hxs)] 

- 2x„(y„ - (ad- hx„)] = 0, 

ftom vs Inch 


m d- (:2x)h - 


(IVla d- frr')6 « Ztij. 


( 3 ) 
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Solving equations (3) for a and b, we 

haxe 



where 


« =s , 

D 

D ’ 


(4) 

D « 1 

! n 2x1 

ISx rx-H’ 

V 1 

Na *= 

1 Sxy 

2x 1 

2x2 r 


r. I 

2xy 1 


^Tien a and & have been determined from fonnulas (4), the line y = 
a + bx will best fit the plotted points, it mil not noccssanlj pass 
through ony of the points, but the sum of the squares of the ^ ertical 
deviations of the plotted points from this Imc ^vdl bo less than for an> 
other straight lino that could be drami 
As an example, let y (gm ) be the weight of potassium chloride which 
will dissohe m 100 gm of water at temperature x" C Suppose that, 
corresponding to the temperatures x gix cn m the first column, we 
ha\e the measured xalucs of y gixcn m the second column, whence we 
compute the corresponding \ alues of x® and xy in the third and fourth 


columns. 




X 

y 

** 

xy 

0 

27 0 

0 

0 

10 

31 0 

100 

310 

20 

31 0 

400 

CSO 

30 

37 0 

900 

1,110 

40 

40 0 

l,G0O 

1,600 

£0 

43 0 

2,500 

2,130 

CO 

45 6 

3,600 

2 730 

70 

4S 3 

4,900 

3,381 

SO 

51 1 

6,400 

4,OS8 

00 

£-1 0 

8,100 

4, SCO 

100 

56 7 

10,000 

£070 

£50 

407 8 

38 500 

20,559 

Usmg formulas (4), wo lia\e 




1 11 

550 1 


D => I 



121,000, 


' 550 

38,500 1 ** 

1 

1 107 S 

550 1 


1 

1 


3,102,850, 

1 20,559 

38,500 1 “ 


1 11 

407 8 1 

31,859, 

A% - 1 



1 550 

20,559 1 ** 


3103 


31 SO 

a ■■ 

28 1, 

h » 

0 288 


121 


121 
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Ilcncc the best linear law connecting t and t/ is 

2/ = 2S.1 + 0.2SSa:. (5) 

AVe may compute tbe deviations of the measured values of ij from 
the values of Jf, say Uc a.s computed from equation (5). The algebraic 
.‘^um of the.se deviations i.s theoretically zero, as indicated by equation 
(3) of Art. SS, l>ut. will usually differ from zero on account of the decimal 
approximations in (5). AVc also compute below the sum of the squares 
of lhf.‘-e deviations; thi.s number is smaller than it would be if any 
other linear law th.an (5) were used. 


V 

Vc 

y -Vc 

{y - yo)” 

27.5 

2vS.l 

-0.5 

0.25 

31.0 

31,0 

0.0 

0.00 

SH.O 

a3,9 

0.1 

O.Ol 

37.0 

30.7 

0.3 

0.09 

^0.0 

39.G 

0.4 

O.IG 

42.0 

42.5 

0.1 

0.01 

45.5 

45.4 

0.1 

0.01 

4S.3 

4S.3 

0.0 

0.00 

51.1 

51.1 

0.0 

0.00 

5L0 

51.0 

0.0 

0.00 

50.7 

50.9 

-0.2 

0.04 



0.3 

0.57 

i'(l/ 

- Vr) ^ 0.3, 

^(y - yc)" 

— 0.57. 


PROBLEMS 


1. llio volume of a *spht'rc from the following mensuremenUj of the 

in 3*03. 3.59. 3,01, 3,57, 3.G0. 

2. If jn*? I ho pull rtKpiirrd to lift a weight ir by incauB of a pullcy-block, find a 
linear Inw of the fonn p ^ o + hr connecting p and tr, using the follotving data. 

?c{lb.): 50 70 100 J20 
r (ib.): 12 15 21 25 


r'.?tuput*' P when xr ^ 159 lb. Also hud the sum of the devialioas and the sum of 
llie tnxi of tlie deWntions of the giv('n valiULs of p from the corre«'i>on(Jing com- 

3, lu the folh\A\iu;: tnbh^ *j h tiie weight of |x>i:tjssium bromide which will dis- 
K'lve in bV) jjrn. of water at tein|tt‘ratnre x. 


^VVM 0 10 20 30 40 50 GO 70 SO 90 100 

:'{giu5; 53,5 59.5 G5.2 70.0 75.5 S0.2 S5.5 90.0 95.0 99.2 IDI.O 


l*tv,d i\ of the forsn y 
the 


o 4' h" AUt find the sum of the deinattons and the 
d. viru?on< of th<* given \Tduf'S of y from the coroisponding 
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4. \ amply supported beam eames a concentrated load P (Ib ) at its midpomt 
Corresponding to % anous values of P, tbe maximum deflection 1/ (in ) la meaamed. 

P 100 120 140 100 180 200 

y 045 055 OCO 0 70 OSO 085 

find a law of the fom y — o + bP 

6 If P IS the resistance to the motion of a tram at speed T find a law of the 
form P “ fl + fcl^ connecting P with 1 

r(mi/hr) 10 20 30 40 50 
P (lb /ton) 8 10 15 21 30 

Note that P 13 hnear m 

6 In the design of elliptic gears for quick return mechanisms * the ratio hfa 
of the ellipse is related to the quick return ratio r by the equation 

h r2smW(r +1^ 
o“‘Vn-8inW(r + l)) 

Taking r~15 20 26 30 35 40 and 4 5 compute the corresponding values 
of 6/0 and find a hnear relation of the form h/a ■« >1 + Pr 

7 The maximum vclocitj ratio M for the elliptic gears of Problem 6 is gii cn by 


V 


2Cr + 1) 


Taking the \ aloes of r given m Problem C find a hnear relation of the form M A 
+ Ur and the sum of the squares of the deviations 

8 A tank contains 100 gal of bnno m which 60 lb of salt arc dissolved Bnnc 
contaimng 1 lb /gal of salt enters the tank at the rate of 2 gaL/min and the 
mixture leaves the tank at the same rale II enco the theoretical salt content 0 {lb ) 
at time ( (mm ) is given by 0 “ 100 — 60e”*^*® (cf Art 7) Measurements yield 
the following Beta of values 


<(min) 10 20 30 40 60 GO 

Q(lb) 69 C6 73 78 82 85 

Assuming a relation of the form Q •- A + compute the values of A and B 

from tl c above data and coniparc mth the theoretical result 

9 In the following system of observation equations (n > 2) where x and y 
reprtssent the unknowns, 

oi* + l>ty - *1 
011 4* hjy “ »j. 


a»X +bmj fm 

• See Proportions of FU pUc Gears for Qu cV Bclum Mechanisms ' F II Mdkf 
and C. H loung Prorfutt Enyxntenng July 1915 
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drrivc tin' approximate folulion: 

X » 


AL 

~D' 


V 




D 


wO" 

Zoh 


2m 

2a6 

Xah 

Vj * ' 
2.0' 1 


26s 

26- 


2a- 

2as 

2q6 

26s 


10* The of A nbovc Of B nl)ovc A , and Ji above 0 arc found by xncasurc- 

mrni io 2-b5, 2-SA 53.0 ft. Apply the result of Problem 9 

to fhul the adjU'^ted value of A al>ovc O. 

11. Vmi\ the l)Chl values of T and y to three decimal places from the equations: 


2x + 1/ + 1 “ Ot 
X — d- 4 0, 

z + 4y — 3 » 0| 

3x — 2y + 0 « 0, 

+ 2y - 3 « 0, 

X + 3 ]( — 2 «= 0 . 

life ilic formula^ of Problem 9, 

12. In an rx|H’ritnont for determininj; the resistance of a Wheatstone bridge wire, 
thi' follow ng ob^erv^atioii cq\mtions were obtained, where x is the resistance of the 
bridgi> wire in dims, nnd o that of the connections: 


O.lx 

'VC 

^ 0.224, 

O.Cx 


8=9 

1.20S, 

0*2x 


« 0.430, 

0.7x 

ri- c 

KK 

1.412, 

0*3x 

+ c 

^ 0.G15, 

0.Sx 

+ c 

es 

1.C03, 

0.4x 

+ c 

«=* 0.S26, 

O.Ox 

4" c 

C3 

1.79S, 

o.r>x 

+ c 

- 1.K10, 

l.Ox 

+ c 

ITS 

1.900. 


Wing the formula*^ of Problem 0, fmd the nvnslanco of the bridge wire, 

13. The weights of three Kill els wore determined by moans of an equal-arm 
b’llanc^'. Knough standard weights to make all the measurements directly not 
King available, the fdlowng oh^’mition equations were obtained by var^ang the 
diqrihiuion of the soU(h5, x, t/, and z representing their weights in grams. 

r — ^ w 3 , 1 ^ 

p — r « h 5 , 

X ^ r « . 10 , 

X y ri- • « 5.5. 

Obtain valuer for x, y, and ?. 

14. Tmd a law of tlve form e ^ cA ^ from the data in the following table, 
tAh^m r the Uji'niav'h*inric i\mi* nt the junction of copiK-r and lend at a tempera' 
Uttv P C. uh‘''n the other junction at lO'* C. 

tre,): --200 --100 100 200 

f (10'“^ volt): —190 -2S0 350 770 
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16 Tour po nts in Ihe onler Pi Pj Pj P* he on a line From a po nt O outride 
the hne the folio \ tog angle measurements are taken 

ZPiOPj- 8*27 428 
/iPiOPj «= 12* 45 1G3 
APiOPi » 21*13 28 5 
ZPiOP, = 4* 17 34 0 
ZPjOPi « 12*45 45 5 

I/jttinp X tj z represent the erce<isos of atiRloa PiOPj P\QP% PiOP* over 
8*27 428 12*45 16 3 and 21*13 28 5 recpectivelj the observation cqua 

tiooa can be written m tl e simple tonti 

ar =• 0 
y -0 
« 0 

y — ar - 0 5 
2 - r - -0 2 

Hn I the adjusteil value of the angle P1OP4 

91 Numencal solution of ordinary differential equations Methods 
of Bohing difTcrcntial equations treated in Chapter I ucre rosfncttxl (0 
certain special tj’pcs of equations whose mtej,nils arc e\pressiblc as 
fvmtc functional relations Picard s mcthotl and tiie mcthoil of Fro- 
bcnius (Chapter IV) arc less rcstrictne m scope but those likewise aim 
to find analytical c\prcssions either as finite approximating functions 
or as infinite senes in the independent \ariable, from which numencal 
results can lie computed 

At tins point we shall consider a different kind of approach one 
w-hich is antlimetic rather tlian analytic Tlicre are many txpes of 
numencal mctho<ls only the most elementary will be touchcil upon 
here * 

Let there he gn cn a first order differential equation 

1/ - r(x y) (1) 

where y ~ dy/dx tORcther with the condition that y shall haxc tie 
\aUie yo when z ^ Xq Mo seek a solution 

• \ron prcl rail'd rcnlmm t of mod rn loci n a ill U* found mW I MI ■ 

Niimenral Solution of Dffrr ntial Fq latioa"* I r prlitril numrncal mrtl(»U 
involving I ff rrnrt wjuitina^ an I intrqioL'it on i r >r n-o al'<o W I Miinra 
Num nral Cnlrul !• I M Milnt^Tl np^n* Caloiloi of 1 mitt* DiCrn nrr< 

J R Srifljoroigl fl Numrnrnt Mill om^ (leal tnalj-vi*! C. T W I Ittalrr and 
G Rd aw n 9 Calcului of Oliwnalioat 
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Mirh that !/o = /(xo)- lo, arj, xa, • • • be equally spaced values of 
X, M) tlial Xnj-i — To = h, a constant, for n = 0, J, 2, • • •• Setting 
j/n = /(j’n)t ''‘C have, by dcfinilion, 


1/n = bm 






Vn yn4-l I/n 

— = lim j 

A — • 0 


In place of the given differential equation (I), we then deal with the 
corrcs})onding diffrrenre equation 


lln-i-i Vn 


h 


(^r.j I/n)j 


or 

|/n4‘l ^ It^ ”1“ tin) tin (3} 


One fairly obvious way to proceed would be this. Choose a small 
value «>f /) and. with ii = 0, compute i/i = 1/0 + hF(xo, 2 / 0 ); "’ith n = 1, 
wo llicn calculnlc j/s = yi 4- hl'ixx, yi); and so on, until wo arrive at 
the approximation y,v for the value of y corresponding to x = Xx. 
However, there is no way, in general, of determining how good such 
an approxim.'ition will be; evidently one arbitrarily chosen value of h 
may givf* a sufficiently accurate re^suU for some functions F(.t, y) and 
when the final value n — iV is not too large, whereas other functions 
Fix, y) or still larger final values n = N miglit require a smaller value 
Ilf h and a conBidornble ammmt of tedious calculation to achieve com- 
parable accuracy. 

'Fo get an idea of the reliability of our method, let us examine the 
'raylor’s .«eries for (he unknown function /(x) in powers of x — x„ (cf. 
equation (0), Art. 37); 

fix) - fix,) + /'(X„)(X - x„) + (X - xS- + • • • . (4) 


l.<'t X -- x„ai, SO that X — .T„ « Xnj .1 — Xn = h; also, using y„ = f(x„) 
fur ctinvenicnc(“, we then have 


ttf 

Vn 




( 5 ) 


t'umparing {.'H with (o), we see that (ho error introduced by using the 
difuavnee e(|ualion (.3) is due to the dropping of terms involving Ir 
nud higher puwius of h. We say then that the error involved is of the 
ufder of ir. 

Now, to irnprtive the cfTieieney of the incthwl, we proeeed a.s follows. 
l.‘'t X in (-n. so that x - x„ - x,_, - x„ = -h) then we get 
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and subtraction from (5) juelds 

+2:/> + |- A’ + •• (C) 

Accordingly , we may use, instead of (3), the relation 

+ 2ijnh, (7) 

then the error am 11 be of the order of uhich, for A sufficiently small, 
may be expect e<l to be less than AAlien the second power of A is neglected 
Since y„-i appears in (7) this formula first gives, for 7 t ~ 1, j/z = 
Vo + 2ij[h Accordingly we must compute iji and ij[ by other means 
to get started on the iterativ c process To be consistent with our wash 
to neglect only third and higher powers of A, we use the first three 
terms of (5) m the computation of yi, that is, we calculate 

Vi = Vo + Vo?» + aVoA^ (8) 

The xalucs xq and yo being gi\cn, we thus haxo to evaluate Vo “ 
^(^ 0 . Vo) from the given differential equation (1), and then Vo from 
the result of differentiating (1), 


y” 


dF ar . 

ox dy 


(9) 


wherein wc put x ~ Xq, y = yg, y^ «= ya The mcthotl therefore in- 
volves the following successive steps 

1 Use tlic pven differential equation (1) to get yo “ F(x0,yo), 

(9) to compute Vo 

2 Using yo, yo and yu, together w ith a chosen v aluc of A, find yi 
from (8) ^\ith Zj = Zo +• A and yi, calculate y\ from (1) 

3 From formula (7), get ya » yo + 2y\h With zj = xj -f A, find 
Va from (1) 

I Ilcpeat step 3 for ya and y^, y\ and y\, and so on, through as many 
stages as dosirctl 


Example I md the maximum value of y if 


" {100 + z)* 50 ' 


Zo - 0, ya - 0. 


(10) 


Tliw dillercntnl equation nn«e^ in the solution of Problem 4, Art 42, here 
z repre^ntx time {min ) and y the quantity (lb) of fait in Lank If Hy tfic 
conditiona of tliat problem, tank 11 (whtcli ongmallj contamx only water) 
receiver salt from Link A , but emce the contontx of A arc Ijcing etcadily di 
luted, the amount of salt m H muxt rrich a innximiim and thereafter dceit-i*e 
Altliough the uv> of power ecnex servex to dcltrinlne y for any value of x le^ 
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Oian IfX) min., tliis mcllio'l fnils beyond thnt lime; likewise, Pirard’s uietbod 
fletf-rminw y for a jdven time s, but tlie puccc.Vive integrations become more 
anri mom complic.atcy!, and Inclicr approximations are needed to determine 
;/ for relatively large val'icf- of x in order to attain a reasonable accumey. 
Moreover, nmfherof tho'-e two methods is well suited to the problem of studj-- 
ins the time-variation of .s:vlt content, a< is needed here to find the majdmum 
value of j/. 

The .'-teps in the solution aie as follows. 


h 

I'rftin (10) we get t/o = lOV(lOO)^ - 

-0=1 

, and also 





^ // 

3 X 

10'' 

>/ 





If ^ - 

000 + x)* 

Oil 

oi 


ulionrc ih ^ 

-.1 X HP 

/(1 00)* - 

3 ^ 

r>Cf - 

-0.05. 




US arJ)itrarily ohoo^c h = 

= 1 inir 

1 .* Then (8) gives m 

= 0 -f (1)(1) - 

Uo.o.'i) - 0.9 

75, nnd ihereforc y\ 

= lOV(ioi)^ - 

- 0.975/50 = 

0.9511, by (10). 

3. 

I’ornuiln 

\ (7), with 

fi 1, y 

iclds If: 

,==() + 

2(0.951 1)(1) ^ 

== 1.002, whence 

(lO) 

give.' 1/2 

I0V(H)2 

- 1.902/50 = 

0.9013. 



•1. 

^riic following arc indicated, 

in part, 

belo^v. 



1} 

|/n 1 

I 


71 

lAt+I 

gn-fl 


o 

2,7^\ 

0.851)1 


, , 




a 

3.021 

0.8109 


42 

15.872 

0.0247 


4 

K 117 

0 . 7755 


43 

15.889 

0.0171 


fj 

5.172 

0.7303 


41 

15.900 

0.0099 


0 

5. 8^1) 

0.098,') 


45 

15.909 

0.0031 


7 

(5.509 

0.0(52.') 


40 

15.912 

-0.0034 


$ 

7/214 

0.(5279 


47 

15.902 

-0.009G 


U 

7.S21 

0.i'/ll9 


4S 

15.893 

-0.015G 


* * 




49 

15.872 

“0.0211 


The .'-!oi>e gradually deerca'-es. changing sign between .r = 40 and x = 
•17 min. It .'msK-iirs that the, maximum value of p is a little more than 15.9 lb. 


A variant (d the above met hod, whieh provides imjrrovement in ac- 
curacy ami a partial cheek of the c.nkMilation.^, may l)e dovi.scd in the 
followitig Way. Instead of rising lu in dilTcronco equation (3), \vc take 
the .'svertige of (he .slojm.s //'. and , (o provide (he .s-o-called trape- 
7“idal formula 

J == + liVr, -f I/n- i)/i. (11) 


'Fla- iterative process then consists of those steps, at the nth atage. 

• 1 di-v-i-, «p.,n Uhieh th.x aecur.ary of the rcMih riep-nds i' nece..s-wrily 
•a.I.t-ii!; to in-.t..v in q,,. uf,., {,iri!,cr {.noal-dgr- nbo-n iho variation of v as x 
it. 1 — ri-t,,-,. ttc.h tmnvric.',! aiv.iyVj. n.Uiirally i. h^-lp ...nd, as nill Ihj 

-c li ‘tOd bt. f, tt -f,. , fy, jj,,. 
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1 Compute a tnal \alue of Vn+u ^\hich ma} be denoted In 
from formula (7), 

J/n+i =* t/n-i + 

and the corresponding \ alue of from the differential equation ( 1 ), 
yUi = ^(a^n+uyn+i) 

2 Adjust to a second \aluc of j/„, saj using trapezoidal for- 
mula ( 11 ), 

Vn+X = I/n + \{y\ + yn+l)^. 
and get Un+x = F{Xn+x, j7-.+i) 

3 Repeat steps 1 and 2 until no further changes occur m j/n+i and 

Vn+X 

Applied to the illustratne example, for n = 2, this nen procwluro 
gixes $3 — 2 78i and §3 = 08504 (the tabulatetl x allies) as tnal fij»- 
ures Tlien ( 11 ) jields 

17 = 1 902 ^(0 9013 -f 0 S591) = 2 784 = ^ 3 , 

so that no adjustment is needed On the other hand, for n *= 14, saj, 
no have ^45 = 15 906 and y'a = 0 0099 as tnal xalues, n hence 

^45 = 15 SS9 + 2(0 0171 + 0 0099) = 15 003, 


Tlic small difference hetneen ^^3 and requires no further adjust- 
ment, so Tve take ^45 = 15 003 in place of 15 90G, if that much accu- 
racy 13 narranted and desired To denxe benefit from this methcHl as 
a refinement of the first, it should of course be used consistent I v from 
the beginning of the compulation 

In the problems follomng Art 92, extensions of the basic mctliods 
to the solution of higher order equations and systems of equations arc 


guen 

92 Partial differential equations. Methods for finding numerical 
solutioas of partial differential equations arc not, on the xvliole, as broad 
m scope as arc tliose dex iscd for soh mg onlinar^ equations Instead, 
the ucll-<lcx eloped and uidcly used processes arc restricted to linear 
partial equations, mainlj thase arising in engmeenng and pli^sits such 
as those ton^idcrcil in Cliaptcr Yll Hero onU a single mcthoil will 
l>o consideml, m connection uath n x ihrating stniig problem 

Suppose a taut string of length L (ft ) to be onginall> at rest in its 
equilibrium position, the nortion of the x-axis from ar « 0 to ar ■* b 
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Afisiifnini; the displacement it, at distance x (ft.) along the string and 
at lime / (see.), to he small compared to L, vc have the partial differ- 


ential ecpuition (Art. 70) 


dnj 


'Ll 

dx-' 


( 1 ) 


v'Iktc a = Vl'{t/w (ft ./see.). Let the end x = L be kept fi.xed, and 
.‘•et the siring vibrating by giving to the end x = 0 the simple harmonic 
motion y - .-t -^in (a-t/L)- Tlien the boundarj’ and initial conditions 
actamip.'inying c<niation (1) are 


1/(0, 1) 

»/(x, 0) = 0, 


arri 

A sin-—, y(L, 0=0; 

Ij 


dy' 

dl. 


0. 


1^0 


( 2 ) 

(3) 


'n»c infithod of separation of variables previously used docs not ser\'e 
to attack this ])roblem. However, it shoiild he noted that the solu- 
(ion.s f»bt.'iincd for the natural vibrations of the string with both ends 
lixed were pcricMlie functions of time t, the period being 2L/a (cf. re- 
lation (I), .Art. 70), the same a.s that of the motion imparted here to 
the end x 0, Aceorditigly, we nun' expect a condition of re.sonance 
in the present problem. 

.\s in the preeo<!ing article, we shall deal with a difference equation. 
For time / = let — r,n = /i (r« = 0, 1, 2, • • •). Tiien we have 
the difference quotient 


/p) t/(Xp,, /p) 


(4) 


{■{^responding to the partijil derivative Oy/Ox. Hence we further have 

*/(-V,.it. ~ In) .'/(x,,, tn) - '/(x,.,_i. t,i) 


f, 


I, 

_ 

t,,) ly{x„, l„) t/(xp,_), /„) ^ 


rf»rt<wp(inding to A-yAx*. .Similarly, if we let /„ — t„_i 
fitr X X,,. 

j/(X,.,. l:.^x I “ y(Xr-..(r.) 


and 


we have, 


( 0 ) 


f: 
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fls the difference quotients corresponding to dij/dt and respec- 

ti\ el\ Con'^ucntK the difference equation corresponding to the par- 
tial differential equation (1) is 


|/(3-w, In+l) - 2y(x„, l„) + 7jix„, tn-l) 

kr 

^ y(Xm+U tn) “ 2i/(t„, + y(Xm-U Q 

= ( 8 , 

For con\enience, ^\e maj take h — aK, then equation (8) reduces to 
the Bimpler form 

yi^m tn+l) = vi^m+u U) + /„) - y(x„, tn-l) (9) 

It turns out that solutions of the differential equation (1) arc ncccs- 
sanlj solutions of this difference equation (9) also * Accordingly, (9) 
maj be expected to produce accurate numerical results proxided that 
the condition b = af is fulfilled 

To illustrate the procedure, let h = L/B, so that k = L/5a For 
tn = 0, 1, 2 3, 4, and 5, ne thus have r = 0, L/o, 2L/5, SL/5, tL/H, 
and L, respcctnelj , for n = 0, 1, 2, 3, , nc therefore ha\c I — 0, 

L/aa, 2L/5a, ZL/m, , whence airt/L = 0, tt/o, 2Tr/5, 3 t/ 5, • la 
the tabulation below, the first column (m = 0) lists the \ nines of 
y(0, /„)/A = sin (iit/o) t in accordance with the first of tlie initial 
conditions (2) Tlie last column (m = o), of zeros, sati'^fics tlic other 
initial condition The first row (n = 0) contains onl^ zeros, to meet 
tlie first of boundary conditions (3) Now, to deal with the remaining 
boundarj condition for intenor points 0 < x < L, of the string (tint 
IS, for m = 1, 2 3 and 4), we use the difference quotient (0) corre- 
sponding to dy/df Putting n = 0 for I = 0, this jiclds the relation 

y(^fM h) = y(T„, 0) = 0, 

and therefore the four inner entries of the second row are all zeros 
Using difference ecpiation (9), the inner entries of the third and follow- 
ing rows arc then readily computed, m turn For axample, when 

•T1 H followa from the fnet that riTrj rolutton of (1) n of (he form u(r 0 " 
/{z + a/) + ff(r — a/) (Vo, foroxampto, T II Miller, “Partial Differential I qua 
tioaa Art. r»2 ) Substitution of this m (D) yields an identity if A - at, an la here 
stipulatocl 

t Note tliat tl e amplitude roofflnent A has I)ocn suppreaiod, for mmplicil) an 1 
fonsoquenlb rarfi mtf> v(z« O ma«t K multiplied by A to pet the aetual dio* 
placement To bo conat^tenl with the aosumptiona made (Art 70) in denvin* 
i^qu.atlon (1) i is ruptxxwa] to lie small fompare<l to /< 
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?/(x2, /jo) — h) + h) ?/(^2r h) 



;= — 

1.5380 - 

0.95U - 

(-0.5S7S) 

= -1.9022. 

\ nj 

0 

1 

2 

3 

4 

5 








0 

0 

0 

0 

0 

0 

"o 

1 

n.nsiS 

0 

0 

0 

0 

0 

2 

0.9511 

0.5S7S 

0 

0 

0 

0 

n 

0.9511 

0.9511 

0.5S7S 

0 

0 

0 

4 1 

0.5S7S 

0.9511 

0,9511 

0.5S7S 

0 

0 

i 

0 

0.5S7S 

0.9511 

0.0511 

0.587S 

0 

0 1 

--0.5878 

0 

0.5S7S 

0.951 1 

0.9511 

0 

7 i 

-0.0511 

-0.5S7S 

0 

0.5S7S 

0.3633 

0 

S 

-0.9511 

-0.9511 

-0.5878 

-0.5878 

-0.3G33 

0 

9 

-0.5878 

-0.9511 

-1.53S9 

-1.5389 

-0.9511 

0 

!0 

0 

— 1 .175G 

-1.0022 

-1.0022 

-1.175G 

0 


Only ono cyrlo of o-^cillatirm of the end .r = 0 has been treated in 
this talnilation, but the simple pattern of operations entailed in using 
relation (0) makes it easy to extend the table, if desired. Tlie ten 
cuirvcs shown in Fig. SI indicate succe.ssivc po.sitions of the string. 



'Fije cflect of resonance is alre.ady ajiparent after the first period, for 
Ih.-n the (nepitive) fii'^jilnrernrnt of the midpoint of the .«tring i,« nu- 
nieraxitly mice a.*-- grc.it a.< the amplitude of Uie motion performefi by 
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the end x = 0 Continuation of the gn en calculations is called for m 
Problem 8, below, it \nl! be found that departure from the equihbnura 
position becomes greater as time t increases cjcic bv cjcle 
\\ ith the aid of operational calculus tins problem ma> also bo at- 
tacked analj tically Tliat uill be done in Art 115, using the powerful 
methods of the Laplace transformation e shall there find acnfica 
tion of the results obtained here by numerical methods and of the 
inferences resulting from the preceding discussion and the accompanj- 
ing Problems 8 and 9 


PROBLEMS 


1 renorlk the illustrative example of Art 91 and compare results 
for accuracj 

2 Taking A “ 5 rei\ork the illustrative example of \rt 91 Plot the points 
(t y) obtained and from the graph estimate the maximum value of y 

3 Taking A « 2 but adjusting \ntli values of y* by means of the trapezoidal 
formula (11) Art 91 rew ork Problem 1 

4 Lsing the trapezoidal formula for adjustment rework Problem 2 

6 Show that the numencal metl ods of Art 91 are applicable to a system of r 
first order differeatial ec\uations involving one independent and r dependent vans 
blcs Show abo hon a single differential equation of order r may be replaced bj a 
Bjstem of f first order equations m the r variables representing the onginal depend 
ent vanable and its first r — 1 denvatives and hence that the methods of Art 91 
arc likcwTse applicable to such a lug) er order dJTcrential equation 

6 Apply the procedure of Problem 5 to Bessel a equation xy + y + xy •• 0 
Hence taking A — 0 1 compute Jod) 

7 A weight suspended from a spnng oscdlatca with pcnodic motion Re«wt 
ance IS neghgible but the spring docs not obey Hookes law so that the motion i< 
given b> the non 1 near d ffercntial equation tti/dC — — i — j’/lO If x — I R 
and dxtdi 0 wl en time t (sec ) is zero find tl e displacement x and velocity rfx/rff 
at 0 l-sec inU rvals plot tho points so determined and ) once cvailuale the penoil 
of the motion As a check find the period using elliptic integrals 

8 Extend tf e computation of the illustrative example of Art 92 through three 
cjcles and d termine with the aid of graplis similar to Eig St tl e d «placcment of 
the midpoint of tl e stnng at the end of the tl ird cjcle 

9 Rework tl e illustrative example of Art 92 taking A “ L/10 and venf> the 

ypAwnent \^a^ jAL 2 ) 

10 Suppose the left )ian 1 end of the string of tho illaatmtive cxnmj V of Art 92 

to lie giv in tie motion f/(t> 1) *■ A*in(*'fl</2) oiler con Iifions remaining tie same 

Taking A - L/l calruLate y(x f) tlirouch twent) stages (one r>cle) an! I cnee 
show that tl a motion 11 penoilic Draw duplacf nienteiirveifortlefrsllenstsg'"' 

11 01 tain a d (Terence equation rorrcijion Img to the f artial d ffercntial djua 
tion du'Ot ■■ of*((!)*w/clx*) b) the following proceilurt I sing tl e Tnjior scrtci 


u(j,4t /,) 


u{x„ 


L) +^A 


£^A* 

2 


i)i»0 ■^^x<2l'^ ' 


where A » Xn^i — x« and tl e partial dertvatnei are cvajluateiJ at (/• <•) togcIbT 
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with that for In), get the second difference quotient (multiplied by 

„ tn) — 2u(Xt^, In) d* 'U(Xm—l, tn) _ 2 J 2 L 

Similarly, with k = i„j-i — in, get the first difference quotient 

ujXn,, In+i) — «(3V., in) _ ^ ■ ... 

fc et ‘ 6t= 2 

, d-u , a^u fc 

= r-j^T 1 

dx- 2 

since auM ~ a”(a-u/ax^, d~u/dt‘ = a'*(a^u/ax'^), • ■ •. Now choose h = h^/6a“ in 
order to eliminate d^u/dz^ as well as dht/dor^ and hence derive the relation 

tl{XT>f ^ /t:) “{“ — 1; ^)1» 

This is a difference equation which may be used for the numerical solution of prob- 
lems in one-dimensional heat flow (Art. 71), electrical transmission in which leak- 
ance and inductance are negligible (Art. 74), diffusion (Art. 76), and other phe- 
nomena obering a partial differential equation of the form du/dt = a^(a^/ax^. 
The error involved is of the order of h^. 

12. Use the difference equation of Problem 11 to find the temperature values 
u(x, 0 if the boundary and initial conditions are 

ii(0, 0 = 0, u(10, /) - 0, ti(x, 0) = xV(10x - x2)2. 

Take k = I and cany the computation through 30 time-stages. Note that, because 
of s>"mmetry, only the left-hand half of the bar need be considered; that is, calcula- 
tions need be made only for rn = 1, 2, 3, 4, and 5. Check 3 "our results by using the 
analytical solution for ?/(x, 0 (see Problem 5, Art. 71) for the midpoint x = 5 and 
times given by = 1, 2, 3, 4, and 5. 
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Functions of a Complex Variable 


93. Introductioii. In most of the problems considered up to this 
point, the constants and variables invohod ha\e been real This has 
seemed natural, smce we should expect an apphcation of a mathematical 
thcoo » m which the phj sical quantities have values represented b} real 
numbere, to be concerned wath reals throughout 

Our method of solvong the eddj -current problem of Chapter VII, 
Art 75, however, led us to consider complex functions from which the 
phj-sical real expressions for field intensity and heat la^ could he 
obtained The Bludcnt who has studieil aUematmg-currcnt-circuit 
theory will be aware that in this field also complex quantities provide a 
useful and convenient tool for the engineer 

It therefore seems desirable that we devote some time to the study 
of functions of a complex vanable Part I of Pus cliapter is concerned 
with clcmentarj' considerations, and is to be regarded as an introduc- 
tion to the general thcoiy * and its appbcations In Part II we discuss 
bneflj, and without going deeply into the underljing theorj, the 
Schwarz-Chnstoffel transformation and some of its uses in field prob- 
lems of engineering Part III deals with further portions of the theory 
of functions, which wo employ m the evaluation of some definite inte- 
grals and which undorhe the Bromwich treatment of operational mctli- 
ods (Cliapter XI, Arts 112-113) 

PART L ELEMENTARY THEORY OF ANALYTIC FUNCTIONS 

94. Analytic functions We begin bj recalling some of the prop- 
erties of a complex number a -f ib, w here a and b arc real and t “ -v/—! 
Let 8, called the amplitude or argument of a 4* ib, denote the angle 
between the line drawn from the origin 0 to the point (a, h) and the 

• Tlw stedniV will find m the pccond Caras Mathcrnatifnl Motiograph, ' Analytic 
FuncUoTis of a Complex \anabk,” by P IL Curtiss, an esctllcDt introduction to 
the Ihrory 


•tOI 
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positive ic-axis j and let t , called tlie modulus or absolute value of o “b 
be the length of the line from 0 to (a, b). Then we have (Fig. 85) 

a -{- tb = r cos e + ir sine = r(cos 0 + f sin 6), 
r = + b^ = I a + fb [, 

S = arctan (b/a) = amp (a + tb). 

By Euler’s relation, e’® = cos 5 + f sin 0.* Hence we may write 

a tb = re’®. 



From this polar representation of a complex number, the rules for the 
multipHcation and division of two complex munbers and De Moivre’s 
theorem follow immediately. Thus, 

(ai + zbi)-(a2 + ffca) = rie’®’-r2e*' = rir2e’^®‘+®’‘^, 

02 + ib2 ^2^^^ ?’2 ’ 

and 

(o + fb)”’ = (re’®)’" = T^e’’"®, 
where m is any real number. 

Now let z represent the complex variable x + iy, where x and y are 
real, and let w be a function of z. In the general sense of function, the 
latter statement means that, corresponding to each value of « in a given 
region R, we have one or more values of w. But when z is given, x and 
y are kno^vn, and hence any complex function of x and y will be a func- 
tion of 2 . Consequently we write 

w = uix, y) -j- iv(x, y) = F{z), 
where u and v are real functions of x and y. 

* This relation is established later in this article. 


( 1 ) 
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Suppose no^ that wc wish to find the rate of change of w with respect 
to z, when to - F(r) is given bj (1) For a real function of a single 
real variable, y ~ /(x), v\e had os the rate of change of y mth respect 
tox, 

dy , fix + Ax) - fix) 

-— = lun , 

ax Ax -*o Ax 

b> definition Here no diflicultj aro*;© prov ided mcrcl;^ that the hnut 
existed, since Ax can approach zero in onl> one v\ ay, the v anablc x hav - 
ing gcometncalb speaking onij one degree of freedom But if ae 
define the derivative of tn = F(z) analogous!}, 

dw F(z + Az) — Fiz) 

— = lim , 

dz At -*o Az 

as wc should hke to in order that a function of a real v anablo be mcrcl} 
a special case of the more general function of a complex v anablc, with 
formal differentiation the same for both lands of function, we see that 
a comphcation arises For anj fixed x, to winch the pomt P corre- 
sponds, the neighbonng pomt Q, given bj z -f niaj approach P 
along anj straight or curved path in li joining these points {Fig 8C) 



Tlius jt appeare that dtc/dz raaj depend not only upon x and y (that 
iiixm z), but a!*w upon the manner m which Az approaches zero 
To ilhiHralc the situation, consider the sun pic function obtained by 
taking u » 2x + 1, t •= — y, so that 


tc - 2x + 1 — ty 
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Then we get 

Aw 2(x + + 1 ~ 'i(y ~f ^y) — 2x ~ 1 ty 

As Ax + i ^y 

2 Ax — -i At/ 

Ax + i b.y 

Now (Fig. 87) F Q is chosen on the horizontal line through J’(.r, ?/), and 
Yl 


Q(x,y+Ay) 


P(x,y) Q(x&Ax,y) 



Fra. 87 


-X 


Q then approaches P along tliis line, we shall have Ay = 0, Az = Ax, 
and consequently 

Aw dw 

— = 2 , — = 2 . 

Az dz 


If, as a second possibility, Q is taken on the vertical line through P, and 
approaches P along this line, we have Ax = 0, Ag = i Ay, and 

Aio dw 

-=- 1 , ~=-L 

Az dz 


For other choicas of position of Q and other paths of approach of Q 
toward P, we can get as many distinct values of diu/dz as we please. 

Such functions of s = x + iy as the one we have considered in this 
o.xamplo are called non-analytic or non-monogenic functions;* the 
dcri\ alive of such a function at any point has in general many values. 
From now on wc shall not consider such functions but devote our atten- 
tion to analytic functions of z; the derivative of an analytic function 


Also .«omctirac.=! called polygenic functions. An eKtonstve UWuro on the 

ncr" heen developed in recent years. Sec, o.g., E. Iias- 

7 k\ mrX iT' i Non-Monogenic) Functions," Science, Vol. 6G, 

5 I^oa-An.ab*nc Functions of a Complex Variable,” 

BiiU. .-Im. Mad,. Soc., Vol 39, p. 73, 1933. anaoie, 
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at anj point has onl> one "v ilue, the same for all the ■najs in ^hich A: 
can approach zero In fact v, e shall now say that the dem atue dtr/d: 
of a function in = u(:r, y) + tt(x, y) ~ F(z) exists onlj when 

, F(z+Ax)-F(z) 

Inn 

A, -0 Az 


has the same \ aluc for all the wajs m which Az can approach zero, and 
then this hmit shall be the definition of dwjdz Since for an arbitmrj 
choice of It and t, dwjdz docs not exi'st, as shown bj the preceding 
example it becomes a fundamental problem to determine thcnecc'earj 
and sufficient conditions on u and v m order that dwjdz exist 
Tins question is settled bj the followung theorem 

TnEOREii Gtten w = ii{x, y) -\-ii[x,y) — F{z) If dwjdz exists 
for all i allies 0 / z in a region R, then cteryuhere in R 


du dv du 

( 1 ®)— = — * 
dx By By 


Be 

Bz 


and 


iJu du Bv Bv 
( 2 °) — , — , — 
ax By Bx By 


are con/miio»s/iinc/ions of x and y, and conierscly, gnen (1®) and (2®), 
dwjdz exists for all tallies of ztn R 


The first part of the theorem states that (1®) and (2°) are ncccssao 
conditions for the cwstcncc of the deni ativc dto/dz, the conicrsc states 
that these conditions are also sufficient 
\\ c first deduce the necessary condition (1®) For anj laluc of r in 
R, consider the difTcrcnco quotient 


Ato Au t Ao 
Az Az 


^ n(x -H Ax, y -h Ay) + u(x + Ax, y + Ay) - nfr, y) ~ 

Ax + J Ay 

Since bj hj pothesLs dwjdz exists (i c , is the same for all w aj’s m which 
Az can approach zero) the i aluc of dwjdz rnust in particular lie the same 
for the two wu> s of approach u'Jed m the aboi c example For the fir^t 
waj Az = Ax, Ay = 0 and (2) becomes 

Aw w(x 4* At, y) — u(x, y) t (r + Ax, y) — t(x y) 

Az Ax Az 


whence 


dw 

dz 


Ou Be 
— + 1 — 
Bz Bx 


( 3 ) 



410 


FUiNCTIONS OF A COMPLEX VARIABLE 


[Cntp \ 


Conscqucntlj- 

/du di\ , 

Au-i'tAv = ( f-t — I (Ax 4- 1 Ay) -h Vi Ax -hvi Ay, 

\3r 6x/ 

M here rji and rj} arc complex quantities approaching zero as Ax and Ay 
approach zero Usmg this expression for Axi, v>c get 

Aw du dt> Ax Ay 

— =2 -J- t — JJI " ' - — "T V2 

Az dz dx A:r 4 - 1 Ay Ai + 1 Ay 

Since I Ax/(Ax + i Ay) [ ^ 1 and j Ay/(Ax + * Ay) { ^ 1, and since 
i 7 i — + 0, 1/2 0, e sec that 


die 

Aw 3u 

ae 


s= Imi — f- 

{ — 

dz 

a* - 0 Az 9x 

dx 


(7) 


Consequently da/dz ovists, since (7) holds for any manner of approach 
of Az = Ax H~ 1 Ay toward zero 

The relations (G) are called the Caucby-Riemann equations, after 
the ti\ o mathematicians uho m\ cstigated their bearing on the theory of 
functions of a complex x anable 

In the example con'^idcrcd above, m x\hich u? = 2x + 1 ''c 

have 3u/ax = 2, €u/dy »= Q, Ov/dx = 0, 3v/3y = -1 Hence the 
second but not the first of the Cauchy-Ricmann equations is satisfied, 
which accounts for the multiplicity of values of dwjdz in tins ca«c 
But suppose we have u? = x^ — jr 4- Sixy Then 


3u Or 

— « 2x = — , 

dx dy 

dn 

— =B —2;/ =5 — ' — , 

dy dx 

so that both equations are satisfied, and we get from (7), 


dw 

Tz 


2x 4- 2iy 


In the latter ca«e^ vc «= (i 4- ly)’ “ z®, “o that ie can aclualU lie 
extm“<sod m terms of z alone Whenever w can be so wntttn the 
com ponding re il functions i((r, y) and t {x, y) vnH t ‘t*«f> Caudn 
Bicmann equations For, let 


le « u 4* jr « /(x 4* »y) “ /(*). 
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the functional notation /(i + iy) non* indicating that w is expressible in. 
terms of the single argument x + W- Then 

dw 5u . dv df 

dx dx dx dz 

dw dll ,dv ,df 
dij dy dy dz 

so that 

du . dv . du dv 

dy dy dx dx ’ 

and 

du dv du dv 

dx dy ’ dy dx 

A function of 2 which is single-valued and which possesses a unique 
derivative nith respect to z at every point of some region li is said to be 
anahjlic in that region. Unless othenrise stated, the functions discussed 
in the following are supposed to be analytic except possibly at isolated 
points of the 2 -plane. 

lYc shall show in Art. 103 that if S{z) is analytic, derivatives of all 
orders with respect to z exist. It follows that all partial derivatives of 
n and v likewise c.xist, throughout the region of analyticity of /(z). 

Before continuing with the discussion of properties of analytic func- 
tions in general, let us examine the particular function xu = (f. We 
need first of all a definition of the e.xponential function of a complex 
variable. Now it was found in Chapter I, Art. 10, that formal manipu- 
lation of the !Maclaurin series for the exponential function led to the 
relation 

_ c'’(co3 6 -f f sin b). 

In order, then, that this relation hold, wo take, as our definition of <f, 
r = (f (co.s y -j- f sin 7 /). 

Wo noAv luavo v = (f cos xj,v — <f sin y, whence 


du ^ dv 

— = c~ cos y = — 
dx dy 


9 


du ^ _ dv 

dy dx 

Thu.s the Cauchy-Tliomann equations are verified, and the function (f 
IS analytic. Moreover, when z a.«‘-umc.s the real value x, c becomes 
the familiar real function r. Also, by equation (7), 
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d 


— c® 
dz 


du dv 

h t — = c* cos y + tc* sin y 

dx dx 




so that the dem ati% e of c* is c*, just as the dcnvatn c of c* with respect 
to IS c* FinaUj , we shall see, in Art 104, tliat c* is a\prcssiblc in a 
senes formally identical w ith the Maclaunn senes for c* Our definition 
IS therefore a consistent and desirable one 
"We return now to general matters If w e chiTerontiate the first of 
equations (0) wnth respect to x, and the second with respect to y, and 

add, wc get , , 

d‘ii d“u 

+ (S) 

dir dtf 


Hence the real component of an analytic function is a solution of 
Laplace’s equation, which arose m the discussion of two-dimensional 
heat flow under stead> -state conditions (Chapter VII, Art 72) Like- 
wi‘!c, difTercntiating the first of equations (6) with respect to y, the 
second with respect to x, and subtracting, we find that the imaginarj 
component a of on analytic fimction also satisfies Laplace's equation, 


d\ 

dx^ 



(0) 


Conscquentl> one reason for the importance of analy tic functions of a 
complex 1 anable is that such a function furnishes us with two solutions 
of Laplace’s equation 

A solution of Laplace’s equation is called a harmomc Jimdion, and 
the two components u and e of an analytic function arc called harmonte 
conjugates, or ‘?implj conjugate functions 
96 Geometrical aspects I^t to = f(z) •= ti(x, y) -H n(x, y) be an 
nnal>'tic function, and consider the tw o singlj infinite families of cun w 
y) = Cl and t(j, y) = C 2 , where Ci and Cj are arbitrary constants 
Bj formula (18) of Art CG, Chapter the slopes of llic^ two families 

arc given bj 



413 


Anx. Ojj] GEOMETRICAI. ASPECTS 

respectively. Since n and v arc conjugate functions, they satisfy the 
Cauchy-Riemann equations, and consequently the slope of the a-curves 


mav be written as 


We then sec that we have 



du 

dy- 

-H. 

dx. 

p 3 u 


dx 

dy' 


dz. 

U 


1 

dy] ’ 

dz\v 


( 1 ) 


so that the two families of curves, u = cj and v = Co, are orthogonal 
trajectories of each other. For c.\'ample, if = sr = (a: + iy)^ = 
3.2 _ ^ 2iry, we have as the two families of curves, 3? — = Cy, 

and 2Ty = Co. When ci 9^ 0, the cuia-es — y^ = Ci arc rectangular 
hyperbolas with their foci on the x-axis or on the y-axis according as 
Cl > Oorci < 0, while the straight lines y = ±a:, obtamed when ci = 0, 
also belong to the w-faraily, and sen^c as the common asymptotes of the 
hjq)crbolas of the family. For C2 = 0, we get the z- and y-axes them- 
.selvas, which are not perpendicular to the lines y = ±.t, but which are 
normal to the cun'c.s — y^ = ci, while if C2 0, the ounces 2 xy = C2 
arc again rectangular hyperbolas, but now uith the coordinate axes as 
a'ynuptotcs, and orthogonal to the u-hjqDcrbolas and to the lines 
y = d;! (Fig. 88). The reason that the straight lines of each family- 
do not cut the straight lines of the other family at right angles may 
bo found from an insiDOction of the two slope expressions, 

^1 _ z dyl _ y 

dxJu y ’ dxjv x 

For, the first doas not exist when y = 0, and the second does not when 
X e- 0, .«o that we c.annot say that the relation (1) is satisfied when the 
lines X = 0 and y == 0 are involved. However, when xy 7^ 0, the above 
slope expressions do have meaning, and since equation (1) then holds, 
each of the euiwes z- — 1/ = ct, including the lines y = ±x considered 
:vs a single cur\-e (a degenerate li.^icrbola), cuts each of the hyperbolas 
2xy « r^, when C2 7^- 0, orthogon.all}*. 

We consider ncA'f the quc-stiou of graphing in connection with the 
function ir — f(z). 01niou.«ly we c.annot plot a single locus showing the 
v.ariation of tr with change in =, as we do in the c.a.<!c of a re.al function 
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of a real \'inable, since wc should need for complex variables a four* 
dimensional region with axes along vluch ve could measure the values 
of the four \ anablcs x, y, u, i mvoKcd In-^tcad, \\c make u<«e of two 
complex Gauss planes for the v anable ^ = x + ly and the other 
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As nn example, let the mapping function be = c* = = 

c=(cos y -f i sin y). Then w = e* cos y, v = e^dn y, and we have by 
elimination of x and y in turn, 

V — u tan y, + i'" == 

The parallel lines y - const, map into the pencil of lines through the 
origin, and the i)arallel lines x = const, map into circles concentric with 
the oiigin. The rectangular region bounded by the lines a; = 0, a; = 1, 
y - 0,y - ■n-/4, maps onto the sector of a ring as shown in Fig. 90, 



bounded by the lines a = 0, a = «, and the circles — 1^ vF 

«= c*. Since r ‘ = c’'[cos {y -|- 2/nr) -f- i sin (// 2/;-)] = tf (cos y -\-i 

sin y) when n is an integer, the map it’o of the point zq corresponds to all 
points *0 + 2/trr/. Hence, if Ave di\idc the z-planc into horizontal bands 
by the lines y = 2 ii 7 r, and let each strip include its lower but not its 
Aippor bo\indnty, then each strip is mapped onto the entire ra-planc 
(with the exception of the point w = 0 to which no finite z-point 
con'csponds) by the transfoimation la = <f. 

96. Inverse functions and multiple-valued functions. In connection 
with the function w — z^, we discu.‘^scd in Art. 95 the cniwes xi — x? — if- 
*= const.,!’ = 2ry - const. Viewing this functional relation as a trans- 
formation, we may consider the cur\-cs x" — //■ = const., 2xy — const, 
as the maps the r-]>lane of the horizontal .and vertical straight line.s 
n = const., V = const, in the tt'-planc. But when dealing nilh the 
tnuisfonnation tr « r we considered the maps in the uvplane of the 
str.nght linc.s x = const., y = const, in the z-platie; i.e., our mapping 
here proceeded in the direction opposite to that followed in the former 
problem. 
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This naturill> raL'^cs the question ^ hether a given functional relation 
betw cen the variables z anti te m ill alloM us to map straight lines m one 
plane onto curaes m the second and at the same lime nllovir ns to map 
straight lines m the second plane onto cun es m tho first The ansn cr 
to this question is bound up mth the concept of ia\ erse functions, since 
no are rcallj asking whether or not the er;cs x *= ar(u, v), y = y(u, i) 
of a pair of functions u u(r, y) , v *= t (r, y) exist For, if these in\ crscs 
do exist, then not onI> may ne map tho Imcs u = const , v = const onto 
the z plane, using the relations u = w(3r, y), v « t(z, y), hutwe may aKo 
map the lines x = const , y = const onto the te-plane, u‘:mg the rela- 
tions X = i(u, v), y ~ y{u, t?) 

The question of the existence of the functions ini erse to gi\ cn func- 
tions IS an important one m the theory of functions of real x anables, 
ivhich v,c cannot discuss fullj here, * xie shall mercl> state the theorem 
as it applies to our discu&'ion 

Theorem If u = u(r, y) and v = i(x, y) are emgle^ialucd function^ 
possessing continuous first partial dematnes oier some region of the xy~ 
plane, and tf the Jacobian determinant 


dll du 
dx dy 

J e 

dt> dv 
dx dy 

ts different from zero for x and y m (hat region, then the inverse functions 
X «= x(«, i), y ~ y[u, v) exist and are smgle'ialucd and continuous oter 
that region 


Let U3 sec xsliat this theorem implies in tho case of an analjtic func- 
tion «? = u -f- IV f(z), for nhicli the hj pothescs on u and v stated in 
the theorem, arc met In virtue of tho Cautlij -Ricmann equatioas, we 
ha\c 

du dv du do 

j ^ 

dx dy dy dx 




-l-T 

\dx\ 

" l/'W P 

•Sre Counat Ilc^tnck * Mstfwanatinl truljiin 


tot 1, owp n 
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Hence the inverses x = x{u, v), y = y{u, v) exist and are ^gle-valued 
and continuous for any region Ri of the z-plane in ■which/ (z) 0 , and 

consequently the region i?i of the z-plane and the corresponding region 
7?2 of the tc-plane are mapped one-to-one on each other. 

As an example, consider again the function le = z?. Here the region 
J?i may be any region not including the point 2 = 0 since /^(z) = 2 z 
vanishes at that point onh'. The maps of u = ^ y^ — const., 
t, = 2xy — const, have already been e.xamined; the hj'perbolas, none 



Fig. 91 


of which pass&s through the origin, are proper maps of the .straight lines 
u = const., r = const., -vvliile the straight lines x = 0, y — 0, and 
1/ = rirJ- give trouble, as we have seen, since they pass throu^ the 
critical point 2=0. Xoiv by eUmination of x and y in turn from 
u~:r- ir, r = 2Ty, -.ve get = 4?/(u -f ig), = —4:r{u — ar). 
Tiiese equations e%-idently represent, for x — const., y = const., con- 
focal and mutually orthogonal parabolas trith the y-axis as axis (Fig. 
01 ), pro’v'ided again that z 0 , y 0 ; i.e., z ^ 0. 

Let us now examine more closely the difficulty encountered with, the 


point 2 = 0 for the function tr 


the inverse of whicli is 2 = v/*. 


Wlien tr = 0, we get the single value r = 0, but for any w 5^ 0, z is two- 
valued. For, if we write ir = rr'-, r > 0, we have 


= A rc ", 


2. = V 


Wo say then the.! 2 = t,- ha? two branches. 2, and 


22 ^ coalescing at 


-•1 
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tff ** 0, and v,e call tr =* 0 a hranck^poini. By allowing w to describe a 
circle about the point tr «= 0, and examining tlic variation of r, we 
con see how the branches Zj and zj are related. Let the point te start 
at, say, te = 1, and let the function z *= start from the point z *» 1, 
so tliat r ^ 1, 6 •=> 0. Then for a circuit in the positive direction, r 
remains equal to unity and d increases from 0 to 2ir, so that at the 
completion of the circuit wo liave tr = cos 2t + t sin 2s- “ 1, -a Idle 
z *= cos r + I sin S' = —I. Thus one branch of z lias been changed 
into the second branch By a second circuit of the same sort, the second 
branch will bo replaced by the original one 
In the same nay, it is easy to shon tliat the inverse of the function 
ir “ tTo + (z — nhcre Zq and tco are complex constants and n is a 
positive integer greater than one, is n- valued, i e , has n branches, the 
branch-point being u? = «*(>. 


PROBLEMS 

1. The function ir"u + !»•■« + 6, n here a and 6 are complex Constanta, 
defines an intcKral linear transform at ton. (o) ^'cnfy the fact that the components 
u(z, v) and c(r, y) satwfj- tho Cauchj-Ricmann and Laplace equations, and tliat 
the lines u ■■ ci, p •• cj are orthogonal to each other, (ft) Show that an integral 
linear transformation is equi^-alcnt to a combination of transformations of tho 
forms IP >■ ri + h, *1 m, where tr ri + b js a translation and n •» or is a 
rotation and stretching transformation Ilitd Etpreas a and z m polar form, 
a •* Ac“ z — re‘* 

2. Given the function ro ■» u + tc «■ l/i, which transforms tho whole i-phino 

with tho point r •• 0 dtletcd into the tivpLane with tp * 0 dtltted (a) V'crify 
the fact that u and v satisfy tho Cauchy-Rieniann and Laplace equations in any 
region not containing tho ongin, and that u ci, c ■« ci arc two families of circles 
orthogonal to each other when cip; ^ 0 (6) Show that this Imnsformation H a 

circular transformation, in which all curies and slmight lines in tho r-planc are 
transformed into circles or straight lines m the ir-plane Winch circles in thex-plano 
U-eome straight lines in the ir-p!ane, and which straight lines aro transformed into 
other straight lines? 

3. nwcusa the general linear transforTn.ation tp {or + b)/(cz + d). Hliow in 
partieular that il may be reganled ns a combination of transfonnatlons of the tjfies 
giacn in Prohknis 1 and 2 when ad — be ^ 0, Wliat w the map of the entire 
r-plano when ad — be “ 0’ 

4. Giaen the function tp ^ s*, iilare tr — « + ic Fhow tliat u and r saltdy 
tlie Caucli} -Ricmann and Laplace e<i nations, and tliat tl»c families of curi is h •• Cj 
and f «■ fj are orth^igonal to each other 

6- Cnen tho function ip u +• »e Miow iJial tt and r s.atL*fj the Cauchy* 
Iliemann and I/i place equations, and tliat t lie cuiaes u •• Cjandf •• cj are orUioj;»>* 
nal to neh otlter 

6 Given tine functinn v « -h u? “ sm * defined for complex values (4 t tijr 
the relatun nn t •• (»” — e~*')/2* f'’) Show tliat u and e #ati*fy tfx’ Caueji). 

Iliem.aan and IxipUcc equaUoai cvcrywLi.rr. and that tlie maps of tlie line* 
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* = const., y *= const, fonn a system of confocal central conics. (i>) Knd^ all 
roots of the equation sin z = 2. Show also that all the zeros of the function sin z 

arc rciil. . • , 

7, Given the function to = cos z, defined as cos 2 = (e’‘ + e~’')/2. Determine 
the maps in the to-plane of the lines a: = 0, t/ = 0, a: = 1, and t/ = 1 in the 2 -plane. 
Dcscrilxj and sketch the trace of the mapping point to as z traces the square boimded 
by p = 0, X ■= 1, 1/ = 1, and x = 0 in that order. 

8. Given the function to = u -f- to = sinh z = (tr — e~^/2. (a) Show that u 
and V satisfy the Cauchy-Riemann and Laplace equations everywhere, and that 
the maps of x = const., y = const, form a system of confocal central conics. (6) 
Find all roots of the equation sinh z = 2. 

0. Given the function to = « -f to = cosh z = (r + e~‘)/2. (a) Show that u 
and V satisfy the Cauchy-Riemann and Laplace equations everywhere, and that 
the maps of x = const., y = const, are confocal central conics. (&) Solve the 
equation cosh z = t and show also that cosh z has no real zeros. 

10. Given the function to = In z, defined as the inverse of the e.xponential func- 
tion, so that to is given by the relation z = c*". (a) Writing z in polar form, show 
that In z is infinitely many-valued. (6) Show that u and v satisfy the Cauchy- 
Riemann and Laplace equations in any region to wliich the origin is not interior. 


PART n. THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND 

ITS APPLICATIONS 

97. The Schwarz-Christoffel transformation. Our purpose in this 
part, of the present chapter is to consider, from an elementarj’’ viewTioint, 
a few field problems arising in physics and engineering, and to apply the 
mapping properties of functions of a complex variable to their solution. 
The fields we deal with are two-dimen.sional regions of a plane in which 
some sort of steady flow takes place; the flow may he electric current 
flow, electrostatic flux (lines of force), heat flow, fluid flow, etc. 

We call the cuiwes along wliich flow takes place the streamlines, and 
the cun'cs oii hogonal to the streamlines we speak of as cquipotentials. 

Con.ridor first the simple physical situation in which we have electric 
cun-ont flow filong straight linos above and parallel to the .r-axis, and 
suppose, for definiteness, that the flow is from right to left. Here the 
slreaml'mc-s are the straight lines y = const., and the cquipotentials 
arc the straight. lines x = const. (Fig. 92). Let the sheet in wliich the 
current is flowing be such that the resistance between opposite sides 
of a unit, square is 1 olun. Then for a current density of kt amperes 
per unit width of path, in the y-dii-ection, we. .shall have a potential 
drop of volts per unit distance in the direction of flow. If we take, 
for convenionco, the line x = 0 as our line of zero potential, the poten- 
tial T' at luiy point (x, y) will then be 

F = /.'ix. 
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Siinihrl>, V.C that the stream function S is the amount of current 
wo cro<%> in tri\chnR along a Imc z « const starting at the edge of 
the field jr *= 0, «o that 

S »= kiy 

If wc combine the^o t\\ o real a ambles T and S into a complex quantity 
F \ -}• i6, A\ c ha\ c 

f’ <= T 4- 15 = Ai(r 4- ly) »= (1) 

Wc maj regard equation (1) as a relation defining a simple trans- 
formation mapping the upper half of the c-planc, in nhich parallel floA\ 


Fio, 92 

takes place, onto the upper half of the F-planc, m AAhieh we have a 
similar net of orthogonal lines rcprt*scnting lines of equiiiotenlial and 
lines of constant stream-function Here, since is real, our tram;- 
formatiou consists of merely a stretching or contracting in the ritio Ai 

It LS ondent that the preceding dt-cussion, do ding with a flow of 
current applies ctiuallj well to a parallel flow of heat or of fluid, or to 
clcctroMt itic flux In the case of heat flow, the term potenti il is to 1)C 
interpreted as temperature, the equipotentials lieing isotlienns and the 
stream-function represents quantitj of heat instead of the amount of 
current I or fluid flow , wo hav c the so-called v elocitj fiotcntiat n plac- 
ing potential, and the stream function representing the amount of 
fluid I or clectro*>tatic flux, avc have again the potential and the lines 
of force as streamimes 

As a second txample, let its examine the flow of heat in the upper 
half of the zy plane toward a suigh point on the e<lge of the sliest 
which wt take as the ongm 0 Tlten the streamlines are radial hues 
through 0 and the isoihtnn.s are corircntnc fcmicirrlcs nlxiut O (Hg 
03) Con 1 kr half a nng dLspoti region of radii r and r 4- tir The 
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quantity of heat flowng across this half ring per second Vtill be, by the 
third law of heat flow (Chapter VII, Art. 71), proportional to r and 
to the tera])erature gradient dV /dr, where V is the temperature in this 
region, and since that quantity of heat will be constant for steady flow, 
wc have 

'dr ~ r ’ 

where /.'a is a constant. Hence 

V = 1:2 In r + const., 

and if we take our temperature scale such that F = 0 for r = 1, we get 

F = l:^ In r. 

Now let us choose the physical properties of the sheet, such as thermal 
conducti\aiy, .specific heat, etc., in such a way that the stream-function 



kS, which represents the quantity of heat cro-ssed hi traveling along an 
i.sotherm from the positive r-axis as starthig point, and which is then 
liroportionni to the angle 0 swept over, will be given by 

S = knO, 

with 1:2 the same as in the preceding expression for T’'; this corresponds 
to our choice of the re.sistivity in the current-conducting sheet in the 
first example. Then we have, waiting the complex variable z in polar 
fonn, r = tc'\ 

F = V 4- iS = koiln r + iO) = k^ In z. (2) 

Just a.s equation (1), or the inverse relation z = F/ku defined a 
transformation mapping the parallel current flow in the upper half of 
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the s plane into parallel flo^ in the upper lialf of the F-planc, so equa- 
tion (2), or tlie in\ erae relation 

z = (20 

defines a transformation mapping the radial heat flow m the upper half 
of the r plane into parallel flow in the T-plano Again, our second prob- 
lem mij be mterpreted nith the proper a crbal changes, m connection 
anth rathal current flou or other similar field problems 
It wall be of considerable help m aosualizing the effect of a trans- 
formation in ft specific plo sical problem to regard it as producing con 
ceptuall} an actual pin sical distortion Lotus consider the transforma- 
tion (2 ) m connection iMth the electne field between the plates of a 
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condeaser Imagine an idealized substance resembling nibbcr sponge 
in which the cells arc extremely small and infinitelj compressible or 
expansible so that the substance will fit into an> aolume, liowc\cr 
small or will fill anj aoltimc, howeacr large Suppose thw ideal sub- 
stance placed between two long parallel plates AD and CD, and draw in 
it tin streamlines (Imes of force) anti cquipotcntiala pcrjicndicular and 
parallel re«pecti\ clj to tlie plates Now let A and C be brought nearer 
together, and D and D separated Then the strcnmhnca and cquipotcn- 
tiaU wall Ik; dtstorted into circle arcs and radial Imes as showai in L ig 9 1 
ha%e thus carnet! through conceptual^ the idealized phj sical analog 
of the mathematical transformation (2') If wo could realize a fu!>- 
stance of the sort imagined, one waj of solving a problem with a 
compile ited pattern of streamlines and cquipottntnli would bo to 
HtraighUn out tho boundancs until the) make some eimplo configura- 


423 


Art. 971 THE SCHWARZ-CHIIISTOFFEL TRAI^SFORMATION 

tion to ■which ■u'e can fit a s}’’stem of mutuall}’' orthogonal lines or 
cun'CvS, and then fold back the boundaries to the given shape and 
examine the resulting streamlines and their orthogonal trajectories. 

Let us now examine this conceptual process from a mathematical 
viewpoint. Suppose the streamlines and equipotentials to be, for a 
given problem, of a more complicated nature than those of oiu’ pre^dous 
examples, ovdng to the fact that our field is not the upper half-plane 
■with the a:-axis as sole boundarj’-, but some other region, open or closed, 
bounded b}’’ straight line segments or rays. "i^Tien the region is closed, 
i.e., finite in extent, the boundarj^ then is what is ordinarily called a 
polygon, and the field will be the interior of the polygon. For an open 
region, we shall also, for brevity, call the bounding configuration a 
polygon, and shall speak of the field in question as the interior of the 
pob'gon; thus, if the field is the first quadrant of the coordinate plane, 
the polygon vill consist of the positive axes. 

Assuming, for the present, that we have a transformation w = f(z) 
which maps the polygon in the itJ-plane onto the x-axis, and the interior 
of the polygon onto the upper half of the 2 -plane, it follows that the 
inverse function, z — g(w), 'uill, when obtainable, map the upper half of 
the 2 -planc onto the interior of the rrvpolygon. We then put into the 
upper half of the 2 -plane a simple sj^stem of streamlines and equipoten- 
tiaLs fitting the boundary conditions, say that for parallel flow as given 
bj’ equation (1). Substituting z = g(w) = x(</, v) + v) into (1), 
we get 

V -f- iS = kix(u, v) + ikiyiu, v), 

whence 

V = v), S = hly{^l, v). (3) 

Our parallel flow in the upper half of the 2 -plane has now been mathe- 
matic.ally transfonircd into flow inside the ta-pol}’’gon. Since the poten- 
tial is constant for T'’ = const., the curves given bj’’ the first of equations 
(3) will represent equipotentials for the field bounded by the tu-polygon; 
similarly, the cun'os given by the second of equations (3) will represent 
streamlines inside the la-poh'gon. 

Our main problem is, therefore, that of finding a transformation 
which will map a given polygon in one plane onto the ax*is of reals in a 
second plane. This mapping problem is solved bj’’ the Schwarz- 
Christoffel transformation,’^ in which three t complex planes, w, z, F, 
are emploi'cd, where w = u + iv, z = x-i-iy, F = F -f iS. The 

* Numeroas appliealio-ns of this transformation may be found in Miles tV.alker’s 
||Coajuf 5 ito Functions for Enpincers.” Sec also Rothc, Ollondorf, and Pohlliausen, 
“Theory of Functions jw Applied to Engineering Problems.” 

t In pome problems it is necessary to employ more than three planes. 
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gi\ cn P0I3 gon IS dnmi in the tr-planc The proper Schw arzu'ui trans- 
formation, as it IS U'oiallj called for short, will map this poljeou m 
the u^plane onto the x oxls of the intcrmetliatc ?-plane, and Mill at 
the same time transform the onginal flux hnea and cquipotcntials 
Jsext the x-a\ts ls mapped onto a poKgon in the /’-plane in such ana) 
that the field m the r plane ls transformed into a net of orthogonal 
straight lines m the /’-plane 

Con«idcration of our mapping problem leads us to expect that the 
required transformation mil be gi\cn m the form of a dilTcrcntml equa- 
tion m nhich the rate of change of icMith respect to r appears Tor, let 

(fir “ I rfu? I cfj *= I (fr I e*^*, 

then 

dz 1*1 

SO that the amplitude of da/dz represents the angle between the ele- 
ment dw m the tr-planc and the clement dz m the z plane Non, sinc(5 
Mc msh to straighten out each interior angle of the poljgon in the 
le-planc into an angle ir along the x axis, ue should expect each angle 
of the uvpoljgon to be related m some naj to the change m amp 
(dw/dz) as Mc turn througli that angle 
To determine the cxpn>sion to nhich dw/dz must then bo equated, 
let us examine a fen <!implc transformations Letting tc = rc ^ consider 
first the transformation tc «= 2^^ or z = tr® Then z “ r^e' ^ so that 
amp z » 2 amp IT, and the first quadrant m the plane is mapped onto 
the upper lialf plane of z, 1 c , the 90 ® angle in the uvpiaiic is straight- 
ened out into 180 ® Here dtc/dz « ^z“^^ If u => uc ha\e r » 

“ and the sector between the w-axis and the GO® ime is straight- 
ened out into the upper half-plane of 2, m this ca«o, dtc/dz « 

In general if 2 » ic” » r^e”’ where m is arij rational number, the 
angle x/m is opened up into ISO®, and dic/dz » (l/m)z‘^”“‘ 

Now if z = cip"’, i-i here c «= a -f- ih « Cc“*, saj , then z “ 
fo that the tr-configurotion is stretched or contracted in the ratio C 1 
and IS tumctl through the angle a b} this transformation lluis the 
introduction of a complex constant of proport ion alitj senes to change 
the size and oncntation of a figure 
As a final example, let z — Zo " **' tfo)"** uhcro Zo and tro are 

complex constants Tlicn the angle x/m having its vertex at ito ls 
ojiciKai up into a half plane mth ' vtrttx ’ at ?o tn addition to l»eing 
rot itcd, 1 0 , the figure u tron»Iatt-d as well as rotated and fanned out 

Ih rt IT — iTo » c”* *’(z - zo)’^" and ^ ^ ^ - Zo)''"”‘ 
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Suppose, then, that we wish to straighten out an interior angle 
ak ~ Tr/ni}: of a lopolygon and translate the vertex of the angle to a 
point Xh on the a:-axis of the z-planc. Since l/m* = at/ir, it appears 
that we must have dio/dz proportional to (z — If the 

tt’-polygon ha.s n vertices, dw/dz must then be proportional to each 
of the n expressions (2 — (k = 1, 2, • • •, n), and therefore 

to their product, so that the Schwarzian transformation should be of 
the form 

— = ir(2 - xiy'^^-\z - • • • (2 - x„T’'^^-\ ( 4 ) 

dz 


Here xi,X2, ',Xn arc real constants, K is in general a complex num- 
ber, and the interior angles at the n vertices of the ta-polygon are 
at, ao, 

To clarifj'' further the meaning of equation ( 4 ), let us see wdiat hap- 
pens when the point w moves along the polj'^gon and the mapped point 
2 moves along the x-axis. Let z — Xk = Tkc'”'' {k = 1, 2, • • • , n) and let 
= I Tf! 1 c’®. Then equation ( 4 ) becomes 


dw 

dz 


dw 




K 




• 1 


where for brevity sjt is written for oa/tt — 1, Then the amplitude of 
dw/dz is given by 

dw 

amp -— = — Oj = /3 4 - St amp (2 — Xi) 4 f- s„ amp (2 — a:„). 

dz 

Now as w moves along a straight line from, say, Wi to W2, 2 moves along 
the T-axis from xt to xo. Wliile xi < x < X2, amp (dto/dz) = — Qz 

remains the same since 0,^ and 0; do not change. I^Hien w passes thiough 
ir2, so that 2 passes through X2, the quantity z — x^ changes sign, and 
amp(z - X2) changes by s-. But the signs of z - xx, 2 - X3, • • •, 
2 - x„ remain unchanged when xi < .r < xg, and consequently 
amp {dw/dz) changes by | Sg" | = | aa - •s' | as w passes through wg. 
Similarly, amp (dw/dz) changes by [ s;t7r ] = j a/, — -x ] as w passes 
through v'k (k ~ Ij 2, • • •, n). Now when 0 < < tt, as at Wo and 

u’;( in Fig. 95 , the change in amp (dw/dz) is an increase, and since 
v^ir y is negative, the algebraic value of the change is -satt 

= r - at, which is evidently the angle through which we turn when 
pns.<ing riirougli tr*. On the other hand, if tt < a* < 2x, as at w^, the 
change in ami)(dii>/d2) is a decrease, and since = at — tt is now 
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popiti% c, the algebraic ^ alue of the change is again — str » t — the 
angle through which wc rotate at tr* Thus equation (4) is such that 
the pol>gon m the ip-plane wall be mapped onto the x-axis of the 
z plane 

Tlie aboa c discussion is meant not ns a ngoroiis derivation of the 
Schwaizian transformation, but rather as an mdication of its geometric 
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import Moreoaer, even though tins transformation will map tho 
w^poli £01^ onto the X axu^, w c have not as j et shown that the interior 
of the tr^pol^gon wall thereby map onto the upper half of the z plane, 
a\hich IS essential to our field problems Our present mathematical 
equipment does not allow iLs to demonstrate tins fact, it is, however, 
fihmra to be tho case in Art 105 k 
^\e proceed now to a consideration of some field problems to which 
the Schwarzian transformation maj bo applied Here, also, since our 
purpose ts mercl} to give an introduction to tlic subject, we shall draw 
frecU cm geometric and phjsical concepts 
98 Flow near a nght-angled comer As a simple first example, let 
i« find the ccjualioas of tho streamlines of current flow and the cqua- 
tioas of tho equiiiotcntials near the comer of a large Kjuarc sheet of 
conducting mntcnal lx*! the square plate be placixl m the first 
quadrant of the ir»p[inc with the edges along the axes, and Jet one of 
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the strcjinilincs follow the direction indicated b3'’ the arrons (FiS- 96). 
Wc map our polj'gon, here consisting of merely the positive n- and 
a-axc.s, onto the a;-axis, letting the origin of the uvplane map onto the 



C*— plane 
Fig. 9G 


origin of the z-plane. Then zi — 0, ai — -a 12, and the Schwarzian 
transformation is 

Aw ,, 

— = ( 1 ) 

as 

whence 

w = 2Kz^ + K'. 

Since s = 0 when w = 0, the constant of integration K' will be zero, 
and wc have 

w = 2Kz\ 


Since the boundary streamline in the re-plane maps into the x-axis 
.s! rcamliiio from right to left., we may put in to the s-plane a parallel flow 
of current such that the a-axis is one of the streamUne.s. Hence the 
mapping from the c-planc to the final F-planc maj' be brought about 
by the simple tran.«formation F = hz, where k is a real constant depend- 
ing upon the sj'stem of units, or scale, used; this transfonnation will 
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ccrUunl> change the net of straight lines in the s-plano into a similar 
net in the f’-plane Then (2) becomes 


F — — ~ *= cvr. 

4A'^ 


( 3 ) 


nlierc c is constant If we now thmk of the relation (3) as mapping 
from the F-pHne to the tr-planc, we ‘Vo that the straight horizontal 
streamlmes of our parallel current flow and the \ertical cquipotcntials 
orthogonal to the streamlmes arc transformed into the coiTc<?ponding 
streamlines and cqui potentials m the first quadrant of the ic-planc, i e , 
into the desired cun 

It IS casj to see that the constant of proportionahtj c in (3) maj be 
taken as real Tor, w o saw in Art 97 that such a constant sen cs merely 
to change the scale of measurement in ^^rtuc of its modulus, and to 
rotate the figure m Mrtuo of its amplitude Since the positive u-axis 
has boon mapped onto the positiv o V-axis, the figure as a whole lias not 
been rotatetl but mcrel} fanned out and consequently the amplitude of 
c maj be taken as zero, wrhence this constant ls real Since the scale of 
measurement will depend upon the data of our problem and upon the 
sjstcm of imits emplojcil, we leave c as an nrbitrarv real constant 

Tlicrcforc, separating real and imaginary components in (3), we get 


V = c(«= - r"), 
S = 2cui 


(4) 


It follows that the maps of V = const are rectangular hiTierbolas 
asvTnptotic to the hue e = « and the maps of S const are a! o 
rectangular hjporbolas asvmptotic to the u- and I'-axcs Thus the 
full curves m Hg 97 represent streamlines and the dotted curves 
cquipotcntials in llic neighborhood of a comer of the sheet 
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In the preceding discussion, we have considered the distribution of 
lines of current flow and of constant potential. It is apparent that 
we raaj' interpret our result in connection uith the analogous problem 
of heat flow, for which equations .(4) give the flux lines and isotherms 
near a comer, or in connection with fluid flow, for which equations (4) 
represent flux lines and the lines of velocity equip otential. 

99. Flow near two 90° comers. Having considered in our first 
problem a conducting sheet indefinite^’’ large in two dimensions, we next 
deal with a rectangular strip of width a and so long compared to a that 
its length may be supposed infinite. Wo again place our sheet in the 
first quadrant of the tr-plane as shown in Fig. 98, and suppose that 



one streamline is along UOBC as indicated by the arrows. We map 
this polygon with interior angles ai = ;r/2, a 2 = '!r/2, .symmetrically 
onto the y-.axis, the midpoint A(0, a/2) of the edge OB mapping onto 
the origin of the r-plane, and the corners 0 and B mapping onto the 
points X ~ 1, .T = —1, fespcctivch'. The streamline boundary UOBC 
is thus mapiiod onto the x-axis, tliis latter streamline proceeding from 
right to left. 

Wo then have for the Schwarzian transformation, 
dw 

— = - 1 )-'^ 
dz 

_ K 

~ 7 ^' zri)M ' ( 1 ) 

’whence 

10 = /Cfcosh“^s 4- K') 
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or 


z cosh 



T\hcre X' IS a const int of integration Since « •= 1 when ir =• 0, 
get A' = 0, since r = — l when «j = ia, mc then lm\a 


m 0 




and 

ru> 

z ^ co«h — (2) 

a 

Since we ngam put a parUlcl flon m tlie z plane, we maj cinplo\ 
the transformation / *= Az, gi\ mg ns 

TTIC 

F « /- cosh — , (3) 

a 

where / is a constant which maj , as before, bo taken na real We then 
g'-t 

r H- i5 i cosh ~ (« -f- tv) 
a 

/ ru tin *11 i*u\ 

« / ( cost! — cosli h pmh — pinti — i 

\ o a a a J 

1 t ’^1 1 

« k I co«h — cos — -t* I einli — sm — 1 , 

\ 0 a a a/ 

and therefore 

ru »r irti m 

T = / cosli — cos — , jS => A. sinh — em — ( i) 

a a a a 

TJie maps of T'^ >= ron=t will l>e the ct^iupotcntiaU (or isotherms), and 
the maps of 6 »» con«t will lie the streimlinc^ 

100 Edge effect m a condenser, flow out of a channel Ix;t the 
edges of a parallel plate conden«( r, or of a cfianm I con\ e\ mg a liquid 
he along the linos r « ±(i to the left of the imints (— h, ±fl) m the 
eecond and tlnnl qnadrantu e j-upiK>se the^; edges so long « otnp ircil 
to the distance 2a between them that the> ma\ lx. con«iderc<l infinite 
in length 
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If the plates v ~ =ka of a condenser are at different potentials, there 
Mill be lines of force between them. Sufficiently far to the left of 
these lines will be sensibly straight and vertical, but as we 
approach the boundaries at u = — I)they’s\ille\ddentl 5 ’'beconsiderablj’^ 
curved. We vdsh to study this edge effect for the parallel-plate 
condenser. 

Another physical interpretation of the present problem is in connec- 
tion vdth fluid flow. Agam, far to the left of u = — b, the streamlines 
nill be nearly horizontal straight lines, but will can've as we proceed to 
the right, and diverge as the liquid issues from the channel. 

Because of the evident sjunmetrj'- in the u-axis for both physical 
problems, -we need consider only the upper half of the figure in the 
to-planc (Fig. 99). We shall then think of our open polygon as running 
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from A (ii = --a>) to P(— 6, a), then back along PA and joining on to 
Bain = — 03 , and then to the right along the w-axis. Thus the angles 
involved are ai = 2r at P and 0-2 = 0 at B. 

To open out this polygon, we first unfold the line AP by rotating it 
through 180° about P; tliis gives us flow in a uniform strip and thus 
straightens out the equi potentials of the electric field (or the stream- 
lines in the case of liquid flow) into horizontal sti'aight lines. We then 
fan out tire strip between v — 0 and a = a bj-- bringing together the 
edges at « = — 03 and separating those at u — -f-co, as in the concep- 
tual process described in Art. 97, until we have a single straight line; 
this fans out the lines of force (or the velocity equipotcntials) into semi- 
circles, and the electric equipotcntials (or fluid streamlines) emanate 
mdially fronr a point. 
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For con\emencc, 'no map the point (—6, o) onto the point (—1, 0) 
of the 2 plane, and the pomt u = —« (the junction of A and B) onto 
the origin Ihus the upper edge when unfolded, maps onto the 
ar-axis to the left of (—1, 0), the upper edge PA as it appears in the 
uvplonc maps onto the segment from (—1, 0) to (0, 0), and the lower 
edge p «= 0 maps onto the poMliic i-axis Hence the Schwarzian 
transformation wall be 

dw / 1\ 

- = A-(r+l).- = A-(l+-), ( 1 ) 

and therefore 

tr « A'(2 + In 2) + A" ( 2 ) 

Now the fluid stream] mes along the boundary of the tzvpolj gon nin 
from left to nght along AP and the u-axis, and their maps run awaj 
from the ongm along the r-axis Here, therefore, wo maj put into 
the 2 plane a radial flow emanatmg from 2 *= 0 To transform this 
radial flow into parallel flow, we take («cc Art 97) the mapping func- 
tion 2 = Since the real constant k sen es mcrclj to change the 
scale of our map, gi%ang us kV and kS instead of simplj’ F and S, we 
set A. *= 1 for Bimplicitj Ihen we lia\e 

IT = A'(c^ -f P) + A' (3) 

To determine the constants K and A', WTite z in polar form, z = re'*, 
so tliat equation (2) becomes 

t£j = A(rc‘* + In r + 10) + A' (I) 

As wc pass from i »= 0 to r =» a in the tr-planc, tc changes bj la, and wc 
maj think of z as passing from n pomt on the po-^itiie 2 -a\Ls, where 
0 “ 2nT and n ls an integer or zero,* to a pomt on the ncgatii c 2 -axis, 
where 6 = (2n + l)ir, and then allow tho^c points to approach the 
ongm For these changes wo therefore Iiaic 

-jia p -jf— pr 

tpj »» lim |^A(rc^ -1- In r *f 10 ) + A' j 
10 “ hm [A(-2r -f »r)) « irA, 

r -.0 

whence 

A « - (5) 

r 

• Thw of tf U nece^xary wnce tn r w mtiltiplo-valuril tea I’rotiKm 10 

tikitiini; Art W 
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Moreover, 2 = -1 ivlien w = -b + ia, so that, since In (-1) = In 1 
+ (2n + l)i:r = (2n + l)tV, we get from (4) and (5), 

-b + m = - [-1 + (2n + l)77r] + -K', 

TT 


K' =z h ^ 2nia, 

TT 

Consequently our transformation takes the form 

F') “h 6 2ivi(ij 

TT 'K 

so that 

u = -(/cosS+V+l) ~b, 

TT 


V = - (e^ sin iS + <S) — 2na. 

TT 

Now the line i; = 0 maps onto the line y = 0, and since, from z = e^, 
wc have y = dn S, it follows that t> = 0 corresponds to S = 0. 
Hence, in the above expression for j;, we must take n = 0, and therefore 
wc get as our final result, 

u = - cos )S + F + 1) “ h, 

I (6) 

V = -(e^sinS + S). 

TT 

IvClting V = const, in (6), we obtain equations for u and v in terms 
of the parameter S, from which we may plot various lines of force of the 
electrostatic field near the edges of the condenser. By putting S 
~ const, in (G), we get equations for u and w in terms of the parameter 
V', which enable us to plot lines of flow of liquid from the channel. 

101. Point source and point sink. As our next problem, we investi- 
gate the distribution of streamlines and equipotentials in a sheet of 
conducting material into which current is fed at a point A and out 
of which it flows at a point B. The points A and B are called, respec- 
tively, the .source and the sink. 

Since here We do not have a jjolygon in the conducting sheet, it 
will Ix! more convenient to put the knoT.A-n pattern of streamlines and 
equipotent ials for parallel current flow in the u'-plane and transform this 
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into the desired pattern m the z plane (Hg 100) Let the source and 
sink be, rcspcctncl}* located at A (a, 0) and /?(— a, 0) of the r-plane, 
and let AiBi and A 2 B 2 be bound incs of the strip m the te-plane along 
which parallel flow takes place Split the upper ^ge ^l 2 B 2 at its center 
C-C\ rotate the nght-hand half about ^2 m the clockwise and the 
left-hand half about B 2 in the counlcrclockuise direction, and bnng 
A 2 toward Ai and B 2 toward Bi Let (a, 0) in the c-plano corrc‘’pond 





Bl-ao) 




A{ao) 
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to the junction of Ai and A 2 , and let (—a, 0) corrc'ipond to the junction 
of Bi and B 2 Map the ongm in the tc-plane onto the origin in the 
z-plonc, and let C go into z = — « and C' into z H*® 

Tlic internal angles, ai at A i-*^l 2 and 02 at being both zero, 

the Schwarzian transformation will be 

dxa , 

-j- « K{z - a)“*(r-f 
az 


K 

^ ^ a~ 

Hence 

u> p« In H (f) 

2a z-ha 


Using the relation tr » 0 when s ** 0, together with In (—1) •* 
(2n + l)»r, n an integer or zero, wc get A' - — (2n + l)irA/2o, 
and 


(2nd- !)«*•] (2) 
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The constant K wll depend upon the nature of the current-carrying 
strip in the to-plane and the units employed, and need not be evaluated 
here. 

Since ve now have parallel flow in the wvplane instead of in the 
2-plane, we put F = hw, whence, letting C — kK/2a, we get 

F = C In - (2n + 1)^ • (3) 

- z + a 

To separate equation (2) into real and imaginary parts, let z — o 
= ric'®', 2 c = r2c’'’^ Then 

F = C In- -f i(ei -02- (2n -|- l)7r) • (4) 

- ta 

Evidently z — a and z -}- o are the vectors draum from (o, 0) and 
(—a, 0) respectively to any point z, the lengths of these vectors being 
ri and ro, and the angle between them being 0i — 02 (Fig. 101). 
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In transfoi-ming the u'-configuration into the a:-axis, we did not rotate 
the figure, and therefore C may be taken as real. Consequently we get 

‘I't 

V = Cln-, 
r2 

S = C[(?i -02- (2n -f 1 ) 77 ]. 

Now any point of the segment AiBi in the u>-plane, for which a = 0, 
maps onto a corresponding point of the segment AB in the z-plane, for 
which <?! = - = 0. Hence the second of equations (5) gives us n = 0, 

whence we h.ave ’ 

T-= Cln-, 

S = C(0i -02- tt). 


( 6 ) 
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From the first of equations (0), 'we see tint 1' wll be constant if nnd 
only if the ratio rj/rn is constant Tlius the maps of tlie equipotentiaU 
F *= coast >n the te-plnne will be given by 


ri ^ V(.r - n)‘ ^ ^ 

rs V'(.r + a)- + >r 

or 

(1 - Cl)(r2 + r) - 2a(l + Cl)r + o-(l - C?) « 0, (7) 

where Ci is a constant, which must be taken os positive since rj/rj 
IS posituc For Cl ^ I, (7) represents circles with their centers on 
the j-axis, wlicn Ci *= 1 , wc get, as could be anticipatetl from ri/r^ = 1 , 
the straight ime x = 0 These, then, arc the cqm potentials of our 
problem 

Corresponding to the streamlines S — const , we get 


tan (^1 ■“ ^ 2 ) 

V y 


X — 0 z + n 



a constant, or 



Cafx* + jr) - 2<Ty — Cjo'* « 0 


( 8 ) 


Wlicn Ca 0 , equation ( 8 ) also represents circles, which piss through 
the source nnd sink, as we should expect, when C 3 “ 0 , we git the 
stmiglit line y =■ 0, which also passes through A and D These are the 
streamlines sought 


PnOBLEMS 

1. IVing cquitjoM (4) of \rt *>9, plot tlie crjuipotcntiaU com^pondinic to 
1 <" 0, dbl, ±2, ±5, ;1:10, and the etriamlinw com’^pontJinR to.S •• 0, J, 1, 5, 10, 
in a nTtnnKular «tnp of imltL w. 

2. Taking n «• r, 6 -> 1 for rimpltniy in njutlion'' (0) of Art JOO plot thr linos 
of fom? n«ar Oio of a pirall*! plati condrnmr corn‘^l»ondinR lo 1 “0 ±|, 
+ 1, ami thr ulrrnmlinos of lif|uul flow from a dniinrl, wm-^pomfinB to S •* 0, 

»/4. w/2. 2r 3, 3»/4, » 

S. find the orthogonal trajoctonca of tho ilmmlinoi (8) of Art 101, and *hw 
tliat (I fv' trajrrtonrs are tlir t-quiiwlrnlnb (7). 
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4. Sbow^ from equation (7) of Art, 101 that each equipotential circle encloses 
either the source or the sink, but not both. 

6. (a) Let a tangent be drawn from the source (or sink) of Art. 101 to an equi- 
potential circki. Show that the foot of the perpendicular dropped from the point 
of tangency to the x-a?ds is the sink (or source), (h) Let Ri and Rz be the radii of 
any two equipotential circles on opposite sides of the 7/-axis, and let D be the dis- 
tance between their centers. Find, in terms of 7?i, R 2 , and Z), the distances from 
source and sink to the centers of these circles, and the distance between source and 
sink. 

6. Investigate the nature of the streamlines and equipotentials for a point 
source in a conducting sheet whose boundaries, assumed infinitely distant from the 
source, constitute the sink. Hini: Map a parallel flow of current in the la-plane 
onto tlie 2 -planc, in which the given sheet lies, and show that the Schwarzian trans- 
formation may be taken as 

dw K 
dz z 

7. Using a Schwarzian traasformalion, map the region in the 7a-plane bounded 
by tlic positive «-axis and tlic portion of the line v = Vs n passing through the 
first quadrant onto tlic upper half of the z-planc. Taking the potential V = kx 
and Die stream-function S « kijy where h is a real constant, find V and S as fimc- 
lions of u and a, so that the curv'cs V = const, arc equipotentials and the curves 
S « const, arc strcamlinc.s of flow near a 60® corner. Show that the functions V 
and S satisfy the Cauchy-Riemann and Laplace equations, and that the cqui- 
potentials cut the streamlines orthogonally. 

8. Using a Schwarzian transformation, map the region in the ta-planc bounded 
by the positive w-axis and the portion of the line v = u passing through the first 
quadrant onto the upper half of the z-planc. Taking the potential V = kx and 
the stream-function S = kij^ where kisn real constant, find V and S as functions of 
u and r, so that tlic curv'cs V = const, are equipotentiab and the curves S = const, 
are fitrtuimlines of flow near a 45® comer. Show that the functions V and S satisfy 
the Cauchy-Riemann and Liiplacc equations, and that the equipotentials cut the 
strc.amlincs orthogonally. 

9. Generalize Problems 7 and S to the consideration of flow inside an angle 

r/n, and show that the mapping function is F - where c is a real constant. 
S(i(ting tr « = r(cos 0 + t sin 6)^ show that V = cr” cos nO, S ^ cr^ sin 7 i 0 j and 

honro that the streamlines arc symmetric with respect to the angle-bisecting line 
0 r/2n. 

10. Consider planar flow around the edge of a semi-infinite thin wall, represented 
by the {voritive u-axis in the tr-planc. Map this flow onto the z-planc, take F = F 
“f iS « kz, and find u and v as functions of V and S. Determine the nature of the 
streamlines S « const, and of the equipotentials F = const. 


l^ART HL FURTHER THEORY OF ANALYTIC FUNCTIONS 

102, Line integrals. We devote the remainder of this chapter 
to some topics in the theorj^ of analytic functions of a complex variable. 
We yhiill nwko u?c of this theon- in the evaluation of certain dcfmito 



I3S FUNCTIONS OF A COMPLEX ^ AUI MILE (CnAr \ 

integrals, and, m Chapter XI, shall appl> it to the solution of problems 
m which the opcntional calculus may bo employed 
For the definite mtcgral 

//W*, (j) 

where x is a real \ anablc and/(x) is a real function of x, w c may speak 
of the field of integration as the segment of the x-nxis from x » a to 
X *= 6 Now let p(x, j/) bo n real function of two real \anable<!, and 
consider a segment C of a continuous cur\e, with initial point A and 
terminal point B, and such that it is cut bj a line parallel to either 
coordinate axis m onl^ one point (Tig 102) We dn ide C into n arcs 
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A»i, Aaj, , who=c projections on the x-axts arc Axi, Axj, , 
Ax«, and whose projections on the j/-axis are A>ji, Aj/j, , Aj/„, 
respectneb, as showm Letting (xt,yk) denote a point on A»*, wo 
form the sums 

Vi) Ast, Vk) Ay» 

Wien the limits, as n IxTomes mfinite and as each subsegment n|>- 
proachcH zero, of the^e sums exist, we coll theK! limits line or contour 
integrals, and denote them bj 

r Sir, y) (is, f ff(r, y) dx, f ff(x, y) dy, 

*fC vc "C 

rcspoctnch We si> then that C ts the field of inttgration 


( 2 ) 
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If we have several curve segments C* (/; = 1, 2, • • n.), each cut by 
a line parallel to a coordinate axis in only one point, and forming a 
continuous curve C, we say that a line integral over C is equal to the 
corresponding sum of the line integrals over Ci, G 2 , • • •, Cn in turn. 
Also, for later convenience, we say that the integral over C from BtoA 
is the negative of that from AtoB. If the equation of Ch is y = f(x), 

the integral I g(x, y) dx may be evaluated by replacing y in g{x, y) by 

9) Ck 

/(x) and integrating between the values of x representing the abscissas 
of the endpoints of Cu. Similarly, if C;, is given by x = F{y), the inte- 
gral I 9 (x, y) dy may bo found by reducing it to an ordinary integral. 

A frequently occurring line integral is one made up of the sum of 
integrals of the second and tliird types, 



dx + Q(x, y) dy\. 


( 3 ) 


If A and B have the coordinates (a, h) and (c, d), respectively, (3) is 
sometimes written as 

I ['PC'C, y) dx -j- Q(x, y) drj]. (4) 

*^(0.6) 

However, when the notation (4) is used, the curv'e C must also bo speci- 
fied, since the value of the integral is in general dependent upon the 
path from A to B. 

As an example, consider the integral 


I = f [(x“ + 2y) dx+ (x- 5y2) dy], (5) 

Jc 

where C Is fimt the path from (0, 0) to (1, 0) and thence to (1, 3) along 
the straight lines shown in Fig. 103. Along the x-axds, we have y = 0, 
dy = 0, and along the second part of om- path, x = 1, dx = 0. Hence 
we get 

7i = r x-dx-j- (1 — 5y‘) dy = — 

Secondly, let C be the straight line y = 3x joining (0, 0) and (1, 3). 
Tiicn in the first temr we substitute y = 3x, and m the second, x = y/3, 
whence we find 
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Con^iidcr ne\t the dovjblc wtcgrd of a real function taken 

o\ cr n region R bounded hy a closed curv c C such that a line parallel to 
a coordinate axis cuts it in at most tno points, 


/x 


0(i, y) dR 


Express the function p(r, y) bj the notation dQ(x, y)/dx, and consider 
the equualcnt iterated integral 




dQ(x, y) 

dx 


dx dy 


( 0 ) 


Let R be circumscnbod b^ a rectangle mth sides x ^ a, x ^ h,y ** c. 



y » d, as flhomi m Fig 10 J, tangent to C at the points P\, P3, Pat^*> 
and let the iwfituc direct ion along C be th it indiritr<l b> the arron 
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If the equations of the segments PzP^Pi and P 1P2P3 are respectively 
2 = Fiiy) and 2 = PaCz/), 've get for the integral ( 6 ), 


fi 


dQ(x, y) 
dx 


dx dy 


-££ 


dQ(x, y) 


Fl(v) dx 


dx dy 


= [Q(P2, y) - I/)] 

= q(P2, y) ^y- 


We see that the first of the above integrals is the line integral of QQc, y) 
along P1P2P3, v'liile the second is the line integral of Q along PiP^P^. 
Since the latter is the negative of the line integral along P3P4P1, we 
have 

ff^dxdy=f Qdy+f Qdy=fQdy. ( 7 ) 
JJji dx JPiPiPi JPzPtPi Jc 

Similarly, for a function f(x, y) = dP{x, y)/dy, we would have 



d j = f Pdx+ f Pdx 

JP4P3P! JPiPtPt 


-i 


Pdx. 


Combining ( 7 ) and ( 8 ), we get 


( 8 ) 

( 9 ) 


This relation between a line integral and the double integral taken over 
the region enclosed by the contour, is knomi as Green’s lemma, ha\dng 
been given by Green in a paper on mathematical phj'sics. It holds 
also when C is cut by a parallel to a coordinate axis in more than two 
points, and Avbcn the region R has subregions cut out of it, if we take 
as C the totality of bounding cun'cs, along which the positive sense is 
in each case that IcaAong the region R to the left. Thus, if P is a ring- 
Rhapc<l region, the jmsitive senses along the boundary circles will be the 
counterclockwise direction on the outer circle and the clockwise direc- 
tion on the inner circle. 

Examination of c^qualion ( 9 ) shows immediately that if dQ/dx — 
dP/dy at cverj' point, of R* the line integral on the left svill vani.sh. It 
follows that if Cl and Co are any Uvo curves connecting the distinct 

* Note tlait tills condition imnlics the existence of OP/Oi/ and OQ/Ox in 72. 
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points A and li (Tig 105), and Iving v,holIj m«ido the region R m nhich 
dQ/dz *= OP/dif, then 


f {Pdx-hQdy) = f(Pdx-hQdy) 

JCt JCi 


For, if C IS composed of C\ taken m the posjtuc tense, and Cz taken 

in the negative ‘vnse, wo ha\e |— j^l+l =0, whence 
JCi Jc% JCi 


I-X, 


Referring to the example gi\cn bj (5), we see that P •=» 


^ + 2y, 0 «= r — Sir, so that OP/Qy — 2, dQ/dz «= 1, and HP/dy ^ 
OQ/cJx Consequently it is not surpnsing that Ji and /« were different 


^1 
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If Tve had taken, instead, F •= d* y, should ha\o had OQfOx 
dP/dy “ 1, and l>oth patlis would Ime Melded the some aaluc, as 
would all othcra connecting (0, 0) and (1, 3) 

may inscfully apply the abo\e results to analytic functions of a 
complex a anablc Let /(z) be analytic o\ or a simply conncctcil region 
R, by which we shall mean a region bounded by a single closed ctiiae, 
let C lie any cun c connecting two points A and R of R and ly mg wholly 
m R Consider now tlio integral of /(z) along C, defined liy 

(/(z) tir " hm 00) 

dc " - • frr 

svlicre the points z* be on C and Az* «• ft — Zi_j Setting /(f) •• 
V) + y), "ttc ha^c 
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I (w + iv){dx 


+ i dy) 


= I (udx — V d]/) 
Jc 

whicli is the sum of two line integrals. 
Cauchy-Riemann equations, 

3u do dll 

dx dy ' dy 


+ i \ {v dx + u dy), (11) 
dc 

Now since /(s) is analytic, the 
do 


arc satisfied. But these are prcciselj’’ the conditions that the two line 
integrals in (11) be independent of the path C joining A and B. Conse- 


quently I f{z) dz will depend only upon the values of z at the points 
dc 

A and B. In particular, if <7 is a closed cun*e which does not cut itself, 

and which lies inside the simply connected region R, f f{z) dz — 0. 

dc 

When R is not simplj’- connected, the integral over a single closed 
curve C lying in R, of a function analytic in R, may be different from 



dz p ric'^ do 
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since 0 changes b> 2 t in tn\CTsing the circle C It might ha\c been 
CTpcctc<i tliat this result would come out aero since ne are dealing with 
an integral around a closed cur\e It should be noted, howe\cr, tint 
Green’s lemma does not applj Wiile the function /(r) = \(z is 
anahtic at c\en point of /?, it is not analytic at c^crj point in the 
region enclosed hj C For the dcn\ati\e/'( 2 ) — — 1/z' exists e\ co - 
where except at the point 2 — 0 which n interior to C Consequently 
tlie Cauchj-Hicmann ctjuations are not «!atisrictl for x = 0, 1 / “ 0, we 
ha\e, infact, 

-if — X" 0r 

Qx {x“ 4* JT)' ay ’ 

au —2x1/ di 

+ tr)‘ tijc ' 

so that the four partial dcn\ atn cs do not exist at this point Thus the 
condition OQfdx — dP/dtj at ex crj point inside C, w Inch w as applietl to 
the line intcgnh (II) will not be met for x = 0, y = 0, and therefore 

we cannot conclude that the line integral dz will be zero 

"When C IS a circle of radius r and center at any point x = Zo» "c get 
by setting z — Xq = re'* on C, 




for n «* ±I ±2, We shall haxo occasion to use these relations in 
our later work 

103 Cauchy’s integral theorem and mtegral formula Ixit /(x) be 
anil>tie over the region fi anti eontinuous * 011 the boundary C of It 
(Iig 107) Tlicn the inlegral of /(x), extcndwl in the positixe Fcnsc 
oxer the entire boundary C, which may consist of one or niort tloKxl 
curxes willxamsh, 

j^/(x) t/z - 0 

•/(f) — ylr 1/) + »Kx y) rontinurtiis if « an 1 p nrr continuous 


(I) 
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This result, known as Cauchy’s integral theorem, follows from the dis- 
cussion of Art. 102, being based upon the Cauchy-Eiemann equations 
and Green’s lemma. An equivalent statement is that the integral 


r\ 



Fig. 107 


taken in the positive (counterclockwise) sense over the outer boundaiy 
is equal to the sum of the integrals along the inner boundaries in the 
negative (clockwise) sense with respect to R, wiiich will be the positive 
sense with respect to the regions enclosed by these curves. 
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An important consequence, of Cauchy’s integral theorem is as follows; 
bot Cj be any single closed curve enclosing or lying inside a region over 
which /(;) i.s analytic, let P l>e any point inside the region bounded by 
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Cl, and let Cj be a circle wth center at P and ha\mg all ita points in 
the region enclosed bj Cj (Tig lOS) Then 

fMdz=ff(z)dz, (2) 

JCi JCt 

where each uitcgnl is taken in the positu c (counterclockwise) direction 
Thus an integral o\ cr nn> single closed cun e Ci maj bo replaced by an 
integral over a circle C 2 , and convcr=cl}, pronded Ci and C 2 arc such 
that f{z) IS anal> tic 01 cr the suitable regions In particular, it follows 
that the relations (12) of Art 102 hold w hen C is anj- single closed cun e 
enclosing the point z^ 

Now 6uppo‘5c /(z) IS anab tic o\ cr a region R, simplj or mullipb 
connected, who'je complete boundarj is C, and let Zo be any point 
inside R (Fig 109) Let C' be a circle with center zq and small enough 



50 tliat e\ erj point on C' lies in R, and denote bj /?' the region obtained 
bj remoMng the pomts intcnor to C' from R Then tlie function 
“ * 0 / safisfics the conditions of Cauchj a integraf theorem at 
R', 80 that 


dc * — ?o Jc z ^ zq 


dz “ 0, 


(3) 


where the integral along C' is taken in the clockwise sense Setting 
* — Zo “ re** for z a pomt on C', the tecond integral alimc ma> bo 
written 


L 


m 


«» J^*/(2b + rr*')c 
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If we let r approach zero, the last integral will approach 

^'f/(^o) do = -2«/(^o), 


/(zo) being constant as regards 0, and the minus sign appearing because 
of our integration in the clockwise direction. Consequently we get 


from (3), 



dz 


2ir?y(2o) == 0. 


or 


/(zo) 


-f 

27rt Jc 


J - Zq 


dz. 


Since Zq is any point in R, and since the notation for the variable of 
integration is immaterial, w’e may w'rite the above equation in the form 




dl. 


(4) 


TJiis relation is called Cauchy’s integral formula. 

The integi’and in (4) being a function of the variable of integration t 
and of the parameter z, we have here an integral of the kind discussed 
in Chapter ATI, Art. 67. AA^e may, in fact, differentiate under the 
integral sign, obtaining the formulas 


and, in general. 


/'(z) 

- sX 


r m 


2id Jc (t — 

2 r M 

c it - zr 

m 


dl, 

dt, 


, . n\ r f(t) 

= I ± 11 . dt, 


( 5 ) 


for )i any positive mteger. Thus derivatives of all ordem of an anabriic 
function exist, and are given by (5). 

AA'o next give an inequality wliich we shall need in Art. 104. Let C 
be any cun^e, open or closed, and let M be the maximum value of 
j/(2) 1 on C. Tlicu if L is the length of C, 


f m dz 


g ML. 


( 6 ) 
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tCinr \ 


To obtain this rebtion, note first (Hg 110) that if a and arc any 
complex numbers, |a + ^j ^ la| + }^|, and, m general, if a = oi •f* 

02 + + On, I o I ^ i oi I *f I «2 I + + 1 i Hence 

^ 1 I I 

I fTi 




2 1 1 I ^ mLi + + -hu). 


and since Lj + Zc + + Zb approaches the length Z of C as n 

becomes mfinite, wo haio 

Urn I yy^zk) j ^ jlZZ, 

nhcnco, bj (10), Art 102, we get (G) Apphing (G) to (5), where we 
take as C a circle of rulius r and center z, we find also 


(/"Ho I 


If 

^i+i 


2)rr 


Mn] 


(7) 


where w the maximum i aluc of /(/) on C 

104. Senes expansions and singular points Consider a function 
/(r) anal> tic m a region li I>et a Ik* an> point of It, and let C lie an) 
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circle in R and with center a. Then f{z) admits of an expansion in a 
Taylor’s series, 

/ (a) 

f{z) = /(o) + fia) (z- a) +■■■ + ^ (2 - a)" + • • . , (1) 

valid at least for z inside C. 

To derive serins (1), we begin "nith Cauch 3 ’'’s integral formula, and 
VTite 

/(s) = j_ = — r 

27rz Jci — z 2iri Jc (t — a) — (z — a) 

We now make use of the algebraic identity 

1 _ 1 , 5 , , -5" , 

A ~ B ^ d"+^(d - J5) ’ 

setting A— t — a, B = z — a. Then we have 

Sit) dt 


27rz Jn t — a 2m Jn 


cit - a)- 


+ • 


+ 


(z — a)" r fit) dl (z — 


g)" r fit) dt 
27n Jc (t - a)”+^ 


+ 


27rz 


^ r f(t) dt 
Jc it - a)’^+Ht - 2) 


Hence, bj' Cauchj’^’s integral formula (4) and formula (5) of Art. 103, we 
get 

;(2)=/(a)+/'(a)(2-a)+--- 


+ ~- (2- a)" + 


(z - a)"+^ r fit) dt 


nl 


f . (2) 

27 rf Jc it — a)"+^(i — z) 


Kquation (2) ex-presses Ta 3 dor’s theorem with remainder 72n+i, where 

(z - a)"+' r fit) dt 


Rn 


+1 


r 

2)7ri wJ n 


cit- a)’>+H< - 2) 


(3) 


If wc can show that approaches zero as n becomes infinite, we 
shall have series (1), convergent for z inside C. To do this, let r be 
the radius of C, and let \fiz) | g AT on C (Fig. 111). Then since 
1 < - a I = r for t on C, and 1 e - z 1 ^ r - I z - a |, we get from the 
inequality (G) of Art. 103, 



( 4 ) 



450 


FUNCTIONS OF V COMPLEX \ VUUniX 


(Ciup \ 

But 1 2 — o j < r, and therefore j ^„^.i | maj be made as small as ttc 
plea*^ b> takmg n sufllcienth large Thus Taj lor s senes (1) is estab* 
lt«hwl 

Since senes (1) for an analj tic function of a complex \ anable is 
identical m form nath the Taj lor s senes for a function of a real \ anable, 
it 13 possible to define the ^ anous elcraentarj functions of a complex 



\ anable bj means of senes whicli are also correct v> hen the % anablo 
takes on real \ alucs onlj For example, e luai c 


■i+^ + ^ + 5-,+ 


sm 2 2 1 

31 5! 


'T\ + 


OMhz- 1 +- + _ + - + 


Consider next the senes 


CjU + o,u' + + c»«" + , 

where « is a function of z If this senes con%Trges for | u { < r, then 
cMdentlj thcEcnw obtained b> setting « " 1/(2 — a), 



2 — 0 


(2 - a)’ 


+ 


(2 - «)- 


(5) 


Trill conTcrge for z outndc the circle with center n and ruhua 1/r 
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Now suppose we lia\’e a ring-shaped region R bounded by two circles 
with centers at 2 = o and of radii ri and ro. Let the series fi{z) — 

c<i + ci(z ~ a) -i (- c „(2 - o)" -! converge inside the larger 

circle, and let the series foiz) = c_i (2 — a)~^ + ~ o)“" -b • • • + 

c _„(2 — a)~” -j — - converge outside the smaller circle. Then Laurent’s 
theorem states that the function 

/(z) = /i(z) + h(z) = Co -{- ci (2 - a) -f C 2 {z - c)^ -j 

-f c_i(z - a)~‘ -b c_ 2(2 — a)~^ -j 

CO 

= '^c,{z-ar ( 6 ) 

n — » 

is analytic inside R. 

Laurent’s series (6) may be obtained in the general case by an argu- 
ment similar to that employed in deriving Taylor’s series (1); it is 
found that if C is a circle of radius r, where rj < r < r 2 , then the coeffi- 
cients c„ of (G) are given by 

1 r f(z} dz 

''""^^•Jc( 2 -ar+^ (n = 0, ±1, ±2, (7) 

This formula, for n ^ 0, also gives tlie coefficients of the Taylor’s 
.scries (1). 

Let R be a region bounded by a circle C with center at z = o with 
the point a removed. If the Laurent expansion for /(z) in this region 
contains no negative powers of (z — a) and if /(a) = Cq, i.e., if /(z) is 
then given by a Taylor's series, the function /(z) will be analytic inside 
C, including the point z = a. If, however, the Laurent series does have 
negali\''e powers of (z — a), f(z) will not be analytic at z = o; we say 
in such a case that z = a is an isolated singidar point of /(z). If the 
number of negative powers of (z — a) is finite, and if (z — a)""”' is the 
lowest power, the singularity is called a pole of order m ; if the number 
of negative powers is infinite, /(z) is said to have an cssaitial singidarily 
at z = a. 

To illustrate, consider first the function /(z) = cos z/z^. Since the 
derivative /'(z) = - (z sin z -b 2 cos z)/z^ e.vists for every point except 
z - 0, (his function will be analytic cverj'where e.xccpt at the origin. 
Then for C any circle with center at z = 0, we have for the Laurent 
expansion 

COSZ ^ I 1 Z~ 2“* 

" 7 =“ 

SO that (his function posse-sse-s a pole of order 2 at (he origin but is else- 
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T\here anahtic 
Imc the senes 


As a second example, let /(s) 


1 1 1 

2 r2! 2^3’ 


(ClKP \ 

c*^*, for winch we 


In thus case our function e\ idcntl> has an essential ‘^ingulantj atr = 0 
105 Residues Let f{z) ha\ e an isolated singuhntj at r = a, and 
let Its Laurent expansion bo 

fit) « Co + ci(z — o) + Cziz - ay + 

+ c_i(2-a)‘**+c_2(2-a)-= + 


Bj the residue oif{z) at 2 = a is meant the coefficient c_i of (z — o)~* 
Ix;t C be a circle about the point z — a, and sucli that no smgulantica 
of /(r) other than z = a arc inside C Bj fonniila (7) of Art 101 the 
Tc<nduc va 

c-i = r m dz (1) 

2ti Jc 


As on example, consider the function /(z) *= c'/z^, winch has the 
Laurent expansion 

c* 1 1 1 1 2 

+ ? + + + ? + 


Then bj definition, tho residue at the pole z *= 0 is A OtlicrwasO 
regarded, for C a circle about the origin, the nght-hand member of (1) 
becomes 


\ r 1 f rfz 1 r rfz 1 r dz ^ 

2ti Jc 2jrj Jc 2^ 2rt Jc z~ 2jr* Jc 2z 2r Jc 

where /ifz) h — h — 4- is anahtic inside C Now bj reK- 

31 II 5f 

tions (.12) of Art 102^ the first two of the abo\c mtograLs \amsli, while 


J_ f'!z ^ 

2ff» J c 2z 2 ’ 

moreoior, |/i(z)dz*»0 bj Cauchj « integral theorem Thas we 
Jc 

again gtt for the residue at z « 0, the %altie { 

If r « o IS a Mm pic polo of /(s) 1 c , a pole of order 1, the residue of 
/(r) at r ■■ a w gi\tn b> 

hm (z - a)/(z) 



RESIDUES 


453 


Aut- 105] 


This important result, which materiall}’’ simplifies the computation of a 
residue in a large number of cases, is easily proved. By hypothesis, 
J{z) may be expanded in a Laurent series of the form 


f{z) = — + Co + ci(z — o) + 02(2 — a)^ H . 

z — a 

Then 

(z - a)f(z) = c_i + Co (2 — a) + ci (2 — a)^ H , 

and 

lim (z — a)f(z) = c_i, 


which is by definition the residue of f{z) at z = a. 

Let It be a simply connected region within which f{z) is analytic 
except at isolated singularities z = ai, az, • ■ • , o-n, and let C be the 
boundarj’’ of R. Then the sum of the residues of/( 2 ) inside C is given by 

s = fm dz. (2) 

For, let small circles Ci, C 2 • • •, C„ be drawm, each circle tying inside R 
and enclosing one singularity. Then, by Cauchy’s integral theorem, 
applied to the function f{z), which is analytic inside the region obtained 
from R by deleting the points interior to Ci, C2, • * •, C„, we get 


ff(z) dz ~ f f(z)dz f f(z) dz = 0, 

Jc JCi Jc„ 

where each integral is extended in the counterclockwise sense. Dividing 

this equation throughout bj^ 27r2, and noting that — ; f f(z) dz repre- 

27rf JCk 

scnls the residue of f{z) at 2 = aj,, we get our result (2). 

Now sup])osc/( 2 ) to be anatytic inside the simply connected region R 
bounded bj' a cur\m C, and ht f(z) have a zero of order p* at the point 
2 = at witliin R (k = 1, 2, • • •, n), i.e., 

fiz) = City - atY^ + C 2 ty - d , Ci 0. 

Then 

Z'ty) = Cipi:ty - + Coipk + l)ty - d , 


and consequently 


m 


pk 


z — at 


+ Fty), 


whore Fty) is a Taylor’s scries. Hence the rc.sidue of the function 
at 2 = at is Pk, V’hcnce we get from equation (2), 


-1 

2riJc/(=) 


Pi 4- P2 d hPn^ N, 


( 3 } 
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One of the pnncipil uses of the theorj of residues w in the evaluation 
of certain tlefinite real integrals * As a first example, let it be required 


to evaluate the mtcgral 


-fc*' 


a 


(G) 


where X 13 real 
integral 


Wo maj do this bv cv aluating m two wa3‘s the contour 


r dz 
Jc 1 + C* ’ 


(7) 


where C is the contour showTi in Fig 113, consisting of the x axis and 
the lines x = !/ " Our first method is to applj equation (2), 

as follows Inside C, the onlj value of z making 1 vanish is 



z “ n , hence this point is the onlj singulanti of the integrand /(z) 
“ e'^/(l + c*) vnthm the contour Developing and (1 + e*) m 
Tajlors ijcncs about the point z = iri, we find 

„ c*>/3 4. “ «) 4- , 

l-|-c* = 0 — (z — iri) — ^(z — W)* — 

Consequent!} wegetbv dm^on, 


/(i) 


1 +C* 


d* -e 

z — xi 0 


ri/a 


+ 


whence wo sec that /(r) has a simple polo at z “ ti with a residue 
— c*‘ * there Tlicrc^rc wt hive, bj (2), 


(8) 


* Numeroav examj les will lx found in T M M/icIlobert, ' Funrtion^ of ft Corn* 
pk"* \ »mt !<• 
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metkod, which is direct line integration, gives us 

hlz dx . f‘' dy 

/ 1 + Vo 1 + 


4- 


^-.i ^H(x+2rf) dij 

X, l + c^ Vo. 1 + c-^+‘‘' ‘ 


V (Fig. 114), for a and p, any two complex numbers, with | a j ^ [ j3 1, 

a+fi 



Fia. 114 


chavc ctd'^ ^aj— P,so that + 1 j = “ !• Also, 


JRA+,V) 1 _ .A/3 


nd therefore we get for the integrand in the second integral above, 

^}i(A+«» gA/3 

rr*?^ - - 1‘ 


jimilarl}^ we have for the integrand in the fourth integral, 


gK(-A+:V) 
14- c-^+’‘ 


1 — c" 


[Icnce, if we allow A to become infinite in (9), we get, since the right- 
innd members of (10) and (11) approach zero, 

, P dz P” dx o..,, r"” dx 

Jcl 4-c' ~J-« 1 4- <f J« 1 4-e*’ 


P dz 

r f 

l/ — eo 1 ’-f- cr c/«0 

*'c 1 4" c* 

1 P dz 

1 - p 

2:r2 •ic 1 -f* C* 

2x1 J--14-C*’ 


ombining (S) and (12), there is found 

f.r!z 2xir'^^ -n- 2-7r 

J— 1 4- r 1 _ ^ sin r-n-A'D ~ a/s 


J— 14 -r sin(x/3) Vs* ^ 

This integral may al.'^o be evaluated directly; the student should verify 
the 
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As a second c'cample, nc obtnm Peirce’s formula 484, 



To do this, we consider the contour integral 



where C consists of the i-aMs from —A to -*o, the upper small seA 
circle \z \ = a, the ar-axis from a to A, and the upper large semicirt 
I z j = A (Fig 115) Since the function €'*/z has no smgulanti, 




m^dt C, its onl> singular point being a simple pole at 2 *= 0, the inlc- 
gral (15) has the \nluc zero Therefore 




Xow 


/>A -r 

X Jo 




M (pQ.#+<JnO [ 




and htnee we ha\c for the fourth jntegril, J4, above, 



Act. 105] RESIDUEvS 

T}icscco’'o S 5r/2, (sill 0)/0 ^ 2/jr, so that 

= 3 (1 -c"^), 

A 

therefore I 4 approaches zero as A becomes infiaite. Also, as 
0, the second integral, Iq, approaches — iV, and so ive get in the 


Cd'^c 

, , r''“ 

icl + 

U.|S2| « 


it, 


Nov 


^0 gtx pco 

{ — da; + I — da: = iV. 

J—» X *do X 


0 ^ 


(17) 


in the first of these integrals we replace a: by —x, we find 

“ pto 

- I — dx = i‘ir, (18) 

do X 


diencc 


ind (14) follows. 


- r —dx + 
Jq .1 

X 


.r 

* 2 i sin X 


• dx = tV; 


PROBLEMS 


1. (a) HR is a region bounded by a single closed curve C, show that the area 
of R IS given by 


2 dy - 2 / dx). 


(6) Using this result, find the area of an ellipse. Hinl: Take the parametric 
equations of the ellipse. 

2. Derive formula (8) of Art. 102. 

3. Assuming that a function /(r), analytic inside a circle C of radius r and center 
0 , may bo developed in a series of the form 


ivr tlmt 
find 


/W « Co + ci(c - o) ri + cniz - a)”- • •, 

2W Jc {z -* n! 


ng the inequality (7) of Art, 103 show directlv that the series converges uniformly 
\z^a\<r. 

Q 4. lf/( 2 ) is analytic inside a circle C udth center at c « o, and if /(s) has a simple 
cro at c a, so that 

/(e) «= ci(e — n) + C 2 (e — a)" 4 , ci 0, 

fliow lint 


X f 

2riJc 




dz. 


h /(^) 

5. rind the residue of the function /(?) 


1 /( 2 ^ + 1)' at each of its singularities. 
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6 By contour integration, show tliat for n a positu'e integer 

fO if n 13 odd 

r cos'xdi - jl 3 5 (n - 1)„ , 

Jo 2r if T» 13 even. 

12 4 6 n 

Ilitd Set cosx >■ + 1/tc) where vr e*', nnd integrate along the circlt of 

unit radius centered at the ongm of the complex te-phme 

7 Show that (pLirce, 4tX)) 


for »n > 0 by integrating the function + c') along the contour consisting 

of the X axis from —A to A and the upper semicircle ] z | » A 

8. Gnen f c~**(ix -• V^/2 obtain the Fresnel intcgrnU (Peirce, 487), 

Jo 

J* cosjrdx —J" smx^dx— — 

bj integrating the function c“** along the contour consisting of the x axis from 
0 to A, the arc of the circle ] z | -• A from ■■ 0 to 9 »■ r/4 and the lino 0 •• r/4 
from I z I — A to 0 

9 Given J* c“**d!z V^/2, show tliat 

fV*’cos26idr-:i^’, 

Jo 2 

by integrating the function e ** along the rectangle with sides y 0 y — 6 
X — dtA Cf Peirec 508 

10 By integrating c"Vcosh rg along the rectangle wnth sidca y - 0 y •• I 
X •• show tint 

r“ e" a 

I — ; dx~pcc- ( — r<a<r) 

J-» cosh rx 2 
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Operational Calculus 


106. Introduction. In Cliapter I, Art. 9, wc introduced the concept 
of an operator D, denoting differentiation with respect to the independ- 
ent \-ariahle. Tliis operator was found to be a powerful tool for the 
solution of linear differential equations with constant coefficients, and 
it was therefore emploj^ed in a number of our problems. 

We projrosc in this chapter to study operational methods and their 
application to engineering work in more detail. The culmination of 
o\jr work will be what is known as the operational calculus, initiated 
by the engineer Oliver Heaviside, and used bj' him in the solution of 
a variety of physical problems. 

Unfortunately, Hea\dsidc’s treatment * of operators was somewhat 
un.sy.stcmatic and lacking in clarity, so that it is rather difficult to follow 
his methods and to be sure of their validity. However, Bromwich,! 
using the theoiy of functions of a complex variable, and Carson, J by 
means of integral equations, have given rigorous proofs and connected 
accounts of Heaviside’s methods. 

In Part I, we examine an integrating operator as a basis for Heavi- 
side’s methods, which we then use to solve electrical network problems. 
In Part 11, we consider Bromwich’s line integrals § and their connec- 
tion with and application to the Heaviside techniques. Laplace trans- 
form.'?, which have recently been extensively used in operational work, 
are briefly treated in Part III. 


PART I. ELEMENTARY OPERATIONAL METHODS 

107. The operator Q. Consider the linear differential equation of 

first order, , 

dy 

j^-Fy + G, ( 1 ) 

* O, ‘*KloctromnKnetic Tlieon'/' 3 vols. 

tT. J. ]'A. Bromwich, ^*Norm:il Coordinates in D^matnical Systems/^ Proc. 
LrwAnn Math, IIUO. 

J J. C ar^on, ^MCloctric Circuit Thcor>* and the Ojyorationnl Calculus/' 

§ H. Jeffreys, ^'Opei-ationai Metliods in Mallioinatioal Physics/' 

m 
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TV here F and Q are functions of t on]\ Suppose F and G bounded in 
the intcnal 0 ^ f g /o so that | T | g ^1, | (? } g Ai for 0 g I g fo, 
and assume thc«c functions mtcgrable o\ cr this region We shill seek 
tlie solution of equation (1) whicli is such that y *= ijo nhen / » 0 
Let Q be an opcpitor which, act mg on a function <;(<), Jields the definite 
mtcgral of g{t) between the hmits 0 and t, 

QffCO-fi/COA (2) 

•^0 

Operatmg on both members of (1) with Q, we then ha^o 
y ““ I/O ” QiFy + G), 

(1 - QF)y « yo + QO, (3) 

or 

y = yo + QG + QFy (4) 

Hero the sjTnboI QFij means that y is to be multiplied by F and the 
product operated upon bj Q Lquntion (1) is cMdontly cqunalcnt 
to the original differential equation (1) together with the condition 
I/l»-o == Vo ff we substitute for y m Q/’y the entire expression for y 
as gnen bj (4), we get 

y = yo + QG + QF(yo + QG + QFy) 

= (yo + QG) + Qr(yo + QG) + (QF)=y, (5) 

where (Qr)^y ls merelj a short waj of wTitmg QrQ/'yi and means tlint 
QFy 13 multiplied b\ F and the resulting product operated upon h\ Q 
Again substituting the cxprcs'sion (4) for y in (QO'y. (5) becomes 

y “ (yo + QG) -f QFfyo + QG) + (Q^O'fyo + QG) + (QH^y 
Contmumg lh« process, we are led to the infinite tones 

y"Il+Qr+(Qr)'*f • +(Qn"+ ICyo + QG) (0 

Let US examine tliLs *5encs For the range 0 ^ /q, w o have | F | g A , 

al*!©, smee | G | 2 Ai, it follows that j yo + QG [ S B Then 

I Qr(yo + QG) I - |£r(yo + QG)d/| 


S ABt, 
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1 (QF)2(7/o + QGO 1 = ! QWOio + QG)] 1 

^ I CpABldt 
I ‘'0 

AW 

s— - 

I PWfeo + Q5) I - I OTCWfeo + QO)] I 

I r^FAW 

^ I 

~ I Jo 2 
AW 

g ; 

3! 

and, in general, 

(Qmyo + QGOl^— p, 

n! 

as may be easily slio^Ti by induction. Consequently tbe terms of 
.series (0) do not exceed numerically the corresponding terms of the 
.series 

/ a¥ A”r \ 

5(l + Ai + -— + •••+— - + ••• , (7) 

\ 2! nl / 


which evidently converges for 0 ^ ^ /o, and in fact represents the 

function Hence, by this comparison test, the series (G) converges 
to some function y(l). Substitution of (G) in (4) show's that this func- 
tion i/(() satisfies the differential equation (1) and also the condition 
y — Vo w'hen t = 0, so that we have in (6) a solution of our problem. 

Now the series in brackets in equation (6) is the formal expansion of 
(1 — QF)“^, We may therefore write ^mbolically, in place of (G), 

y = p; (vo + Q.G). (S) 

1 - QN 

But this is merely the solution of equation (3) carried out as if 1 — QF 
were an algebraic quantity. Tlius the integrating operator Q may in 
thi.*: c.asc be manipulated formally if we agree that the sjmbolic relation 
(S) is a .shorthand way of writing the scries solution (6). 

The operator Q may also be profitably made use of in connection 
with certain differential equations of order higher than the first. As an 
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example, consider the Bessel equation of order zero (equation (1), 
4rt,C0), 

dPy dy 

,^ + j + ,y^0. (0) 

and Jet the accompanjnng conditions be that 1/ = landdy/A =» On hen 

d / dy\ d^y dy , 

= 0 Since — ( i — 1 = t — r H » (9) maj be ntten as 

diXdu dedt 


d f dy\ 


Appljnng the operator Q to this equation, we get 


and 


dy 


dy 1 

A “ “7 

A •'ccond application of Q then gi^ cs us 


Qty 


/- 1 . 


-Q-Qty 


(10) 


Rcplacuig y in the nght-liand member by its \aluc as gi\cn bj (10), 
we lia\ e succcssii clj 


-QyQt(l-QyQfy) 


• 1 - + - 




2’ 1’ (2rt)' 


n + 


( 11 ) 


nhicJt n the farm! nr cNpamsion of Joit) 

Before continuing uith our inicHtigntion of operational methocL" let 
iw fir<t lake stock, so to speak, nrul iletenninc nlmt advance ne lime 
made Ij> introducing the ojienlor Q As uas pointed out in Onpter i 
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tlic use of the differential operator D enabled us to shorten markedlj’^ 
the labor of finding the general solution of a linear differential equation 
with constant coefficients. Now in our physical applications, we are 
usually not interested so much in the general solution of a differential 
equation as we are in a particular solution satisfying given initial or 
boundary conditions. Hence a method which leads us directl}’' to the 
dc.«ircd particular solution, •without having to determine, as a separate 
problem, the proper values of the arbitrary elements in the general 
solution, is more desirable from the standpoint of the engineer. As far 
as the linear equation of first (and sometimes higher) order is concerned, 
we have seen that the use of an integrating operator does have this 
advantage of directness. 

On the other hand, it may seem from the form of the solution (6) that 
the Q-method has the disadvantage of always yielding a series represen't- 
ing the required function of t, instead of a solution in finite form which is 
usually more convenient to handle in computational -work. However, 
we shall see that it is possible in many specific problems to obtain finite 
expressions for our results; in other cases, the series form may be the 
best obtainable b 3 f any process. 

Having discussed the linear equation of first order and 'udth variable 
coefficients, we next consider the linear equation of second order, 

dry dy 

oo “77 + ®2V = T{i) (qo 7^ 0), (12) 

ar al 


in which the coefficients Qq, oi, 02 are constants and Tit) is anj’' bounded 
and intcgrable function of t for 0 g g fo, accompanied by the initial 
conditions 


dy 

y = I/O, — = yu 


(13) 


for t = 0. Operating upon (12) with Q, we get 


or 



+ aiiy — 2/0) + aaQy = 


Q.T, 


dy 

ao — + diV + a2Q!/ = ool/i + a-iVo + QT. 
at 


'V second application of Q then gives us 

co(j/ t/o) + oiOy + 02 Q‘j/ = ooQi/i + GiQyo + Q^T, 

or 

(«o -h OiQ -f flaQ-)!/ = (oo + aiQ)2/0 + ooQyi + Q^T. 


(14) 
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For comcnicnce, let <>o(Q), «^i(Q) denote the opentors actmp 
upon y, yo respectn cK Xon , remembering that oq 0 , the func- 
tion 


<»(z) Oo + Ol- + 023" * 

where z 13 a complex lannblc^ ma> eiidcntl^ be rcprcs:ntcd b> a 
Maclaunn cencs m z If we opemte on botli members of equation 
(14) with the corrc^pontlmg operator senes <>*'HQ), we ^t, since 

<^'‘(Q)<^>(Q) = 1, 

y = <>"HQ)<?-o(Q)i/o + <>"'(Q)<>i(Q)i/i 4- «>"'(Q)Q"r (15) 

Wlicn the indicitctl operations m (15) are earned out, we thus obtain a 
‘^rics solution of equation (12), ‘?atjsfj mg the conditions (13) Tlic 
comcrgcncc of the rcsultmg senes maj lie cstablLshcd follow mg the 
proccKlurc cmploj cd for senes (0), and consequently (15) w ill bo a i alid 
solution of our problem 

Sjinbohcallj , (15) may be WTitten 


^(Q) 

«(Q) 




( 10 ) 


Now smee, for c a constant and u and i any permissible functions * of 
t, we ha\c 

Q(c«) = cQ(u), 


Q(it -I- 1 /) = Qu + Qi, 

where m and n are positiio integers wo see that Q bchaies m these 
manipulations as if it w ere an algebraic quantity , just as the difTcrcnlial 
operator D w as found so to Ix-hai e m Clinptcr I 1 bts suggests that we 
may express the solution y by resell mg the fractions m (10) mto partial 
fractions U c shall supfiosc first, for simphciti , that Oj 0, so that 
each of the fractions m (1C) is a proper fraction, i c , one rn whirfi the 
degree of the numerator ts less than that of the denominator, and that 
the roots of ^(z) “ 0 arc distinct Tlicn each of the fractions <^j/^ 
may l>e resolved into a sum of parti tl fractions of tlic form 


A 

l-K}' 

• IlfTP JUS m all Uj** wm in whirh the operator Q li rmi lojisl it ti awiimed lh»t 
the functions operated ujwn linvi the proinrties utaU-d at tfw bejpnnlng of ifv 
nrtiel- 
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where l/r is a root of = 0. We have then to interpret the expres- 


sion 


7i = 


■Aijk (h = 0orl). 


1 - rQ 

This is evidentijf of the fomr (8), and therefore yields 
Tj = [!-}- (rQ) + (rQ)2 -f • • -JAy,, 


= Aijk 

= Ayuc'-r 


(7-0" (rt)^ 

l + (r0+^ + ^d- 


(17) 


(18) 


Thus each of the first two terms of the right member of (16) may be 
interpreted as a sum of exponential functions of t, the coefficients ot 
which maj’- be found by the method of partial fractions. Similar!}'', the 
last terra of (16) vdll yield a sum of terms of the type 


Fo 


A 

1 — rQ 


QT. 


(19) 


By equation (8), with t/o 
dilTorential equation 


= 0, Fo is the solution, vanishing vdth t, of the 


d\\ 

dt 


rY. AT. 


We easily find, by the usual process, 

Fs = Ac^'QTc-^', 


( 20 ) 


and therefore the last term of (16) may bo interpreted. 

In case a fraction in (16) is not proper, it may, by carr}’'ing out the 
indicated divi.sion, be reduced to the sum of a polynomial in Q and a 
proper fraction. The pol}'nomial in Q vdll yield a pol}’nomial in t 
upon interpretation, and the proper fraction may be treated as indicated 
above. The case in which the equation <^( 2 ) = 0 has multiple roots 
requires that the .above iJrocedure undergo certain modifications, wliich 
u'e .'shall not stop to discuss. 

Linear equations of higher order and with constant coefficients may 
evidently be similarly treated, and it is not necessar}' to give a detoiled 
discuasion of the gencml equation. Our purpo.'^e here has been merely 
to indicate the manner in which an integrating operator may be em- 
ployed, and to lend into the di.'jcu.'ssion of Heaviside’s methods. 
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For tlic sake of making the above argument more concrete, and to 
create facility m the use of operators, y\ c giy c an example of the proccsa. 
Let tlie giy cn equation be 

dy 

-4 - 3 — + 2y « 12c-‘, 

dr dir 

and let the associated conditions be 

t/o = == yi “ 5 

-^<-0 dl J<«o 


Tlicn equation (10) is here 

y = , 4 + j 5 + 5Q(12c~<) 

1 - 3Q -f 2Q= 1 - 3Q + 2Q-' ^ 1 - 3Q + 2Q=' ^ 

We readily find 

1 - 3Q 2 1 

1 - 3Q -b 2Q2 ~ 1 - Q “ ' 

Q 11 


9 

1 - 3Q + 20^ 1 - Q 1 - 2Q 


Hence wc get 


1 - 3Q + 2Q=* 

Q 

1 - 3Q + 2Q= 


5 = -6c* + 


1 - 3Q + 2Q= 


Q(12c-') « -c'Q(12c“<.c-0 +<r'Q(12c-‘ c“^‘) 


= -Ge* + Cc“* + Jc** - 4c-', 
yy hence the required solution is 

y « 2<;-* _ 3c» ^ 


PROBI FMS 

UeinR the tnrtttodji of Art. 107, find the Botution of each of the foUowinu differential 
equatioru, tubjeet to the given conditions 
<fv 

1. ^ - O + Cr - 3d, - 0 for < - 0 

+ tor/-0 
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3. $- 1 / = < 12 / = -1 = 4 for 2 = 0. 

dr of 

4. ^ - 2/ = 6c^'; 2 / = 8 and ^ = -5 for 2 = 0. 

dir at 

C. ^ ^ — 22/ = 2(1 + 2 — 2-); 2/ = 0 and ^ = 3 for 2 = 0. 

c/(- dt 

108. Heaviside’s operator p. The procedure outlined in Art. 107 is 
sutetantiall}’- tluat emplo3’'ed bj' Heaviside in connection with a system 
of differential equations arising in electric circuit theo^y^ Heaviside’s 
notation for our operator Q was p~^ ; this symbol, which he regarded as 
the inverse of the differential operator p = d/dt, is somewhat more use- 
ful in application, since it allows for the joint use of differential and 
integrating operators in the same problem. 

However, when appljing both p and Q to a function, care must be 
taken. For, while p and Q separately satisfy the fundamental laws of 
algebra, tliej' are not necessarilj’- commutative with each other. Thus, 

pQ{ 7(0 = 4 r ^ 

Clt Jo 

hut ^ 

QpaiO = r u'iO dt = g{l) - 27(0), 

•^0 

so that unless //(O) = 0, pQf/ and Qpf/ have different meanings. 

In order to make p the true inverse of Q, it is therefore nccessarj' to 
.slipulaie that, whenever p and Q both appear in an operator, the p 
operations should follow the Q operations. 

Even with this undemtanding, the symbol p should not always be 
interpreted ns d/dl directly. For, suppose that we operate upon equa- 
tion (14) of Art. 107 with p“; then we have 

(floP“ + oip + af)i/ = (oop- + aip)yo + OoPl/i + T. ( 1 ) 

If, now, we first set p = d/dt in the right-hand member of (1), and then 
divide by the opemtor F(p) - aoP“ + oiP + Qo, we get, since p^'yu - 0, 
niorcly 



and the effect of the initial conditions has been lost. Instead we 
riiould divide bj’ F(p) first, getting 
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where Fo(p) and TiCp) are the oporitors acting on ya and y\ recpcc- 
ti\cl> in (1), and then interpret the operators in equation (2) properly 

Wiiat ‘jiould be the proper interpretation of the operators m (2)? 
The aasn er to this important question i» ca<!il> found m tlic light of our 
discusfson of Art 107 Expand the fractions FofF and F\/F in ‘scncs 
of ncpatu’c povsers of p interpreting p~” as Q” This procedure will 
then be entirely equivalent to the Q-method, mth merely a different 
sjonbolusm 

In a specific problem, for winch we desire a solution in finite form 
the conversion from the p method to the Q metliod maj of course be 
made directlj For e.\ample equation (2) for the problem of ^\rt 107 
will be 


P"-3p 


■4+^ 


5+- 


1 


p - 3p + 2 - 3p + 2 p® - 3p + 2 


(3) 


Div iding numerator and denommator of each fraction by p®, and rcplao 
wig P~‘ Q p~“ bj Q’, v\c get 


1 - 3Q 


;4-f 


3Q + 2Q= 1 - 3Q + 2Q' 


-5 + 


1 - 3Q + 2Q= 




v\hich IS identical with our previous formulation 
If on the other hand, we v\ ere to expand the fractions m equation (2) 
in positive powers of p we would got the wrong result To illustrate, 
consider again the abov e problem Referring to equation (3), vve w ould 
have 

P^ - 3p 3 7 , 

p P"~ , 

p=-3p + 2 2 4' 


P 

p" - 3p + 2 


1 3 , 

“P + JP + 


y 


1 

p= - 3p -h 2 


I 3 


p + 


(-!p “ Ip^ - )i + (Vp -h + 
+ (i + 3p + )I2c-'» 

Cc""* ~ Oc~* + 


)5 


But this infinite vencs is entirely meaningless 
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Moreover, while the series in positive powers of Q operating on T{i) 
always yield convergent series, this is not always true of series in powers 
of p. Thus, consider the expression 


/H 


p - 1 


If we write 

we get 

^ 

p - 1 2 


p - 1 


- -(l + p + p2+-.-+p”-' +•••), 


1 3 ,, 

- r’» - - + ■ 

L4 s 


+ (-i) 




?n+l 


^-(2n+l)/3 _j 


Appljdng Cauchy’s ratio test to this scries, we find 


Urn 


Un+l 


= lim 

n — • so 


2n+ 1 
2t 


so that the series diverges for all values off. On the other hand, we have 
1 


M 


P - 1 1 - Q 


— = (Q + Q- +• • •+ Q” +• • 


2 " 


2 V 4 ,, S - 

~ d f ' d d" * ■ ‘ d 

3 15 105 3-5-7---(2?id- 1) 




whence 


lim 

n -» «o 


Xt 


n+X 


— lim 


2t 


2x1 + 3 


= 0 , 


and Ihcrcforc this series converges for all values of i. 

It is therefore apparent that the operator Q, or p~\ is fundamental 
when we wish to solve a dilTcrcntial equation subject to given initial 
Conditions. 

In view of what has been said about the operators p and Q, it is 
natural to ask why the operator p should be employed at all. One 
answer to thi.s question is found in the historical background of the 
Mihject of operational cnlculus. Heaviside, using the operator p boldly, 
v. ivs able to obtain many imjrortant physical results in a much easier and 
.diortcr maTiner than had been previously possible, and later workers in 
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the Cold of operational analj-^is followed IIcaMside’s tcdmique in 
extending the appUcabUitj of Ins operator*, or t^,t'\bh^hed die a alKlit> 
of Hea\T5ide’s results by gi\ing them a firm mathematical foundation 
Another reason for not abandoning the operator p is that, as has been 
alread} stated, tlii«5 operator is frequcntlj the simpler to use in our 
phj'sical applications, this will become more apparent as we continue 
our studj of operational method-) 

Let us now interpret some particular operators acting on unity To 
begin mth, we hai c, ns has been seen, 

p-> 1 = Q 1 = /, 


and m general, 




n' 


(4) 


where n is anj positii e integer Likewise, we get 
P , 1 

P - ' 


1 ■ 


-oQ 


1 « (I + oQ + a‘Q^ + ) I 


Q t‘ 

= 1 + Ot + ” + 


(5) 

If we differentiate the relation (1 — oQ)“^ 1 c“* partially with 

respect to a, wo get 

Q(l *- flQ)-= 1 = fc“', 

2Q'(1 - oQ)*® 1 » ^V', 

3*Q^(1 - oQ)-^ 1 = 

and m general, 

(n - 1)*Q— *(1 - nQ)-^ 1 - r'V', 

whence 

Q»-i p . f"' * 


U - oQ)" 


1 > 


(P ~ n)" 


1 • 


(« ~ 1)1 


(0) 


Tins formula ma> al*o he obtained bj direct expansion and mtcrprcta- 
tion 

I\e next consider the rational function /(p)//'(p)t where /(p) anti 
F(p) are iwliTiomial-i in p, and the degree of /(p) dtK-t not excwl tlial 
of F(p) Let oj.cj , o« denote the roots of hit) 0, which »c 
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suppose to be distinct and different from zero, and let F'(a;0 denote the 
value of di<Xz)/dz for 2 = a;,.. Then Heaviside’s expansion theorem 
states that 


M ■ m I p /w 
i'Cp) m) 


To prove this theorem, consider the resolution of /(p)/p^(p) into 
partial fractions,* 


/(p) 


Then 


pF(p) p P - Oi p - 02 

P^(P) 

/(P) -dol^(p) + -d-l ]-••• + -dn 


P - 

Setting p = 0, we get/(0) = yloF(O), so that 

, m 

An = 

F(0) 

Likeunse, for p = at, there is found 

d 

F(p) dp 

/(a/;) = AkQu lim = A^ak lim — — 

f>“*afcp — G/: d 


P - On 

Pi^(p) 

P 


f^(p) 


whence 




= AkOkF'iak), 
Kok) 


dp 


(P - Ok) 


(7; = 1, 2, . • n). 


OkF'iak) 

Inserting the values found for Ao, -dj, • • •, An, in the partial fractions, 
and multipb’ing throughout by p, we have 


m ^ m sio>:) p 

F(p) F( 0 ) ^ OkF'iai:) P- Ok 

I'innlly, interpreting p as d/dl, and operating on unity udth/(p)/F(p), 
we get, using fomiula (5), the Ileaviside expansion theorem (7). 

There exist modifications of equation (7) for the cases in which 
F{z) = 0 has zero or multiple roots. However, we shall not have suffi- 
cient need for thasc special fonnulas to warrant their derivation in 

* Temporarily, p may lx; regarded as an algebraic quantity, and interpreted as an 
opi-ralnr in tlio final n“;uU. 
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general terms I/, m a particular case, tomc of the a's are equal or zero, 
the resolution of /(p)/pF(p) into partial fractions u ill contain tenns of 
the form /l/(p — where m is an integer greater than unilj 
Then/(p)/F(p) mil contain terms of the form ^l/p”"* or of the form 
^lp/(p “ “*)**» which can be interpreted bj means of formulas (1) and 
(0), respccti\clj 

We now appl^ (7) to the interpretation of a few operational formulas 
Con<udcr first the operator p/(p® + Here /(p) = p, F(p) = p’ 
+ a" = (p -* ia)(p + to), eo that we get 


P 


1 


la . — la 

0 ^ -j c 

itt 2ia (—ia)(— 2ia) 


a 2i 


1 

- sm a! 
a 


( 8 ) 


As another example, consider the operator pV(P^ + o*) Here wc 

, 2 •* 

P" . "a" . 

^ 1-0 + c"*‘H 

p'^ + a* ja 2ta (— ia)(— 2m) 

+ c~“‘ 

" 2 

— cos at (9) 

Note that if wc mterpret p ns d/dl, formula (9) ma> be obtained directly 
from (8) This interpretation of p, howc\er, is not ah\aj*s xahd, as 
wc Ime seen 

Uj changing a mto to m (8) and (9), we get the additional formulas. 


p 1 

1 *= - sinh at, 

(10) 

p" — o^ a 


— — ~ 1 — cosh at 

OD 


p= - o' 


An mtcTcstmg application of formuK ( 8 ) is found in the following 
resonance problem A simple pendulum, ongmallj hanging m otjut- 
libnum IS BubjectctI to a force varjing pinusoKlall) in a penod equal to 
the natural |>enod of the pendulum assuming the natural period to Ik* 
constant and independent of the amphliule of swaiig, find the angular 
dfc*pbcemcnt 0 at nn> time / Here the dilTcrcntial c<iuation of the 
motion Ls CMdcnt!> 

tTo , 

--j + o ^ 4 sin o/. 
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■wlicrc c and A are constants. Now let us use equation (8) backwards, 
so to speak, that is, let us replace sin ai by the equivalent operational 
e.xprcssion. Then we have 


(fO „ ap 

dt^ p“ + 


• 1. 


Since 0 = dO/dl — 
tion in the form 


0 for i = 0, we may write the solution of tliis equa- 


e = A 


op 


(p^ + a^f 


Now the right-hand member may be interpreted as follows. Differ- 
entiate equation (8) partially with respect to a, getting 


Then 

and 


— 2ap 
(P^* + 

ap 

(P^ + 


i 1 . 

1 = - cos ai sin al. 

a a 


1 = — - (sin al — at cos al), 
2a‘‘ 


A 

6 = — - (sin al — al cos at). 
2a? 


( 12 ) 


Our problem, incidental!}’', has furnished us wth a new operational 
fonnula (12). Despite its novel derivation, it is valid, as the solution 
of Problem 8 below vdll show. Other new operational formulas may 
be similarly obtained and justified. 


PROBLEMS 


In Exercises I--5, use the methods of Art. 108 to find the solution of each differ- 
ential equation, stibjcct to the given conditions. 

^ fPv d\i 

1- 3 ;^ + !/ ^ 2; i; « 1 and -r = 1 for t 0. 
at- at 

ft ^ . . dv 

2, 2 sm f : t; »= —I and — « 2 for ( = 0. 

or (U 

^ § = G for 1 = 0. 


A , dtj dy , d^t/ 


= —2 for I ■= 0. 


d*ti 

Id 


(Jl 

dt 


<fv 

tic- 


6. — ;/ >= 1 ; t/ =j 1, -jj' =3 2, = 0, .ind ■“ =: 0 for t = 0. 


, dy 

dC 
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6 By expanding ~ cQ)" a Kincs e po'wers of Q imd oporat 

mg wth tlic ^nca on unit> denvx formuU (G) of \rt, lOS 

7 IXn\c the operational formula 


by operating upon both members of equation (G) \rt lOS nath p~* Justif> tic 
proccdun- 

8 IXn\c formula (12) of Art lOS bj rc^hang the operator into partial fme^ 
tions an 1 then u, mg the n”*uU of Problem 7 


10 


11 


Dcn\c the following operational formulas. 

’ 1 - Nf-‘ - 1) 

O — h + he“* — Of^* 


p - O 


I • 


(p - o)(p - b) abCa - h) 


(p + b)^ + a* 


(p + h)* — a 
p* + bp 


1 ™ e ** Finh ai 


(P + b)* + a' 
P* + bp 


(p + 6)2 - a* 


— j 1 ■» C“*' C03 Oi 
I — e ** cosh at 


109 Electneal networks In Chapter I, Art tic considered 

some simple electrical circuits containing a source of c m f and the con- 
stant parameters rcMstanco inductance L, nnd capacitance C of the 
circuits ^\c xio\t proceed to set up the differential equations of more 
complicatwi cirants or combinations of circuits and to soUc these 
equations opcritionnl methods 

Our formulations nnd results although couched m the tcrminologj of 
clcclncitj and referring principally to electrical circuits, maa be inter- 
preted al‘«o m connection inth analogous mechanical thcrmodjTiamic, 
or aerodynamic problems * 

B\ an electrical nctuork is meant a coupled group of circuits made 
lip of brvnclics each of which may contiin rc<t tnnccs inductances, 

**>>. for cMmplc \ Bu«}i, * Gimbnl *'IaI il ration Jour FnnUm /fwt. 
Augu'l, Itlie 0 G C. Dilil, Trmpiraturo nnl Strt-M I)i.«tnl ution In lloJJow 
Cvhntr* Tmna AJi \t F VoL HG p IGl iWt It T J n««, Calfiihti n of 
ll>«* Motion of nn tirj Jinn under ll «* Influenre of Iirrgular Di^turbonfru, Jounvd 
cf Am’V'ulirtil Sfimcn \ol 3 p 410 1036 
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capacitances, and sources of e.m.f. in series. Coupling may consist of a 
physical connection by means of a current-carrying conductor, or it may 
1)0 electromagnetic in nature, as betn-een the primary and secondary of 
a iran.sformer. 

Wc shall denote resistance, self-inductance, and capacitance by the 
letters li, L, C, respectively, and shall use single subscripts to denote the 
branches to n'hicli these parameters belong, as indicated in Fig. IIG. 



Fig. 116 

IMicn two branches are coupled clectromagnetically, as are the second 
and third branches in Fig. 116, we use the letter L ndth double subscript 
to denote the parameter of mutual inductance; tliis inductance maj'- be 
po.^itivo or negative, depending upon the relative mode of rvinding of the 
two coils involved. A source of e.m.f. in am’ branch is denoted by E 
with the ])roi)cr single subscript. Currents flowing in the various 
branches are designated by i with suitable single subscripts, and their 
directions of flow arc arbitrarily assumed and indicated by arrows, as 
in Fig. 110. 

One branch, or two or more branches in series connection, may’ 
constitute a mesh or circuit; thus, in Fig. 116, branches 1 and 2 consti- 
tute one circuit, branches 1 and 4 a second circuit, branches 2 and 4 a 
thiixl circuit, and branch 3 alone a fourth circuit. 

KirchhofT's current and e.m.f. laws,* upon which all network analy^ses 
rest, may be stated as follow.s. 

I. At any junction point of three or more bmnehes, the algebraic sum 
of the currents, considered as positive when flowing toward the point 
and negative when flowing away from the point, is zero. 

If. The algebraic sum of all the e.m.f. 's and potential drops aroimd 
any ciroiit is zero. 

To illustrate the classic procedure for any given network and to 
lead up to the general operational analysis of circuits, we apply Kirch- 

Iiw?, restated here for convenient, rofcrcnco, were given aI.=o in Art. 

■tyt).. It i.s M-ssumed tliat the method of applying the second law to simple circuits 
Is laniiliar to the student. 
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hoITs laws to the network of Fig 116 For either of the junction 
points of branches 1, 2, and 4, law I gi\e3 us the relation 

ii - t2 + (I) 

I^w n apphctl to the circuits made up of branches 1 and 4, 2 and 4, and 
3, in turn \ lelds the further relations 

If If dll 

Riti + + — j dl + ~ j ti dt + Li — ^ El, 

diz , di3 If 

/fall + Lrs — h /'ll — 1 (ft — /f^ti = 0, (2J 

dl dl C4 J 

1 f (Jl3 dl2 

/fata + TT + — 4-Z.03— = 0 

L3 J at at 

\\c need not write the equation for the circuit consisting of branches 
1 and 2, since tliLS relation maj bo obtained bj adding the first and 
•second of equations (2) If, now, we make use of equation (1) to 
eliminate 14, our network cm f relations (2) ina> bo wntten in the 
form 

L, ^ + («■ + «<)'. + (^ + ■" - <" “ r,. 

-ItiH fn rft + X 2 ^ + (/f2 + /f4)l2 
C^J dt 

If i/'a ^ 

+ — • \i2dl + L33 37 " 

C4 d dt 

dtz dll If. 

”j7 ^ TF I «3 A « 0 (3) 

at (it C3 •/ 

npuatioas /IlIwVudd.a S3 stem of Ihrcc simultaneous linear dilTcrcntml 
«luation.s in the three dejx'ndent % ambles 11,13, 13 If we sol\e this 
•*iHtcm subject to suitable guen initial conditions, and then find, from 
(1), 14 ns 4| — *2 we sh ill Im e cxpre^''ions for the currents m nil four 
Ijranelies of the network 

Wo next comsidtr the same problem from another mow point, which 
w tint u-tfuall^ adopted in circuit nnaUMs W'e regard the network as 
mailo up of three independent eiixniits (llg 117), the first consisting of 
branches 1 and 4 the is'Cond of bmiKhes 2 and 1, and the third ol 
branch 3 , and let /|, /•, I3 denote the currents, convention illj a*--sum(xl 
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to flow m the clockwise sense, in the three circuits. If we appty Kirch- 
hoiT's second law to these three circuits in turn, we get directly equa- 
tions like (3) except that Jj, /o, h, respectively, replace ii, 12 , is- The 
new relations then determine the circuit currents Ji, I 2 , Isi from which 




the resultant branch currents z’l, i 2 , is, u cither are directly knomi, or, 
for branch 4, may be found by use of ICirchlioff’s first law. 

The fact that the equations for the circuit currents are exactly like 
equations (3) for the branch currents is of course due to the equivalence 
of /i and ii , h and t 2 , h and i^. If the three circuits chosen for analysis 
in this network had been other than those indicated in Fig. 117, the 
correspondence in form between such circuit equations and (3) would 
not have been so complete, although the ultimate determination of 
hmneh c\irrents ii, fo, i^, ii would necessarily lead to the same result in 
any event. There are, however, networks in which a circuit current 
may correspond to no actual branch current. For example, consider 

the network represented schematically in 
Fig. 118, where there are five independent 
circuits wliich may be taken as indicated. 
Here circuit currents I\, I 2 , h, are actually 
mca.surable as flonung in the outside branches 
of the network, but circuit current Js is ficti- 
tious in that it cannot be measured by an 
instrument placed in any branch. Instead, 
the cun-ent flowing in each of the four inner 
branches is tlie resultant of /g and other of 
the remaining four circuit currents. 

As indicated by our first example, the second method is usual!}’ more 
direct. I^Iorcover, it is more readily applied to the general problem of a 
network possessing independent circuits. We proceed now to con- 
rider Ihi.s general problem. 

I.et /i’ll., /;,ii, Cik, respectively, taken as positive, denote the total 
K^istancc, inductance, and capacitance in series in circuit and let 
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Cfif signs determined m accordance \nth the clocXin‘!C 
con\cnlion for po«iti\e current flow, denote the corresponding mutual 
elements common to or betuecn circuits j and K Iiudcntl> Rjt ** /f*y, 

Lji *= Lij, (T/fc *® Ctf 

To illustrate thtoe comentions and notations, lot us refer again to 
the nctnorK. of I ig 117 c ha\c here 


/'ll 

“/'i, 

/?ii 

“ /?! + /?!, 



/?22 ' 

*= /?2 + I^i> 

Inz 

-li. 

/?33 ' 

1 

t33 

Lt2 

" /ci 

-0, 

Hi2 “ /fji 

L 23 

■= L 22 

•* /ci3» 

1^22 “ /?32 

/'ll 

-Lu 

« 0, 

^31 *= /?13 “ 


1 1 


1 

Cn 
1 1 
Cs2 C4 
1 

"S’ 

111 
Ci2 C2I C\ ’ 


C3, ‘ 


« — « 0 , 

C33 


C 12 


Con‘^?quontl> the equations of thts ncti\oTk maj be wntten as 

dh I r 1 r 

1^11 — + nuh + ^ J ^ J 


f?n/l + 


5/' 


d/2 1 r 

It dl -f /c2 -f + + ” I ^2 

dt Csa d 


Cjj J 

dh 

dl 


d/2 d/3 1 r 

/02 ~ + /<M -7- + /?33/3 + 77— I /a dt “ 0 (3 ) 

dt dl Cxi d 

In tlic classical treatment of network equations (3) or (3'), "c should 
liepm l)% dilTercntiating e-ieh ecpiation ^^llh respect to t, m order to 
iemo\e the intcRral terms, \\iiich are nt present mdcfmite However, 
•we wish to treat Rich equations from the operator viewTHnnl, taking 
into account initial conditions Aeconlmglj, no shall stipulate tliat, 
in all our network pmiblcms, the chargi's, which arc represented l>> the 
time mtegnils of the \ anous currents, sliall he initially rcro 'flirn the 
integrals mav hm c 0 and t ns their low cr and upper limits, reqiectiv cl> , 

ord XYC ma\ waitc Q/i for fhdt 
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Consider now a general tj'pe of network made up of m simple inde- 
pendent circuits. Each circuit may contain an e.m.f., resistances, 
inductances, and capacitances, and in each a circuit current Avill flow. 
From the manner in wliich equations (3') were set up, it is now easy 
to see that avc get by an application of Khchhoff’s e.m.f. law to each 
mesh in turn, equations of the form 


+ ^nh + — + Li 2 ~ + E12/2 + — Qh -\ 

at Oil O 12 

dl 1 

+ Llm f~ Rlm^m + ~ = En{0> 

at Oi,„ 

d/i 1 d/o „ , 1 , 

L 21 — — h E 21/1 + Q^i + Loo — h E 20 Z 2 + 77“ -{-••• 

dt C 21 dt C 22 

■}■ L2m h R2nJm + QZm = (^) 

dl C2m 


dh 1 dh 1 

Rinl “7— + Rmlh + ~ — QZi + L,n2 — h ^m2^2 + — — QI2 d 

di Cni dt Cm2 

dim 1 

d~ Lmm Y h Rmmlm d" ~ Q,Im — 

(it Omrn 


wi>erc •••,Emm{t) are the e.mi.’s applied to tlie vi circuits. 

To .save space, we may write equations (4) in the shorthand form * 


^2 ^ ~ = 1, 2, • • m). (5) 

If wo oporatq upon (5) with Q, we get 

y'f- d- RjhQ + ~ Q"] h =^2 d- QEjj 

(i= 1,2, (6) 

whore Zio i-s the value of Zt for t = 0. Tliese equations correspond to 
equation (I t) of Art. 107. If wc now operate upon (6) with p, and write 
1/p for Q, wo find 


i:(^- 


I'JlV d* Zfjt 


ok>-S 


vEjiJi.0 ~h E. 


'}} 


O’ = 1, 2, •..,W2), (7) 


• To foiiow Stic nrfaimcnl clearly, the* stadent should write out tho .«=ubscqucnt 
equnt in full for, ?:\y, m 2 or 3. 
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winch correspond to equation (1) of Art lOS 
the operator acting on h m tlic jth equation, 


(Chap \I 
Letting z^*(p) denote 


•= L^tP + — , (8) 

C';iP 

equations (7) become A\iien wntten out m full, 

2|l{p)^l + 2 i'>(p)^ 3 + + ^Im(p)/r. 

p(Lii/io -h Li'flzo •+■ -f Linltno) 4* ^11, 
-i(p)/t + r-''.(p)/2 + + Z-rF,(p)/w 

= p(L>i/io 4* L2<»/20 4* 4" Lsm^mo) 4" £'22 

, w 


^«i(p)/i 4- r„2(p)^2 4* 4- r««(p)/M 

“ PfLml^lO 4 - L„’>Jzq 4- 


4* LtniFi^mo) 4* Em 


Equations (9) nia>, for anj Kpccific problem, be sohed for the 
currents h bj the methods gi\cn m Art 108 Such a set of aalues /t 
aaould not onI> satisfy the netasork equations (4) but would automati 
call> meet the mitial conditions = /lo for t *= 0 aaathout the 
ncccssitj of sohing for the proper aalues of the arbitrarj constants 
m the general solution of sj stem (4) 

In most netaaork macstigations, hoaaeacr, the problem of pnncipal 
importance is to find the response of the nctavork aahen imtiallj m 
equihbnum i e , when po currents are flowing at time ^ » 0 VtC shall 
therefore assume m the following that Ao •=■ 0 (t ■* 1, 2 , m) and 

shall dLscuss methods of sola mg the sj stem 

*Il{p)fl + ^12(p)f2 4* 4- 2in(p)!n “ E ij, 

?-i(p)/i 4- 2 -(p)/ 2 4- 4*r''^Cp)/^«-r2-» 00) 

4* J«-(p)f2 4- 4- - E„„ 

thus obtained from (9) 

^\e maa make a second simplification m our general prollem as 
foIIoaa-B Finro aac arc de ding here aaith the linear equations of circuits 
contammg constant parimcters wo maj make use of the principle rf 
superposition aahich stated for Mich eirtaiiU aajs that whcnseacral 
t m f ’» are acting m a network of fixed parameters each produces its 
own elTect mdepcmhaitla of the otlicrs and the rt^p<ins<! for each maa 
rt M ninfeJi fln 1 If e /•nfnhinwl 'Tlt'lt thw iS 
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legitimate may be sIionto from the theoo’' of linear differential equa- 
tions; from a physical vie\^•point, it is evident that, when a circuit 
parameter is constant in value, a single e.m.f. vill produce the same 
response no matter what other sources of potential may be acting at 
the same time. 

It follows tliat we may treat, instead of equations (10), a system 
of the form 

"b ^12{V)^2 + • • • + “ E{C), 


22l(p)>fl "b 222(p)b2 + • • • + 22m(p)^m — 0, (11) 


• • • • } 

Zml(p)bl + 2„,2 (p)/ 2 + • • • + Zmm(p)-f^m = 0, 


where we have vTitten, for convenience, E{t) for Then if more 

than one source of e.m.f. is present in the network, we may consider each 
in turn, using equations of type (11), and combine the various results. 

With the proper inteipretations of operators involving p, we may 
now solve equations (11) formally, regarding them as linear algebraic 
equations in the /'s, the cr-efficients 2 jfc(p) being treated as algebraic 
quantities. Solving by determinants, w’e therefore get 


h = 


i^bu(p) 

A(P) 


E{t), 


( 12 ) 


where A(p) is the determinant of the S3'stem, 



2ll(p) *i2(p) • 

•• Zlm(p) 

A(p) == 

Z21(P) 222 (P) • 

’ • ^2m(p) 


2„i(p)2„2(p) • 

2mm(p) 


and ilfifcCp) is the cofactor, i.e., (— 1)*""^ times the minor, of ru(p). 
Tlie operator il/iy,.(p)/A(p) acting on E{t) may evident^’- be e.xpressed 
as a rational function of p. 

If E{t) i.s a constant, it is possible to find bj' the use of Heaviside’s 
cxpan.‘:ion theorem or similar operational formulas. But if E{t) varies 
vith /, ns docs, for example, a sinusoidal e.m.f., some other procedure is 
indicatwl. We therefore consider next the .superposition theorem, 
which bridges the gap, so to speak, between a constant e.m.f. and one 
varying witli the time. 

110. The superposition theorem. Since 7t is proportional to E(J) 
when tlie latter is constant, it will then suffice to deteimine the response 
to an e.m.f. of magnitude unity applied at time f = 0 to a nehvork in 
cxiuilibrium. 
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To bring into cMclcnce the sudden change m the behaiior of the 
network when a umt e m f is applied at t 0, Ileai tstdc mtroducctl 
into his work the concept of the “unit function *' Ihis function is 
defined to be equal to zero for f g 0 and equal to unity for t > 0, so 
tliat It has a dtrcontmuitj at f = 0 Ihe unit function was denoted 
by Heal isulc bj the sjTnbol i 
\rconIingli , tlic ciiuation 


, Vnt(p) 


1 


reprcf'Cnts the current in mesh L at anj time I, positnc or negatno, 
when an e m f of unit magnitude u applied to mesh 1 at f “ 0 For, 
when f g 0, f = 0 and /* — 0, but when ^ > 0, f = 1 and Ik is obtain- 
able as some function of / 

Ilmsncr, «inco m all our work the network is in cquilibnum at 
/ » 0, it IS known that /t == 0 for t < 0, and the eaprc^sion for /* 
when / > 0 LS all that is needed Wo shall therefore dispense with the 
unit function and take as operand the number 1 in all aa^scs where the 
irca\ i<>ide technique w ould employ 2 
^\^len £(/) «= 1, the airrcnt flowing m mesh 1, where the unit c m f 
nets IS callctl the tndtetal admittance, and is denoted b^ /lii(0 Tlio 
current m circuit I (f 7 ^ 1), due to unit c m f m circuit 1, is called the 
transfer tndtaal admittance, and is denoted bj 4u(0 

If L(t) ts an 3 \arjmg function of t, the snperposition theorem then 
states that tJie current m circuit A (^ •=* 1, 2, , m), is given b\ 


hit) « r(0).lu(0 + 


f AikO - 

do 




(1) 


where £'( 2 ) denotes dI 7 (:)/dz Hcforo deriving llits formula, let us 

illu‘‘tratc Its application to a simple 

circuit (Hg 1 19) Let an inductance z. 

L and a resistance /? bo in senes with 1 ^"O O CTtflT'— 

a unu^oidol c m f I'o t^t If the 
c m f were a unit c m f , the mdicial 
admittance would then bo given b} 
tlic equation 


z,^ + /ft. 


1 


In no 


We comIv find, remembenng that >1(0) 0, 


^1(0 " ^ 
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Consequent!}’' the response to the sine ■Nvill be, from equation (1), 

J = — I (1 — cos coz dz, 

R Jo 

from which we get, after some reduction, 

P 

I = — - — - ■ ■ ■ (Ti sin osl — Lo3 cos wt + L(j3e~^‘^^). 

R- + LrJ- 

Tliis is precisely what we should have obtained as that solution of the 
equation 

jL [- 7?/ = Eq sin wi 

dt 

which satisfies the condition I (0) = 0. 

To derive equation (1), we consider the current response as made up 
of two parts, which may be combined b}'- the principle of superposition. 
For a time interval 0 g /. g /i (Fig. 120), where h is any positive num- 



ber, the fimt part will correspond t-o the sudden jump in voltage at time 
f = 0, namely E(G). Siiicc j-li/X/i) is the response at time t to unit 
e.m.f., the initial contribution to the total current Inih) "’ill be tho 
product of the constant c.m.f. E{0) and the indicl.al admittance,* or 
/v(0).4,t(h). 'Tim second p.art, corresponding to the inteia-alO < t g li, 
may be approximated by treating the voltage E(t) as a sum of similar 
but smaller jumps. Consider any time t = t as the initial time for one 

* \yiirn !: > 1, tlio indicial admitlancc rrforrc<l to will of course be a Iran-sfer 
intlinnl :iduuitfinr4.\ 
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of thccc email jumps AH occumng m the time At Then the correspond- 
ing mdiciil admittance wU be — 0> ^ contnbution m 

the «ubmtcr\nl At \nll be ~ 0 ^ ^^hen At is small, AL 

lAiII be approximated bj dE = E'(t) At, so that the small contnbution 
to /*(/|) IS approximately equal to .1 n(/i -- t)E'(t) At If n e add up all 
these small pieces, and then take the limit as At approaches zero and 
the number of such submtcia aLs becomes Uifinito, no get axactly 

r’Au(/i - t)EV) * 


Hence the total response livall be giA cn by 

hih) = E(0) ~ dl, 

and smcc /i is any a aloe of the tune, avc get by changing /i into /, and 
abH) by changing the \nnable of intcgratiou from I to r, 

lk(0 “ /:(0)/lijt(0 + r Aikil “ dz, (1) 

Jo 

which Ls the dcsiral result- 

ill. Network problems. Let us now apply our results of the pre- 
co<Iing articles to a few network problems Consider first (1 ig 121) a 
Fimple circuit consisting of an induct- ^ 

nnce L and a capaatance C in senes 

w ith n source of sinusoidal c m f , I 

Eo^^mut I 

Tlie indicial admittance will bo jp, *inwi 

giAcn by I 




— 5 1, 

1 19 + ° 


where o « 1/Vlc Bv formula (8) of Art 108, we then get 


♦fit *" “7 Pino/ 

Gij 


( 2 ) 
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Hence, by the superposition theorem of Art. 110, the current response 
to an e.in.f. sin ot wll be 


Ii 5= E(0)Au(t) + r Aii{i — z)E\z) dz 
*^0 

E(^o} 
ah Jq 

— r sin {at — a 2 -f- o^z) dz (3) 

Eoo> , 

H I sin (at — az — mz) dz. 

2aL Jo 

Xow wc have to distinguish two cases, according as w is or is not equal 
to a. If w — a, we get 


Eo^ r' • /, N j 

sin a{t — z) ■ cos «r dz 


h = 


El 

2L 


z sin at + 


cos (at — 2az) 
2a 


-T 

-0 


Eo . 

— — i sin at; 
2L 


(4) 


this is the familiar case of resonance. If w a, there is found 


.E'owf cos (at — az-\- wz) cos (at — az — ws) 


Eoo}~ 
2^. " 


+ ■ 


(0 — a 


w + a Jo 


EQid / cos cct cos cos at cos at 

- — . I — 1* ' — - — — 

2aL \ w — a co + o^ cj — a w + 
Eoo) 

L(w“ — a^) 

2Eoo} ^ (w + a)t ^ (o) — a)t 


-) 


L(w- - a") 


.«m 


sm ■ 


(5) 


Consider next the network .‘^hoini in Fig. 122, in which the impressed 
e.m.f. E is Constant. M'c have lus the network cquation.s, 

(LtP + Ei)h - (liP + E{)h = E, 

-{7,iP H- 7?,)/i + t(Li -f 7^)p + /?, 4- /p.j/n = 0. 


( 6 ) 
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Then we get 

A(p) <« i Z/jP + ~(Z»iP + /fj) 

1 + Jh) (Z/iP + /?») + (£<2P + Ks) 

- (i:.iP + /?»)(z:^P + i?2), 

-^ZjjCp) »= (Z.ip + + (£'2P + Z?2)i 

= ^iV H- fii, 

and 
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To evaluate /j and /j, we must therefore interpret cxprc^ions of the 
form 

1 ^ 
p + fl 

B> II(aM*-ide’8 cxpan^Jion theorem, welmv'o 
1 ^ 1 ^ ^ 
p 4* o a —a 1 

- ! (1 _ (8) 
a 

Coa**equLntly we get 

/.(<) -!•(>- 

Hi /fj 


( 0 ) 
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As a final example, consider the air-core traosfonner network shown 
in Fig. 123, with an e.m.f. E = 10 cos i volts impressed on the primary. 
Tlic equations for tliis network arc 


(2p + l)7i — p72 = 10 cos t, 
— p7i -j- (2p 1)72 = 0- 


( 10 ) 



Ilcncc the indicial admittance Aii(0 the transfer indicial admit- 
tance A 12(0 are given by 


All 


2p -k 1 
2p + 1 -p 
— p 2p -j- 1 


_2pjM_ 1 

3p- -k 4p + r 


Ai2 ~ 


P 


3p“ -k 4p -k 1 


1 . 


Using Heaviside’s expansion theorem, we get, since 3p“ -k 4p -k 1 
= (3p + 1)(P + 1). 


All = 1 + 


.-(/3 


+ 


-1 


o~t 


(-i)(2) ' (-1K-2) 

= 1 - -’c-', 


( 11 ) 


Ai2 ~ 


(-1X2) 




(-l)(-2) 




= ’c 


From the superposition theorem, wo find for the primary' current 7i(0, 
using formula 414 of Peirce, 


/i = 10^1 - ~ 



(.(i-tus 



(—10 .sin 2 ) d 2 


2 
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^ . „r wn 2 — COS2) 

= 10 - 5c-*‘^ - 5e“‘ - 10 -cos z 

L 2(i + l) 

^-*+»(«tn z — co3r)y 

2(1 + 1) Jo 

“ 10 — — 5c“‘ — 10[— cos i — -n^-sm < + cos t 

— ^ sm I + J cos « + 1 — — Jc“'] 

= 4 sin < + 3 cos < — — -^c”* (12) 

Tlie Fccondan current /^(O maj be simiLarlj obtained Instead 
of u«ing the superposition theorem, houe\cr, ve shall determine /a(0 
bj the procedure employed in the pendulum problem of Art 108 We 
ha\e, from equations (10), 

la = — — 10 cos t (13) 

^ 3p= + 4p + 1 

Xow from formula (0) of Art 108, cos t *= — 1 Consequcntlj 

p“ + 1 

^^c maj write 

P P* p'* 

/2 10 , X-:r 1“10— ; — 1 

3p= + 4p + l p=+l 3p^+4p=’ + 4p= + 4p + l 

Usmg IIea% isidc’s cxpan'^ion theorem, we therefore get, with Oi » — J, 
02 >= —1,03“ 1, Of “ — t, and /^'(p) «* 12p® + 12p‘ + 8p + 4, 


) I --'/3 j 1 

L(-^3)(¥) 


+ ' e** + ■ ■■ " '■ '■■ ■ ' e 

(0(-4i-8) (-0(41-8) 

5 2 — t 2 + X 

- - C-' + = 

2 2 2 


B> ^ ^ 2 cos / + sm I (11) 

W’licnc\er the impressed c m f /7(0 can be replaced bj an opentional 
expression, ns m the obo\e example, the circuit currents max thus l»c 
directlj d( terminal TJas procedure olnuites the nm-iMti of first 
finding the indiei il admittances Au(0 tmd then using the Hii>eri>osition 
theorem How ex er, the Latter method Iuls the ndxant igt of cuinpleto 
generahlx, wliattxcr the function L(0, and maj be adxantagtousl> 
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employed "vvhen the expansion theorem does not apply or entails more 
awkward computations. 

The student will find it instructive to solve the examples of this 
section by the classical method and to compare his solutions vdth the 
ones given. As facility in the use of operational methods is gained, 
they vill often be found to be quicker and more direct. However, 
the principal value of operational methods lies in their ability to 
liandlc the general theory and to attack new problems, ratlier than in 
their usefulness in simple numerical problems. 

PROBLEMS 

1. Ill the network 6ho\\Ti in Fig. 124, the values of the parameters are = i?2 
« /?3 = 10 ohms, andZa=L 2 = 10 henries. The network is in equilibrium at 
time i ^ Of when tlie e.m.f. Ex is impressed. Find the current flowing in each mesh 
at time t if (a) Ei = 100 volts; (6) E\ “ 10 sin i volts. 



Fig. 124 Fig. 125 

2. In the network shown in Fig. 125, which is in equilibrium at time f = 0, 

Ri « 10 ohms, 7?2 20 ohms, =» 20 henries, La = 10 henries. The e.m.f. Ei is 

applied at f « 0. Find the branch currents if (o) Ei = 100 volts; (b) Ex « 10 cos 2t 
x*olts. 

3. In the network sho'^m in Fig. 12G, Rx = 500 ohms, 722 ~ 1000 ohms, 

20 henries, C3 » 10"^ farad. The e.m.f. Ex is impressed at time f = 0, when the 



Ln 

Fig. 12G 


network is in equilibrium, (a) Find the current in each mesh if Ex « 100 volts 
(6) Find the curre-nt lloxving through Rz if Ex » ICO cos 120jr/ volts. 
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4 , In tlic network shown in Hg- 127» 7?i » 2ohin.% Rj - 4 ohms, Jit « Cohnv\ 
Ls “ 2 bennes, 3 benne4, and I-3 — 2 bennta. If the network is m 



Fia 127 


cquihbnum at tune 1 — 0, when the c m f Ft — 2 cos 61 \o1ts w impressed find 
(o) the indicial admittance and transfer indicial admittances, (5) the cumiit 
thraugh Hi at time t 

6 In the net« ork shown m Fig 12S, each resistance is 3 ohms and each induct' 
ance is 1 henry If the network is initialtj in equilibrium, and at time 1 — 0 a 
unit e m t £ is applied, find the current through each resislaneo when I — 0 1 see. 

£1 Jit 


< 

< 

< 

>. ; 

,R, 

■ 1 

] 


j 

r* 1 

1 
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PART IL OPERATIONAL METHODS RASED ON THE THEORY 
OF FUNCTIONS 

112 Bromwich's line integrals. Problems intolting onJ> linear 
ordmarj difTcrcntnl equations, ‘^uch os the tictw ork problems con‘udcro<l 
nl) 0 \ c, w jU gw c n?e to opentors which arc mtionnl functions of p In 
such problems, the mterpre tat tons b> means of lie i\ t'-ide's exp ui'-ion 
theorem or nmtlxr dcMW can frxiucntl) be obtained without much 
trouble Iloweter, mnn\ plit "ir'il problems * lead, tis we Ime «<n m 
Cliaptcr A II, to partial difTerential equattoas which often p\c n^o to 
operator expressions which are not rational function.s of p, «) Unit the 
metliods outlinctl in I’art I do not apply. 

• A fen of *ucfi problems are eonri Icrrd in Art. 113 
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Wc shall therefore discuss, as a second niethod of interpreting 
operational expressions acting on unity or on a function of i, two power- 
ful methods or rules based on contour integration in the complex 
r-planc.’'' Tliese rules are as follows. If <^( 2 ) is a function of 2 analytic 
except for possible isolated singularities, then for t > 0, 

<^(p) • 1 = ” r — dr, (1) 

2TnJc z 

where c is a simple closed curve, for example, a circle, enclosing all the 
.angularities of the integrand if ^( 2 ) is analytic as before, or 

has isolated branch points, then for t> 0, 

f-<f>(z)dz, (2) 

27r2 Jc> 2 

where c' is an open cu]r\'’e lying to the right of the imaginary axis, from 
— iw to -{-?'» , and such that all singularities of the integrand are on the 
left-hand side of the curve. In those linear network problems for w'hich 
the only singularities of <f>(z) — 3fik(z)/A(z) (see equation (12), Art. 
109) are a finite number of isolated poles, formula (1) may conveniently 
be used; in some other physical problems, for which <^>( 2 ) has branch 
point.>5, or in which the singularities are infinite in niunber such that 
no closed cun^e can contain all of them, formula (2) is applicable. 

To show how formula (1) is applied, let us first use it to obtain anew 
some of the formulas of Art. lOS. If = p~^, where n is a positive 
mtegor, we get from (1), 



Iwidcntly the only singularity of the integrand is the pole of order 
« -f 1 at s = 0, and consequently c may be taken as any circle with 
center at the origin. Since the residue, namely the coefficient of 1/z, 
b r/n!, we get immediately 

p~"-l =r/n!, (3) 

which agree? with equation (4) of Art. lOS. 

* are due to Bromwich, /oc. cit. Their derivation is Ixiyond tlic scope 

w thi-' iKHik. 
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lC»^r \l 


If ^(p) =» p/(p — o)", formula (1) gi%cs us 
P 

(P “ a)" 


and smcc the intcfi^rand, expanded m pou era of (r — a), has the residue 
_ 1^1 pgjp 3 ea Oj «e find 

p 

(p ~ a)" ^ (n - l)l' 

which 13 the same os formula (0) of Art lOS 
We next dern c Ileav tide’s expansion theorem If ^(p) « f{p)/r(p), 
wherc/(p) and /’(p) are polimomials with no common factor, the degree 
of /(p) Wing no greater than that of F(p), and m particular 

f(p) = f>(p - ai)(p - a-.) (p - a„), 
wath all the o’s distinct and different from icro, we Imo bj (1), 


„ j_ r — — dj 

2 x 1 Je (a - o)" 
2x1 Je (r — o)" 


/(P) 

F(p) 


1 rc*' 
2x1 Jc z 


S(z)dz 


- OiKs — ^2) (« - fl») 


(5) 


Now tlie mtegrand has simple poles at r «= Ok (t 1 2, ,n) and 

if /(O) 7^ 0, also at r “ 0 Siippa*^ first that /(O) ^ 0 Ihen the 
residue of the integrand function at z = 0 is given (see Chapter 
\rt 105) b\ 

.^0® L zF{z)\ “k ^0 F{z) " F( 0 ) 

ConM?qucntl> /(O/FCO) is one term m tlic expression (5) whcn/(0) 7^ 0 
If /(O) *= 0 the mtegrand is analv tic at z *= 0 so that the contnbiition 
to the sum of the residues for this point is zero IJiit hero/(0)// (0 ) h 
also zero and tlicrcfore w c m i\ wTitc as the first term m (5) /(O)// (0) 
whether /(O) vanishes or not For the simple pole z 0 * the residue 
of the integrand is 

a 

- (z - o») 

, , , c'V'fr) r^^fok) , d: 

hm (r - Ok) - hm • 

»— o» zffz) G* » -«» 




I'- 


Olf '<«*) 
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Hence, since the line integral (5) represents the sum of all the residues 
of tlic integrand function, we get 

(6) 

f (p) no) tr/ 

wluch is formula (7) of Art. lOS. 

Consider next the operator p/(p^ + a^), ^\diLere a is any constant. 
From (J) we get 

_JL_. 1 = j_ 

2rz Jc ^ 

Kow the singularities of the integrand are simple poles at z = ±fa. 
Hence 


2 I 2 

P + a- 


1 = lim (z - ia) — — ^ + lim (z + m) - 5 — — s 

z ^ia 2r 4“ z —ia 2“ “p OT 

e'~ 

— lim p 4- lim p 

z ^ia Z iu z —ia Z — ICi 

^iai ^^int 

= 1 

2ia '-2ia 


= - sin aL 
a 


Similarly, we get 


— ■ 1 = lim f- lim 

p“ + a" r -* 10 z -j- fa j — -ia z — ia 

^iat ^-iat 


= cos at. ( 8 ) 

ICqualions (7) and ( 8 ) are, r&s])cctivcly, identical with formulas (S) and 
(9) of Art. 108. 

l.etu.s now get an infeqrrctation of p"-l, where n is a po.4tivc integer. 
Although, as w'c have seen, the operator p~^ = Q i.s the basic operator, 
with the proper interpretation of (,')(p) being that obtained when 0 (p) 
i*! expanded in powem of p“\ fonnula ( 1 ) gives us 


^"•1 = A fc"“V*dz = 0, 

2~f Ja 



omuTiowi cacti ts 


[Chap M 


emcc the integrand is nnaljiic for all finite ^alucs of : Tliw «uggc<.ts 
tlie interpretation of p as d/dt, at least m certain cases Now if we 
diffcrcntLate both members of (I) with resi>ect to f, wo get 


1 d re** ^ 


But this line integral is the expression for p<#>(p) 1 lienee 
d 

-c^Cp) 1 “ p<?(p) 1, 
at 


which shows that p maj bo regarded as a differential operator when the 
operaiwm at denotes f oWovts an operation inx btving Q « p”* Tina 
agrees with our prcMous mterp rotation 

Up to the present, our operational expressions haic all been mtional 
functions of p or of p~*, and the^c two operators liaie been inter- 
prctablc ns differential and integrating ojicrators, rcspccti\pl;y More- 
oi cr Binco a rational function w nnal> tic c\ crj where except for a finite 
number of poles, Bromwich s line integral (1) has been applicable to 
each of the>c expressions In some phi steal problems, lioweicr, 
formal manipulation of the operator p leads to the nccesMtj of inter- 
preting the rather curious operational expression p^^ * Now tf>(z) *= 

IS as w e hav c seen in Chapter 


Art 90, a two-\ allied and 
therefore non anal^ tic function 
of z in the ncighliorhood of the 
origin luiMng a branch point 
at r ■= 0 as a singulantx Con- 
Bcqucntb formula (1) cannot 
l» uMxi to interpret p^^ I But 
!>} means of the lino mtcgral 
(2), p'^ 1 maj be gt\ on a mean- 
ing as follows Consider the 
contour ci showai m I ig 129 
ABC w a contour IxT^mning on 
the iiegatne I^aXLs and ending 



on the pointnc y axis passing 


I-lfl 129 


through the fourth and first 

quadrants, CD and JI t are quadrants of a hrge circle of mdiiia B and 


Vc uliall it<e of thii otxTitof m Art. 113. 
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center 0; EFG is a small circle of radius r and center 0; DE and QH 
arc segments of the negative .t-axis, oppositelj’’ sensed as indicated by 
the arrows, and on which z is taken as pc'* and pc~’", respectively. 
E^^dentl 3 ^ the function e}'4>{^/z — is anab’tic on and within the 

contour ci : ABCDEFGHA, so that Cauclw’s integral theorem gives us 

r z~''^c*' dz — 0. (11) 

Jci 

Since z = J?e'® on CD and HA, and z = rc'® on EFG, we may then 
write (11) as 


f z~^c‘^ dz + r d0 

^.IBC 


+ 


+ J^p -’ dp 

" p-rl2 

+ 1 = 0. (12) 

III the second and sixth of these integrals, we have 


2^U (co3 0 + 1 f i n 0) 1 _ J?' ^ = 




— C03 0 


(13) 


Remembering that t and R arc positive whereas cos 0 is negative in the 
second and third quadrants, we see that R}^/c ~^^ ® approaches zero as 
R becomes infinite, and therefore in the limit the second and sixtli 
integrals vanish. For tlio fourth integral, 

j j,-,U^-Vi>/2^(r(co5 H-t-rin j ^ c<« 0^ 

which approaches zero with r, and consequently this integral contributes 
nothing in the limit. Noav as r approachas zero and R becomes infinite, 
the path ABC becomes a contour c' of the type designated in connection 
v.-ith equation (2), and hence we have from (12), 

p'^-1 = — f z-'-y--dz 

27ri J,> 

~ 7r~- f P~' ‘e~''’(c‘’'^^ — dp 

2 ;r? Jq 

= - r p~'^c-“‘ dp. 

TT Jo 


( 15 ) 
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Letting g ^ ip, so tliat ds *» t dp, (15) becomes 


ICitAP XI 


( 10 ) 

But this integral T(\*e recognize as the gamma function r(^) « Vr 
(equation (G), Art. 54), and tliercfore 

p».l=^, (.7, 

which is the desired result. It is of interest to note tliat formula (3), 
wliich holds for n a positive integer, will formally jadd (17) when n is 
set equal to , for we get 

] I 

P”-* = - r®Vi “ Wi' 

This circumstance, hoaever, is in no sense a derivation of (17). 

Consider next the operator p<^(p — 6)/(p — &)» ^^hc^o 4)(z — b) Is 
some function of z — 5. By formula (2), no have 


P<>(P - b) 
p-6 


J_ ~ j. 

2tI Je> z — b 


2ri Je* z — 6 


d(z - 6). 


If we replace (z — b) in the last integral by z, which amounts to a tmns- 
lation of axes in the z-planc, we get 

P<»(P - b) j ^ 
p — h 2]rt */*• z 

= e‘'<SCp)-l. 

whence 


Tins relation, whicli no shall refer to as the ihiJUng formula, rmvy often 
Iw ad\ antageouMy apphed when we sn'^sx.'Ct the presence of an exjw* 
ncntial function in the expression ^(p) • 1 after interpretation Tor 
example, let us obtain the formuLa (cf. I’roblom 12 following Art lOS), 



AtiT. 1 121 

We get from (18), 
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qp pq(p - i) 

(p + h)^ + a^ ^ (p^ + a^)(p-&) 


1 


= e 


-u 


ap 


r.+ a- 


1 . 


qp 

But by fomnila (7), — ;; • 1 = sin al, and the desired result follows 

p" + q" 

immediately. 

Suppose that t^(p) ■ 1 is kno^TO as some anal 3 ’-tic function of f, say 
f(i). Let us examine the effect of operating on f{t) with where h is 
anj’’ constant. From formula (1) we get 


= c^'’<^i(p)-l = 


1 r e^(/‘'4>(z) 

SttZ' «/ c <2 


dz 


=-f 

27rt Jc 


g«+A)s^(2) 


dz. 


But tliis is similar to 


1 r e‘'<j>(z) 

^(p)-l = — I dz, 

jbjTT?' d ^ % 


the only difference being that i is replaced by t + K. We therefore infer 
that 

(^^■m =fit + h). (19) 

Formallj'', wc have also 



1 + /ip + 


7 o o 


+ 



=/(o + mo + 


/r/"(0 , 

"ir+ 


hY"(i) 

3! 


+ ••• 




by Taylor’s expansion. M'e therefore call c'"’ the Taylor’s operator, 
and define it b 3 ' equation (19). 

■\Vc next examine the operator where a is positive. Since 

has a branch-])oint at r = 0, we use formula (2), from w'hich 


c-“vA^.l 



-h 




2! 


nV- \ 

— +-j*. 
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IOu.F M 


Vow :t K not difficult to that all the pce^ive latesral power* of t 
coatribut/* not} to th^ atc^nl M e theax/oo? pH h^ tarm-hy term 
int/'TTretatjon, 


( , G'p*^ G^p‘* \ 


It ma^ fho*vn bj dux-ct diffiercntiation with respect to t of formula 
(IT), that forn a po^^t^^c ratep’r, 

P 1 


{anl) o^ni) a"r(5) ] 

i_ 2 fa 1 

12^ 2^ 3^ 2^ 5’ f'* 2* 71 1^’ J 

Now thw M the w?nc5s for the error function (equation (1C), Art 8S), 
erf a *» J* e"** ds 


Con«cquent!j ^ e maj WTitc 

f— v^l«l«crf^ ( 20 ) 

Another operational exprcs'ion whicli appears m a number of pfopi 

eal problems w I Tlas maj f>e mteqirctrd b> the use of 

V p* + or 

formula (2) Fincc the function hiw onb bnncli fwints, at 
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z — :k.ia. Since tiie procedure here is very similar to that employed in 
obtaining the formula p^-1 = 1/V^, shall indicate merely the 
principal steps and leave it to the student to fill in the details. We take 

as our contour (Fig. 130) the 
path ABC from —ilt to -j-fB 
as before, the quadrant CD of 
radius U, the a-axis from D to 
0, then OE, where E is the 
point 2 = i(o — ?•), and on the 
left of the 7/-axis, then the circle 
of radius r about z = ia, the 
straight line FOG on the right of 
the y-axis, the circle of radius r 
about 2 = —ia, the segment 
HO on the left of the y-axis, OD, 
and finall}'' the quadrant DA of 
radius R. On OE and FO, 
2 = ip, where p is real and 
positive, and on OG and HO, 
2 = —ip. Along FO and OG, 
we have the branch '\/ — p^ 
of ''/2^ + a~, while along OE 
and HO, we have the branch p^. We then get bj’’ Cauchy’s 

integral theorem, 



f , r 

•^ABC y/ C? •^ir, 

•^0 




’e'^ do _ r 

12 ■%/ + a“ 

a dp) p' 

“V a~ — P~ 




■\/p^ + a“ 


dp) . de 


-y/ j.2g2tff _j_ 2iare'^ 

° F"'(idp) f“~’’c“’‘"’(-fdp) 


+f 

''a-r — p“ *^0 — p' 


^ t /2 


3r/2 

_ . r 

do Vp- -f a= 


+i.,ZvF^ 


— f dp) 
P 


r/2 




= 0 . 
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Hie eocond and last of thcsj integrals approach tero as R becomes 
mrimtc, an<! the fifth and eighth apprandi lero with r. Consoquenth 
•ne get m the limit 

+ Q" “V -f o" ^ *'0 Va^~— ^ 

2 p cosfpdp 
<■•^0 Vo ^ — 

Tins last expression is of course a function of (; call it F(t) Tills 
function satisfies the different ml equation tF" + F' + O'/F — 0 For, 
«e get by diiTercntntion under llie integral sign (Art 07), 

fF'* + F' + a^/F " *- cos /p — p sm /p + cos fp) 

» - I dfsin ip Va- — p’ ) 

T Jq 


- ^Ein tp Vo* — p*j^ 


>•‘'0 Va* — p- tL a jo 


We therefore identify F(0 as tlic Bessel function of order icro, wth 
argument at, whence 

-rr=i i-*^o(cO (21) 

vV + a* 


113 Applications. We shall dLscuss in this article a few physical 
problems which gi\c n-'C to the opcnitom prciiousl> obtained Our 
treatment, following IlraM^ide’s tecliniquc, will lie iwrely formal, l>ut 
Will sme to md irate the manner in which operational calculas ma> lie 
cmplojcd m connection witli partial differential equations 
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Consider first the wave equation, 


aV 2 


0 , 


( 1 ) 


which gives the trans^’■e^se vibrations of a stretched string (Chapter VII, 
Art. 70). Suppose that the initial displacement of each point of the 
string with end points at x = 0 and x — L is given by 


2/]^^= /(a:), O^xSL, 


( 2 ) 


where / is a known function of the distance x along the string, and sup- 
pose the string then released from rest. Let D = d/dx, and let Q again 
denote the operation of integrating with respect to time from 0 to t. 
Applying Q twice in turn to (1), we get 


dt 


a^qnhj = 0 , 


y — a^Q^D^y - fix). 

Now let p = d/dt, and operate upon (3) with p^. Then 

(p2 - a^D^)y = p2/(x). 

Symbolicallj’-, then, 


y = 


;fix). 


Now 


p2 — c^D^' 

- 2 \p - aD p -k oD/ ’ 


p‘ — o“U“ \p — au p -k oD 
so that from formula (4) of Art. 112, 

y = + c-"®)-/(a:). 


( 3 ) 


Consequently, by the Taylor’s operator (19) of Art. 112, we get 

yi^i 0 = ?l/(x + ai) +fix - at)]. (4) 

Tliat y as given here .satisfies the differential equation (1) as w'ell as 
the condition (2) is readily checked. Equation (4) gives the well-knowm. 
solution which represents two waves traveling in opposite directions 
vilh velocity a. It i.s thus informative, but its usefulness in computa- 
tion is restrictctl to those cases in which fix) is of the proper form and 
may be suitably specified outside the interval 0 g x g L.* 

• tke Jefirej-P, "Operational Methods,’’ second edition, p. 60. 
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Cou*idcr nett the partial diltcrcntial e<\uation (or ontydirocniional 
heat flow (Chapter \ II, Art. 71), 


du 

m 




0 


( 5 ) 


Let a uniform rod with m*mlatod sides and of length L bo initially at 
tempenture Uo 'ind let the end r = L be cooled to ternpenture zero 
nt lime t = 0 while the end x •= 0 is left at temperature Uq Apph mg 
Q to (o), and p to tlie result, we get 

pw - ^ « pwo (C) 


Now let an operator q be defmed bj the relation 
P “ a*q"» 


if we treat p as if it were an algebraic quantity , we then get an opera- 
tional solution as a function of q which must bo expressed ultimatel) 
m terms of p when the operational solution is intcrjirclcd liquation 
(G) mai now be wntten as 


— - q^u = -q-t/fl 


(S) 


Ifq were constant, the general solution of (8) would then bo 
u " «o -H Cl smh qr -f- Cn cosJi qx 

I rom the boundarj conditions, u «> Uq when x ■» 0 and u 0 when 
X " L we find 

uo “ t^o + e-. 


0 “ t/o + <^i sinh qL -f- Cj cosh qL, 
whence ci ^ — uo/smh qL, cj « 0 and 


u " 


(> 


smh qr\ 
smh qL/ ^ 


^^e Iia\e now to interpret the operational cocpn*<vion 


smh qr ^ 
Finh qb 


( 9 ) 
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qV q®a:® 

siBhqx ^ + + 

sinhqL ^ , q^L^ , q^L® 

qL H h ' 

3! 6! 

qV q^x® 

"+ir+'ir+" 

q^L^ q^L® 

^ + V- + ^ + '- 

3! o! 

, , P^a;® , 

^+gii+7ii+'’ 

pL^ p^L® 

L -j- i Li f-. . 


this operator is an analj’tic function of p. But since sinh ztitt = 0 for n 

xVz / LV^ 


an integer or zero, the function c'^ sinh ■ 


2 sinh has infinitely 


manj' simple polas at 2 = —n^ira^/L^. Hence formula (1) of Art. 112 
docs not apply. Instead, we use Bromuich’s second line integral, and 
write 


sinh qr 
sinli qL 


_ 1 r c''si 
2TiJe' zsi 


c'* sinh {x\/z/a) 
z sinh {L-\/z/a) 


Using the contour sho^vn in Fig. 131, where ABC is a path from —iR to 
iR lying to the right of the poles, and CD A is a semicircle of radius R, 
wc then get for the residues at the points inside tliis contour, 

1 r c'‘ sinh (xVz/of) 

2n’i JjIsc z sinh {L'y/ z/a) 


‘^ 2 rX /2 sinh (LZE«c'®/V«) 

The residue at c = 0 is given bj’* 

s"" sinh (L\/ 2 /a) L 4-sLVa‘3! d ~ L’ 



opE:n.vTioN'AL a-Mx:uLus 


ICfwr M 



Fio 131 

flud that nt 2 “ (n 0), by 

f** stnh (j-y/r/g) (z + n‘w^a^/L^) 

# - - Jv.Vl* 2 smli (i V z/a) 

„ c~"***"**^^* smJi (inrx/L) . z + i?i^cr/l? 

■^n^r^a~/L^ t - -isV/t* (//\/r/a) 

^ Btn {iXTt/L) j 1 

« V(»‘ * -* -iiVaVi.* (J^/2av/r) cosh {Ij\/ z/a) 

„ Fin jnrx/L) 2xnra‘^ 

Z**’ cosfi 


iVi* 


If xrc now nllou Jl to become infinite, the second of intcgTaU (II) will 
Approadi rero, and ive get 

I « £ ^ H ^ !i!! ^-.»rWjf 

«inh <\L L T ^zi w I' 

Con5eqtienlly t\c !ia\e from equation (D), 


r , X 2 (- 1)" nrz t* 

0 «n-— g 

i L * fli n L 
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This gives the temperature at any point x and any time t Equation 
(12) may, of course, also be obtained by the methods of Chapter VII. 

Now when ra^i/L is small, the series (12) converges slow'ly, and 
is thus not very suitable for computation. In this case, we may express 
the solution of our problem in a more convenient form. We have 

sinh qx e''* - _ (f^iL+x) 

sinh qL 1 — 

= 1 _ -f- -] ) 

^ j x) qC/v+x) ^--q(3L— ic) ^ q(31/-Hc) 

_ ^ ^-q(5L+x) ^ 

But 

= 1 - erf — ^ 

2a-\/t 

, by formula (20), Art. 112. Hence w'e get from (9), 


if .L — .X / .L + x\ ( ZL—x\ 1 


This serias, the terms of which may be calculated by the tables in 
Pcircc, converges rapidly for t small since 1 — orf s is small for s large. 

As our final application, we consider briefly * a transmission line or 
cable, originally in equilibrium, with resistance r (ohms/mUe), induct- 
ance L (licnrie.s/mile), and capacitance C (farads/mile). The differ- 
ential equations for such a line are (Chapter VII, Art. 74) 


dE 

dx 



dl dE 

dx a ’ 


(14) 


where E (volts) and I (amp.) are the potential and current, respectively, 
at distance x (mi.) from one end and at time t (sec.). Elimination of I 
and E in turn from equations (14) gives us 


— - (LCp2 -1- rCp)E = 0, 
dxr 

— -(LCp=ri-rCp)I = 0, 


(15) 


* A more complete discus.sion irmy be foimd in V. Bush, "Operational Circuit 
Amnlj-si^,'- Cluaplcre XI and XII. 
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where we have wntten p for 3/3/ Treating thr« equations as if p 
were a constant, ue rcadtli find as solutions of (15) the opcrationnl 
expre^ions 

J?(x,0“€“"A'i(0+c'-A'3(0. 

(1C) 

/(r, 0 - e-'^AVO + c'“A%(0, 


where a IS an operator gi\ en bj 


or* = Z,Cp“ -b rCpt 


(IT) 


and the fv's are, instead of constants, to be interpreted os functions of / 
Suppose now tint we arc dealing with a cable so long that it maj be 
a)a<*iden?d as infinite in length, and let an c m f be imprcsscil at the 
end X “ 0, the a oltage and current decreasing as x mcrcasea If p 
were a constant, wc should then ncccNsanb ha\c A'3 = Ka *=• 0, and 


A(i, 0 ' 

/(x,0 . 


"A„ 


(18) 


Now let To a constant, l>c taken as the \alue of I' at x » 0, and let 
I ** /i(0 be the entenng current Then Z.’o « A'j, Ii{t) « A'3, and 


A(r,0 Ao, 

/(x,0«c"^"A(0 
Substituting thc-c \ alucs of A and 1 m the first of equations (H), we get 
-ac-'-/o " “«-'*•/, (0 - Aiie-'-ZifO, 
fio that putting x 0, we find 

7,(0-— ^ To- 


ft 

' r + Ap 


r + Lp 

Letting a r/2L, (20) maj lie written m the form, 


( 10 ) 


( 20 ) 


/i(0 


. r ^_JL_ 

® ^ A \/ i + *ia/p 


Vfing the shifting fonnub (18) of Art 112, we Imc 
- ^ P 1 . 


VI -f 2a/ p 


p - a Vl + 2a/(p - «) 


P_ 


v/p* 



APPLICATIONS 


609 


Anr. 113) 


But the last operator is that of formula (21), Art, 112, with a replaced 
by ia. Hence we get finally 




( 21 ) 


Since Ho is constant, Ii/Eq is an indicial admittance. By use of the 
superposition theorem of Art, 110, the entering current corresponding to 
any impressed e.m,f, may be fovmd, the necessary integration being per- 
formed by graphical or mechanical means. The values so obtained, 
when the e.m.f. is sinusoidal, have been found to agree very well with 
experimental results.* The operational method here employed may be 
expended so as to jdeld expressions for the voltage and current at any 
distance x along the cable and at any time t. 


PROBLEMS 

Establish the operational formulas in Problems 1-5. 

- , , (sin 7n7r)r(7n) 

1. (a) p"-! = — (0 < w < 1); 

( — l)"(sin m7r)r(m + n) _ .... 

(b) (0 < m < 1, n a positive integer); 


(c) p~^-l = 2\/</V. 


x£"+" 


2. (a) 


Vp + a Vv£ ' 


(6) ^ ^ f 

VP + 0 V ’J" ‘'0 

(c) Vjr+'a-l = -^7= +-^ f r^e~°‘dt. 

V TTt •\/ TT Jq 


3. = c"“'«(p - a)-l. 


4. pe-«\/j’.l =. — ^ 

2V~ 

B. = Jo(2Vo£). 

6. A tightly stretched string with fixed end points, i = 0 and x = L, is initially 
in a position given by j/(z, 0) = ?/o sin (ttx/L). If it is released from rest from this 
position, find the displacement i/(x, t) at any distance x from the IcfLhand end and 
at^ any time t, using equation (4) of Art. 113, and show that your result is identical 
with that obtained in Chapter VII, Art. 70. 

7. A glass rod 20 cm. long, for which the specific gravity is 2.40, the thermal 
conductivity 0.0015 cal./cm. deg. sec., and the specific heat O.ISO cal./gr. deg., is at 

* See E. E. Rcscdrch Butt. 50, Massaclixisctts Institute of Technology. 
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a urufom t^rnpmturr of 100* C If one end is «ud knl> eool^l to 0* C , fintl lh« 
temp* mure at a pomt 5 cm. from the hot end t hr after the chanse (a) using eenca 
(12) of Art. 113, (!<) using fon<*s (131 of Art. 113 

8 An infirute cable nith negligiblt knkanee, re^U»n«* 0 1 ohm/nu , inductsorc 
02 henry/im and capacitance 2 X 10“^^ farad/rtd , liaa impressed al the home end 
a ooastant c m.f of 100 \ olti at time f •• 0 Ilnd the value of the entering rmrent 
for 1 •» 0, 1, 2, and 4 eoc 

0 An inCnilr cable irith resutance r ohms/mt, capaatance C fanuls/m» , and 
negliphle inductance and lea Vance, is rubjecled to a conalanl e in.1 fa at the home 
end at time 1—0 Isingthe operational method of Art, 113 show that the entenng 
current at any subsequent time ( w 

/.(/)- 

10 An uilinitc cable aith resistance r ohms^mi, capantance C fnmds/nil. 
Inductance L hennes/mi , and leaVance p rnhw/mi , la sul jrctrd to a constant r »n.f 
Eo al the home end at time 1—0 Phon that the entenng current nt anj subsequent 
time 1 U 

/i(0 - Eb c-'Jofibt) + Fo dt. 

where 



If the hne w dii<torttonl(-w i e , if r/E — p/C show that the entering current is 
steady and equal to Ffy/tJL for all 1 > 0 

PART in LAPLACE TRANSFORMS 

114. The Laplace transfoimaUon. An npprtnch to opcmlionnl meth- 
ods which frequently appears in tho htcrolurc is that liased on a cer- 
tain tyi>e of integnil-function which wc here take in the fonn 

17(P) “ r <•"*’'/(/) rf/, (» 

Ja 

when? p r-r a pnmmrftr ?£ ts af!sum<\} £h<t£ Oic funciion J(t} if /)<*)?/?«} 
for nil posttuc xahics of the ml variable / and mch tli it the improper 
(tnOnttc) mtcpml (1) exists Wc call the function ff(p) thus olitatncti 
the I^aplace Iraiu-form of /(t), and for hrcMtj and cominicncc wnle 

Q{p) - /4/(0}. (2) 

Unfortunately , there is lack of uniformity in the definition of llie 
I^plncc transform by various vvnters Some u«e (I) as their defini- 
tion, iilhcns take tJuil integral rnuHiplicd hy the factor p Acconl- 
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ingly, each usage of a Laplace transformation should be examined in 
order to make sure which of the two forms, our present g{'p) or 'pgi'p), 
is being employed. The p-multiplied form has certain advantages, as 
pointed out in N. W. McLachlan’s “Modem Operational Calculus” 
(page 2, footnote) ; in particular, it yields an exact correspondence be- 
tween many Laplace transforms and Heaviside operational formulas. 
However, the form (1) has been chosen here because it lends itself 
more readily to a number of techniques and operations, notably the 
exponential shift (cf. relation (18), Art. 112, and equation (12), below), 
derivatives and integrals of transfoims, and the solution of linear dif- 
ferential equations vdth variable coefficients, as will be found. 

The Bromwich integral (equation (1), Art. 112) may be used, as we 
have seen, to find the result of operating on unity with a given oper- 
ator i^(p) to produce a function of the variable t. On the other hand, 
the Laplace transformation ser\'es directly to obtain a function of the 
parameter p corresponding to a knovm function of t. Later, we shall 
see how to apply the Laplace transform to the solution of differential 
equations; first, however, let us find the transforms of a few familiar 
functions, and thus build up a short table of transforms for convenient 
reference. 

If /(O = '"’e get, from (1), 

L\n = f ~ re-^^‘Hptrd(pt) 

Jo V Jo 


r(« + 1) 

pn+l » 


(3) 


by (3), Art. 51. When n is a positive integer, r(n. -f 1) = n\, and 
consequently relation (3), giving as the Laplace transform of 

/"/»!, is analogous to equation (4), Art. lOS. When n is any real con- 
stant greater than -1, we get a more general result, which includes, 
for example, the analog of equation (17), Art. 112, for n = — A. 

If /(O = e”', (1) easily 3 nelds 


L 



SO 

c — dl 






p a , 


;X 

0 


1 


p - n 




(4) 


provided only that p > a. This constitutes the analog of relation (5), 
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Art IDS From (1) ne then rcadilv Rct 


Llsinh o/j 



and 


L I cosh GlJ 


p’-a” 

I 2 J 2\p ~ a p + a/ 


(5) 



(G) 


ttlucli mitrh nilh equation (10) and (11) Art lOS formillj rc- 
phcinR fi b> 10 m (o) and (G), no ma> infer the cMStcncc of the Imns- 
forms 

ta 

Ltsinh lofj *» Z.(t sin o/| ■* , 

P' + < 1 * 


and 


L(8m Gf| 


a 

jr -b o* ' 


/<|coc>h lot) "Llcoso/I 


V 

V' + o’ ’ 


(7) 

(8) 


corresponding to relations (8) and (9), Art lOS To \alidatr this for- 
mal proceiJure, hontaer, nc shall den\e transforms (7) and (8) hj 
other means 

^\e next ilctrrminc I^aplace transforms of dcniatno functions /'(/)► 
t/*’‘*(0 Appljinf; integration bj parts, nc ha\e 


L\fV)] “ f r~^r(0d/ 


" [r-'*'/(0] +pj 

Non if /(() IS a function such tint [ r“*'/(0 { < U sa\ for / > /j 
I and If UmR some positive coastants thru /(/) w sml to lie of frjfo-- 
ncntiaf order Wicn/(1) » of exfxjnttUul oalcr, ns vs true of the usual 
funetmas arismj; in prirtiee c“^'/(/) will approach sero as t btromes 
infinite, n.V)Umi HR thn we pet 

l\nO\ - -/(0) + p/d/(OI. 


(9) 
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One application of (9) may be made as follows. Let F(0 
so that F'(0 = /(O and F{0) = 0. Then, from (9), 

Lim] =L{F'(0} =pL{F{t)], 
or ^ 

L|j^/(0d<} =^L{m}. 



( 10 ) 


Therefore division of the transform of a function by p corresponds to 
integration of that function from 0 to i. The parameter p in Laplace 
transformations thus plays a role precisely analogous to the Heaviside 
operator p (equation (2), Art. 107, and Art. 108). 

Likewise, under .similar suitable assumptions on we find, from 

L(r(oi = -r(o) + pL{/'(t)} 

= -/'(o) -mp + p'^wit)] 

and, in general, 

= p"L{/(0} - /(0)p"-' - /'(0)p"-- /^"-^)(0). (11) 

To illustrate the use of (11), we may now derive relation (7) directl 3 '. 
\Vhcn/(t) = sina/,/'(0 = a cos at and /"(O = —a“ sin at, whence (11) 
gives 

— a‘L{sin at} = /rLjsin atj — 0-p — a, 

(p‘ + a‘)Hsin at] — a, 

a 

L{sinat} = 

P' + a- 


Thc transform of cos at maj' similarlj^ be found to be given by (8), and 
the transforms of other functions are also obtainable bj'- these means. 

Another important property of Laplace transforms, from which fur- 
ther useful rc.sults can be derived, is the following. If we replace p bj'- 
p — b in a transform gip), where b is some constant, (1) gives 


g{p -b) = f df = f e-^y'/(i)] dt 


( 12 ) 


nius. the replacement of the parameter p by p — 6 in a transform 
corre.-iponds to the multiplication of the original function /(t) by e*". 
Relation (12), which may be referred to as the e.vponcntial shift (cf. 
equation (IS), Art. 112), immediately jdelds the following new trans- 
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form-? From (3), \\c get 
from (7), 

L|f** “in oM 

and from (S), 

L\(^* cos ot] 

If t>c fliffc'rntnte rclntum (1) 
wgn (Art ()7) ‘we get 


AppKing (IG) to (7), for example find 


r(n+l) 

(p - ’ 

(13) 

a 

(p - b)- + 0= ’ 

(U) 

p - b 

(p - b)' + O’ 

(15) 

\Mth respect to p under the integral 

-//(Old/ « ii-mt 


m gene ml 


l^K-OViOl 

(10) 


2ap 

■ — = :r:: “ Z#|~/pmat , 

(P 


I ikcvii'^c (S) nnd (lf>) gi\o 

h\tcwiat\^-~ (IS) 

(p* + o*)* 

Integration of a Laplace transform also produces ti«eful relations and 
properties If c is sufiicicnllj large, we lia\ e 

[X e-»’'/(0rfl]dp 

- f “ - f""') 

Jo t 

•Tfls Is ral J pronleil ll;al/iO i? continumjs fxrrpt po^if N f<r « fniU* Bum 
t»f of Gmle tlucnnUnmUr^ (or t > 0 *tul is of upcrprotKl onirf 
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Now, assuming that the limit of f{i)/f exists as t —* 0"^, and that/(Z) 
is piecewise continuous and of exponential order as before, we may let 
c become infinite; then 

f\(p) dp ^fV-'^-j-dl = i {^} ■ (10) 

This result gives, for instance, from (7) with a = 1, 



= [arctan p] 


00 


= arctan p = arccot p. 

2 

Since, by (10), division of a transform by p coiTesponds to integration 
of a function from 0 to (, we get 

f r'sin/ 1 , arccot p 

LjJ — d/| = L{Si(01 = (20) 

The integral function denoted by Si(0 is called the sine-integral func- 
tion. It arises in various physical applications, and its values are given 
in certain tables, including those of Jahnke-Emde. 

116. Applications. To illustrate the manner in which the Laplace 
transform may be used in solving linear ordinarji differential equations 
with constant coefficients, we con.sider Problem 18 following Art. 27. 
The planar motion involved there is given l)y the sj^stem of equations 

D^x = 2y, Tf-y = -2x, (1) 

where D = d/dt and t is time, accompanied by the initial conditions 

X = -1, p = 0, Dx = 0, Dp = 0, (2) 

for t = 0. Elimination of y from equations (1) gives 

D^x = 2D=p = -4x, 
or 

D'^x -f 4x = 0. (3) 

Corre.sponding to / = 0, we also get, from (1) and (2), 

X = - 1, Dx = 0, D^x = 2y = 0, D^x = 2Dp = 0. (4) 

The problem is thu.s reduced to that of finding the solution of the fourth 
order equation (3) which satisfies the initial conditions (4). Once that 
solution X = /(/) has been determined, the first of equations (1) jdelds 
y = ^D=x = w/"(/). 
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\ow, b\ relation (H) of Vrt 114, together mth conditions (4), the 
Ijiphcc transform of js 


LID^xj =p^Z,|xJ ^p^ 

ami con.«equcnth 


HDV + 4il 
L[i\ 


p*L{ar) “ + 4Hx} 

P*+ 1 


0, 


HcMiKing this nlional nlgehraic function of the pannicter p into par- 
tial fractions wc find 


p« -H 4 “ 2 \p= - 2p -f- 2 p= 4- 2p -f- 2/ 

*^0 that 

P~1 P+1 1 

{p - 1)2+ 1 (P4- 1)2+ iJ 

Formula (H) of \rt 114 thu/jiclds immwliatcl> 


f.{xl 


1 

2 


X » ^ (r* cos I + e ^ cos /) “ cos t cosh t, (5) 

whence w.c get 

y ^ D*x *= — sin ^ Sinli t (fi) 

Tlievo relatioas (1) and (G), are the desireil wjuations of the path of 
the particle 

I Hing fumuila (lt>) it is also somclimes pos.sihle to soht a hue it" 
onhnarv difTcrrnti.il equation n hose cocflicients are non-constant polt 
nomi i!s m the independent \ nnahle As an example, consider H< s>el s 
tvpiation of onler rcro (cf eciuations (9) and (11) Art 107), 

fy" + y' + fy - Q, (* ) 

accompanies! hj the initial conditions 

y " 1, y' “ 0, {^) 

fnrt-O Bx (10) anil (11), \rt lll,weha\e 

LW\ - -^Ip'oir) - pi - “-p^'C/O - 2/v{j>) + I, 
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where gip) denotes the transform of ?/ = f(i). Likewise, 

L\y'} = pg{p) - 1 , 

and 

LUy] = - Tff(p) = -9'(v)- 

dp 


Hence the transformed equation, corresponding to (7) and (8), is 

-pY -2pg+l + pg-l-g' = 0, 
or 

(p2 + 1) ^ 4- Pff = 0. 
dp 


Separating the variables and integrating, we find 

dg p dp 

- + 4x7 = 0, 
g p + 1 

In <7 + In (p" + 1) = In c, 


say, where c is a constant. Consequently our Laplace transform is of 
the form 


g{p) = 


c 

Vp" + i' 


( 9 ) 


Now, by the binomial series, for p > 1 (Peirce, 750), 


g(.p) 


p\ pV pV 2p2^2-4p^ 
^ (-1)"(2»)! 



Applying formula (3), Art. 114, to this transform series, we get 


y 


cc 

m = ^ D 


n “0 


(- 1 )"/-" 
2="(«0‘ ' 


Both of the initial conditions (8) are satisfied by taking c = 1, and the 
sununation is readily identified as the series for the Bessel function 
«Aj( 0- Hclation (9) thus yields a new transform formula, 


/-Uo(01 


1 

VjP 4- 1 


( 10 ) 
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Another opphcation of (lie I^aplace transformation w to the c\alua* 
tion of certain integrals Consider, for example, the function 

(M) 

For comcnienec we replace sm“/x h\ its equnalent, J(l — co 3 2/j) 
Tlien, B'iSummR it to \)0 permissible to interchange the process of trans- 
forming (II) as a function of I and that of integration natli respect 
tox, we get (from (3) and (7), iVrt IH) 


L 1/(0 1 


2 Jo ir^ x~ip' - 






2rfx 


p(;j^ + 4x^) 


'[p’ 


arctan — 

P* p J, 


2p’ 


Tlicrcfore, from (3), Art HI, 


m -f' 


ix 

— ;; — d-T 

I* 


rl 

T 


( 12 ) 


When / «“ 1 (12) jields reirce’s formula 480 Incidcntallj , it may lie 
remarked that the Bubstilution j/ => tc m (11) gixcs 


/(O - t 


X “ «in^ y 

IT 


dy. 


so that/(0 i» indeed of the form / /, where / is a constant the I^place 
transformation thus sen es to c\ alimto 1 (that is, Peirce's mtcgnil ISO) 
as t/2 

As a final npplnation, one winch senes to illustrate the use of Iji- 
place tmnsfiiims m soKing partial difTcrcntial eijuations, wi reconsider 
the resonant forced Mhrations of the string of Art 92 ^^e wish non 

to find an onalj tic solution of the equation 


2 

31^ " " dx* ' 


(13) 


satisfying thelxiundarj and inittal conditions 

y(x,0)«0 — ] -0, y(/., 0-0, 

01 Ji_o 

y(0, 0 - A sin (or///.) 


(W 



AIIT. 1151 


APPLICATIONS 


519 


Let G{x, p) denote the Laplace transform of yiz, i) vath. regard to the 
variable /; 


L{yix, 0} = G(x, p) = f e-^‘y{x, i) dt. 


Then we have, from the first two of conditions (14) and relation (11) 
of Art. 114, 

0} = p). 

dl } 


Moreover, assuming that the processes of integration with respect to t 
and of differentiation with respect to x are interchangeable in order. 


L 



= — f e-^‘y(x, i) dt 
dx*" L V 0 


d^G 


Accordinglj', (13) is transformed into 


p^G = 


dx-' 


Since the parameter p is independent of x, this transformed equation 
is, in effect, a linear ordinary differential equation with constant coef- 
ficients, and therefore (Art. 10) 

G(x, p) = c'^/'’7fi(p) -{- c-^/“7C2(p), (15) 

whore K\ and Ki may be functions of p (cf. the transmission line prob- 
lem of Art. 113). 

The transforms of the last two of conditions (14) are 


G(Jj, p) ~ 0, G(0, p) = 


A(a:r/L) 


P= + (aV/L2) 


(16) 


Therefore, from (15), 

= 0, 7vi -j- K. = G(0, p). 

Solving this pair of lincuir algebraic equations in Ki and K^, we easily 
find 

G(0, p) 

= i '— = (1 + + • • ^^(O, p), 

K„(p) = ,-4Wc ^ P). 
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In50rtin{; thc«e cxprc^^ inns in (15), wc get 

C(r, r) = 4. p) 


Uc ha\c no« lo determine the effect of multipKing a transform hj 
an exponential function r'^^, where c is a positi\e constant I or anj 
function /(t) pos.'<%sing a tra sforra g(p), we Iiavo, bj dcfimtion, 


lienee 


Lcttint; 8 


Oip) “ r e *■'/(/) dl 

•/fl 

e~*W = f dl 

do 

t + e we then RCt 

- f - <■) * 

« J 0 (/« + J e-^*/(s - e) da 


\\c define a neiv function /f(«) as follows 


/Aa) “0 0 < « < c, 


(18) 


feia) = /(# - c), « > c, 

tlicn 

*'0 


(19) 


Con»:cquentlj, if pfp) is the I^apkce transform of /(O e~*^ff(p) is the 
tran^jform of/,(t) whcre/,(9) is gi\cn bj (IS) The function /,(/) 
l>c <alle<l a /ranslafion fitriciion, for its ftraph is that of/(/) tmnsi itc<l 
0 di'.Umci f to tlie nttht, niifTnentod bj the f=0Kment of the t axis Ixv 
tween 0 and c 

\pphmK thev findinps to relation (17) and remembennK that 
(t(T p) and f7(0 p) denote the tninsforms of the required functions 
y(r /) and yiO t) ■» /(t) »- 1 (art/L) resiicctuclj, we obtain 


lt(x, ^ - A • (' “ ^) + 

, f AL -Jr x\ , / 2f>-r\ 

+ It “ /ijt-o • 2 — / 


\L - X' 
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AJl the translation functions appearing here obej’ the defining condi- 
tions (IS). If Ave introduce the symbolism sint 6 to denote the trans- 
lalion-sinc Jvndion, which is such that sint 0 = 0 when 6 < 0, and 
sint 0 = sin 0 for 0^0, we may then write 

t/(x, t) = A 

vial — X — AL) T:{al x — 2L) 

-|- sint ; 1 sint 


7r(ai — x) TT^af — X — ZL) 

sint h sint 


— sint 


7 r(a< + X — AL) 
L 


( 21 ) 


This is the desired analytic expression for 7/(x, i). For every pair of 
values of x and t, equation (21) will contain a finite number of non- 
zero terms; when at — x < 2{n — l)L, the nth and following terms in 
the first (positively signed) set will vanish, and when at + x < 2mL, 
the 7?!th and following terms in the second (negatively signed) set will 
vanish, since only those terms involving positive angles can contribute 
to the value of ?/(x, /). For example, at the end of the first cycle of 
oscillation of the left-hand end of the stimg, the displacement of the 
midpoint of the string is 


/L 2L\ , / Stt 7r\ 

after two periods, 

/L AL\ / Ttt Stt .5s- 7 r\ 

y I « > — j = ri ( sin + sm - sm sin - = 

\2 0 / \ 2 2 2 2 / 


-AA; 


and so on. 


PROBLEMS 

Dolmiiini' tbo L-iplaco transforms of each of flie function.s in Problems 1-6. 

1. at - sin at. 2. sin at - at cos at. 

3. .‘■■in at + at cos at. 4. sin at sinh at. 

C. {/ — o)" (t > a). 6. t~ sin at. 

7. If !;(p) is the Laplace transform of/(0, show that no(ap - h) is the transform 

of 

8. is a periodic function, witli period T, so lhat/(t + T) show tliat 

the Lajjlac*'' tnimform of /(i) is given by 



OPKIUTIOXAL C\K:UIX'S 


lOup M 


S T’sJSs Ihp rr«uU of Trof J* to 8, «l)cr*r tfat 


JO SJititr t\jit 




arotb(rp/2a> 

“ pJ 4 . at 


L\um 


1 

(P* + 1)*’ * 


where yj(0 u the Ilewl funcljon of first order ( 0 ) dirrcth fro*n tlrf* nenes e^pon«jon 
of XfO and rchlmn (3) \rt IH, (6) usmi; the fact lliaiyif/) •« —^^(0, tORether 
with rrUtioti-s (11) and (10), Art 114 

11 <>! ow thit /(p) r(p) « hrre h (p) - (p - ai)(p - oj) (p - o,), a r all 
ilifferent coastanL* and where /(p) ls a tx>l^ nonital of liepree less (lian n, « the l,a* 
pbee tnin.«fonn of the function 

nai) 


Tim IS the ansIoR of Ilei^nside s etjraasion thron m (pf]Uatioii (7), Art lOS) 

12. Show that the I,aplace traas^orm of the ro*tne tnlrffnxl fundton, defined as 

Is — nn(p* + I)I 2p /fin/ /y and trinsform cosj/ 

15 Tlie exponent Id t-in/cyr<i/ /unc/wm w defined as 

nfO-J* ~dr 

Show that the I-sphce trvn.sfonn of hif— /) is —(In (p + I)i/p 
Ufing the Ispliee 1™!-* formal inn, find tin eolution of eseh of the linear diffiren- 
Ual rquationa in Prohlems H-10, auhjeet to the gnen initial eonditiona 
14 y" - 3y' + 27 - 0, / - 0 y - 0 y' - I 

16 y"' + 2/' - y' - 2y ■■ 0, / «- 0 y - 1. y' •» 2. y" - -2 

16 y" + 2/ + 2y - 0, / - 0 y - 0. y' - 1 

It y*’ — y - 0, t - 0 y - 2. y' “ 2, y" — 0, y"' - 0 

18 /y" - / + /y - 0, t - 0. y - 0. y* • 0 

19 t/' + (1 - 2n)y + /y - 0, / - 0. y - 0, y' - 0 (« > 1) 

Ivaluate each of llie inlettrals m rrohtema 20-22 (Cf Peirce a formuLiS 4S1 

VW 401 ) 

20 j* dx (/ > 0) 

r" ecu tr . 

“ J, 

». ( 1 > 0 ) 

J* V* 

23 In tie* xihratinR elnnj: prolilem of Art 115, *how that tlworetlcallj’, 
v(/ /2,^n! a) » ~2n t for exrry po-itixe intejrr n 

21. I nnjt rrUtion (21), Art 115, ven/p the f*jmputatioas talrtilatM in Art 02 
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Units and Dimensional Analysis 


In this book, as in others dealing with physical problems, a variety of physical 
quantities and units are employed. Often one physical quantity may be ex- 
pressed in terras of other quantities regarded as more fundamental, so that 
functional dependencies arise. New entities are sometimes defined by such 
relationships. 

For example, in the centimeter-gram-second (e.g.s.) system, the dyne is 
defined as that unit of force which, acting on a mass of 1 gram, produces an 
acceleration of 1 cm./sec.^ Similarly, in the foot-pound-second (f.p.s.) sys- 
tem, the poundal is defined as that unit of force which, acting on a mass of 
1 lb., produces an acceleration of 1 ft./sec.^ In both systems, acceleration is 
further expressible in terms of the more basic concepts of length and time. 

Wlien changing from one system of units to another, it is necessary to use 
suitable conversion factors. In mechanics and heat, relations between e.g.s, 
and f.p.s. units are needed. For convenient reference, the principal mechanical 
and thermal units employed in this book, and the corresponding conversion 
factors, are listed here: 


Quantitt 

C.o.s. Units 

F.p.s. Units 

CoNVEnsiON Factors 

Mass 

gram 

pound 

1 lb. = 453.G gm. 

Length 

centimeter 

foot 

1 ft. = 30.48 cm. 

Force 

dyne 

poundal 

1 pdl. = 13,826 dynes 

Energy, work 

erg 

foot-pound 

1 ft-lb. = 1.35G X 10^ ergs 

Power 

watt 

horsepower 

1 hp. = 745.7 watts 

1 watt = 10^ ergs/sec. 

Quantity of heat 

cxilorie 

B.t.u. 

1 B.t.u. = 252 cal. 


In electricity and magnetism, relations among electromagnetic units (e.m.u. 
ab units), electrostatic units (e.s.u., stat units), and the practical units (such 
as volt and ampere) arc required: 


Quantht 

Potent i.il difTercnco 
Current 
Elociric cliargc 
Hoslstanco 
Indticlnnce 

Caprxcitunco 


CoNwnnsioN Factous 

1 statvolt « 2.90S X 10'^ abvoUs « 299.8 volts 
1 nbamp. *= 2,99S X 10'° statamp. = 10 amp. 

1 abcoul. « 2.99S X 10'° statcoul. « 10 coulombs 
1 statohm « 8.98S X 10^ abohras *= 8.9S8 X 10" ohms 
1 stathenr>' « S.9SS X KP abhcnrics « 8.9S8 X 10" 

henries 

1 abfarad « S.9SS X 10^ statfarads = 10° farads 
523 
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S2I 

The fact tint ^*an(^^s plij-^ical quanliti« are CTpre*«iWe m terms of certain 
fcaAinrntal quantities n.«e to the concept of dinjen«wnalit3 In rmv 
cliamc* the fundimentsl quantities nre commonlj taken as mass (tf) lenctit 
(L), and time (7*) here the dimensions of porno of the TneclianKnl 

and geometric quantities that are frcqticntlj used 


Quantitt 

DmcvsiON 

Acceleration 

LT-i 

\ngular acceleration 


Angular momentum 

vrr-‘ 

Angular \cloaty 

7-1 

Area 

V 

Curs aturo 


IXnMty 


Fncrgy (work) 


Force 


Frequenej 

7-1 

Moment (torque) 


Moment of inertia 

ia*or/« 

Momentum 

wz,r-‘ 

Toner 

MI'T* 

\ cloeity 

IT ^ 

% olume 

L» 


Sometimes force (F) instead of mass (tf) is regardnl as the third basic 
quantity in mechanics mth length (L) an J time (T) rctainetl ns the other tno. 
Then mass w a denied qiianlitj who^c dimension ls FI ‘7^ iwwcr has the 
dimension FLT~'‘, and K> on c shall not discu-sS this sj'stom of dimensions 
further smre onlj the If l^T sj'stem is u®etl throughout this l»ook 
In heat an I thermods nimics it w Usual to augment the three mecfianical 
units (tf L T) bj temperature (0) For com enience thermal units arc some- 
times eraplojtsl then quantity of heat { 11 ) ls also taken as a fumlamcntal 
quantity ^owc^er if sre repird lieat as a form of energy so that it has the 
meclianicaf dimension tfi*7'“*, it suffices to expre-s tJicrinal quantities in 
terms of V, L T, and 0 


Quasttit 


Diurssiov 


rAormai t Ml* VrcAonicol VniU 


Entroj?} gas coaslant //S~‘ 

Quantity of lieat II U/y*7^* 

hpeci'ic lnni (per Unit mass) KM jL*7^V"* 

Temperature gra Lent 1 1 ’ll 

Therrwl eonductuity //h“’7*“‘^’ ‘ 


ilia dimemiorLi o^ eleetneal an 1 taagntlic quantities maj Ijc cTprc«vsI in 
teTvs of tf, / T an I Q tshcre Q represents clcctnc cliarge or quantitj of 
e’ectncitj 
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QuANxm' 

Capacitance 

Conductance 

Current 

Electric field intensity 
Inductance 

Magnetic field intensity 
Potential difference 
Resistance 


Dimension 

rp^lQ 


The concept of dimensionality lias one application in checking the ‘'balance'^ 
of a differential or functional equation or in determining the dimension of a 
quantity appearing in such an equation. Thus, in the differential equation 
of a damped mechanical vibration, 

— —k-x K — j 

0 dt~ dt 

each term has the dimension of mass M. Hence, since x has the dimension L 
and dx/di lias the dimension we see that /r and K have the dimensions 
and ML^^T, respcctivc] 3 % 

The methods of dimensional analysis also enable us to predict the form of a 
functional relation in many instances. As an elementary mechanical illustra- 
tion, consider the simple pendulum. The period of oscillation i may conceiv- 
ably depend U|>on the length a of the pendulum, its mass 7;i, its amplitude of 
swing a, and the acceleration of gra\dty g\ 

i o:, g). 

Now the dimensions of these five quantities are as follows: 

Quantity: i a in a g 

Dimension: T L M 0 


(The angle a is a pure nuralicr, the ratio of two lengths, and therefore has no 
dimension.) Since il/ apjicars only in the mass itself, we see immediately that 
n change in the unit of mass cannot be compensated by any corresponding 
cimnge in the units of the other quantities, whence it appears that i is independ- 
ent of m. The functional relation will then be of the form 


/ ^ / 2 (a, Of, g). 

We may note next that L a})pcars only in a and p, and to the same power in 
each. Ilcnco wc conclude that a and g can be present only in the ratio a/g^ 
so that 

^ == /3(a/p, a). 

But the dimension of a/g is T", whereas we need T as the dimension of t. 
Therefore wo luivc 



62G 




The fonn of /i{a), tom? ti»roonsionlo««, cannot bo detomimod tj* dimensional 
analj'^j, ti-c haw found, howc\ or (Chapter III), tl^t or is invoh tsl in an elliptic 
Integra], and our dtfcussion then led to just the la^t form of functional rehtion 
determine*! a!x>\ e 

!\e con«idcr noir a more a 5 'stoniatic method of determining the form of a 
functional relation, takm? as an example a problem m the kinetic theory of 
paso^ Suppose tliat we widi to fmd the procure p cxertc<l bj a perfect pas, 
Conrciara\)ly p will depend upon the mass m of the pas atom, the density p 
of the pas the temperature 0, and the pas constant K which expresses the 
awrape kinetic enerp>' of an atom as a function of temperature. We ha\e 
then llic following quantities 

Quanlitj p m p OK 

Pimcnsion Jf 0 yfL*T~'-0-'‘ 

Assume that the pressure p is expressible ns a product of powers of the other 
four quantities,* so tlial we haac 

p -■ tm*p''0‘K*, 

where i. ls a dimcn"ionlcs.s constant and t, y, c, v are exponents to be deter- 
mincil C«mg the dimensions of our fiae quantities, y,c then pet the identity 


We therefore liaaa; the sjastem of equations 

X 4* 1/ + If ■■ 1, — 3y + 2ir ■■ —1, 

— 2tr ■■ —2, X — te - 0, 

from which we easily find x — — I, Hence the desired 

relation is 

As a final example, consider the jtroblcm of finrhnp the enerpy IP stored in a 
conden«erofc3paeitanccC holdmp a charpe 9 the potential diflermce U tween 
tlie plates ls>inp V We then liaiT 

Qoantita ir C 9 ^ 

Dimension \fL*T‘^ Q 

A-vum ap a relation of the foim 

ir - ic‘q*y, 

• Tlir Tall Illy ef th« wnumpOoa may ts* estal lwlie<l on prounib, rre P \t 
llnlxman, "D rocMional ^naly»ls” Ctiap, II 
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where I: is again a dimensionless constant, we get 

ML-T -' s 

^ 2x-f2jy2x“2rQ2x+y--r^ 

which yields the equations 

-x + z^l, -2x + 22==2, 2x-2;^=-2, 2x + y - a = 0. 

We see immediately that the first three of these equations are equivalent, so 
that we liave only tw’o independent equations in three unknowns. This would 
seem to indicate that the energy’’ 17 can be expressed in terms of t^vo of the 
three quantities C, g, and V, In fact, if we set x = 0, we find y = 1 and a = 1, 
whence 

T7 - tgF; 

setting y = 0, there is found x = 1 and a — 2, and consequently 

W - kCV-; 

if a = 0, X = —1 and y = 2, so that 

"'-4 

All these relations are correct, for the quantities C, g, and V are functionally 
related: g = (const.) CT', as may easily be checked dimensionally. 

We liave considered here only a few systems of dimensions and the elements 
of the subject of dimensional analysis. More extensive treatments wdll be 
found in Section 3 of the ''Handbook of Engineering Fundamentals/' edited 
by 0. W. Eshbach, and in Bridgman's “Dimensional Analysis." 



ANSWHRS TO PROniXMS 


Arts. 1“3 Pige 9 


1 {X* + r)j^< + I - 0 

3 IT 4- «w 2x r 

8 1 (2 ~ y) - + c 

7 it •* tan (<tn x + c) 

9 xy •» X* + <■ 

11 y - x»y* + c. 

13 V “ Jx(ln X + f ) 

15 y — xjr cx 

17 In I(x + y)/(x - y)] - 3x* + c 

19 X nn y •• y + X 

21 y(2jy + c) + x - 0 

23 y> - xf*x - c 


Arts. 4>8. 

1 y* •“ x’(e - In x) 

3 fOH (y x) »■ fX 

8 ytr«c X + «>t x) * x + c. 

7 y x^(ln X + x) 

9 y - cm X 4- XX 

11 2V'7y - !ny 4-x 
13 y “ xfin (x — In x) 

16 X - y 4- I 4* xf* 

17 cot ly/ x) " c — In j 
19 y 4- v'x* 4- y* - (X* 

21 x*y - V* 4- X 

23 X «• y In xy 

21 /o) 2x 4- y - 5 P. rfx - y — J)*, f 

28 3x*4.i>y-cy 


2 - j4 + f 

4 em y •• X nn X 
6 In y — ^ la*x 4- X 
8 {4 4- jr){l - x^ - X 

10 4xy X* 4- y’ 4- X 
12. 2/ - X - ry 

11 (X* - y»)* - 4x 4- X 
16 y *■ X tan (x — x) 

18 y — x^'^ " XX 

20 27 - x(x* 4- y* 4- X) 

22. x^y - y* 4- X 
24 y caa X X* 4* c 

Pages 18-16 
2 y - (lx 4-x)f*» 

4 y « r/v7 - 3/x. 

6 4x* 4- y* - XX* 

8 xV - x' 4- X 
10 y - X In (In X 4- x) 

12 x*y - 2 In* X 4* x 
11. y — X 4- xxmx 

16 (x - H0(w ~ I) - X. 

18 In*(y/.x) - 2 In X 4- X 
20 2x 4* y ■» x(x - y)' 

22. y «>* X — X* 4- X 

) 5 }n (4x 4- Sy — 7) — 4x — R./ 4* X 


Art C Pages 18-19 

1 y - 2 ain X — X cm X - 2x' 4- xix 4- rj 

2 V « ty**' 3 y - In X 4* fi/x 4- x; 

4 y •• In cm (r 4- xj) + xj 6 (r — xj)* 4* (y — x>)’ •• 4 

6 y •• X In* X 4- X, X In X + fjx - 3 In X 4- X*. 

7 y ~ } In (xi - x*I 4- X) 8 y 4- xj In (y — X)) •• 2x 4 Xj 

9 •- x,r •*- X, 10 c,y 4- x«»a (x f x,) - I 
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11 . 1 / = fi sin kx + C 2 cos l:x. 

12 . In (1 + ciy) = CiX + C 2 . 

13. in (cji/ — 1) + CiV = ci^x + C 2 . 


14. y = lx- - ri In [(ci + x-)/{c\ - 

- x")] + ro. 

16. !/ = cj see (2r + ci). 

16. ci(?/ - a*) + 2 tnn“*^ Cix - cn. 

n. y => — 2 In (x‘ + Cl) + cn. 

18. y = X- + 2cix -f 2ri In (x — Ci) + C 2 . 

19. (ar - Ci)- +y- = ci. 

20 . In tan {ciy + C 2 ) db a: = C 3 . 

Art. 

7. Pages 32-38 

1 . 3rr/‘ + = r' . 

2, X = Iv 

3. ;/ = r'(2z- - jr). 

4. 1 In (x“ + ?r) =fc arc tnn (y/x) = c'. 

6 . 2.S8 ft/spc., 1.0.=) ft. 

7. 105 ft./sec. 

8 . 2.42 ft./.scc. 

9. C.G8 ft. 

10 . L = I'l /(2i>i - c,.). 


11 . (a) ti = L(1 — c"^'''^') ft./sec.; ( 

[h) 0.30L 

12 . 2.15 .sec. 

13. 0.0748 sec. 

14. 0.295 see. 

16, G.49 sec. 

20 . 1.12 .see. 

22. 4.71 sec. 

23. 31.5 rnin. 

24. (a) 1000 d^Ties; (5) 0.214 sec. 

26. 27.5 min. 

26. (a) 3G.7 Ib.; (b) 0.980 Ib./gnl, 

27, (<j) G1.3 min.; (h) Ml lb. 

28, 118 lb. 

29. 4.75 Ib./gnl. 

30, 38. G gal. 

31. 1.50 lb. 

32. 10.9 lb. 

33. 18.3 min. 

34. (a) 1.29 X 10^ cal./hr.; (b) G3.4°. 

36. 1 .f >0 cm. 

36. 2S.3^ 

37. 07,000 cnl./hr.; 55,000 c.sl./hr. 

39. 2 min. 28 sec. 

40. (a) 0.475 nmp.; (h) 0.299 .nmp. 

41. S volts. 

42. 149 volts. 

43. (a) 43.0 volts; (b) 0.120, 2.18 sec. 

44. I ST J^(r — r — alS) nmp.; i = Llri — ah) sec. 

46. (a) 3.08 nmp.; (5) 3.0 ( nmp. 

46. —0.0135 nmp.; O.OOOOGS coiil. 

47. 95.8%. 

48. (a) 1.55; ( 6 ) l.GO. 

49. (o) 11.3 min.; (5) 13.5 min. 

60. 25:1. 

61. 29.3%. 

62. (5) 8.00 lb./in.= 

63. 17.8 mi. 

64. G1.9 lb./ft.=' 

66 . Mux. (lort. = q/.VSSlRf ft. 

66 . (</L + 2P)LV3S4EJ ft. 

67. Ely = Ex{V? - j-)/C + qx{AI? - x^)/2A. 

68 . 0. 422L ft. 

69. Above. 

CO. EIv - lOx' - ojVO - OlOj/3 

; 3.37 ft. 

Gl. Ely r.. 1020 - 010j/3 - 5(12 

- x)VG. 

G 2 . 1 ft. 

63. 7GP/3EI ft. 

64. 20 lb. 

66 . i. 

CG. 

67. 2u-klJ‘/oEh^ ft. 

G9. ( 0 ) (^EILy ■= P(L - r)T{x- - 2rE + r=); GEILy = Pc(L - x)(c- - 2Lx + x^): 

(/.) {Pc/HEIL)[(,L- - 


Arts. 8-9. Pages 46-47 

1, nr(co'^ T + r) — 3 x — 

4 sin j* — 15. 

2. 2 see- X tnn x -f 2 see- x - 3 tnn i -f 2(3x^ + 2x — 2)/x\ 
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ANSWKUS TO rROBLHMS 


8. 21n2r +(z* ~5x* +2 j - 

6. In cos i — 21 Ian* ^ — 31 tan’ i — 2 

6 0 

8. —7 cos * — 3 nn * 


10 0 
12, 0 
14 . 0 

16 . - 4 c’»cos 2 j. 


18. 0. 


4. 4f”*{cofl z — Fin z) 4- S<**. 
tanz — 7 . 

7 . 0 4 * ISz + Cz* 

9 . iir - 4 - + 4 A 

11 , r'(r(M z - -1 Fin z). 

13 -lOnt-K 
16 , 0 
17 . 0 

19 . {a + In aYa*, 


I. y 

8 V 
6 V 
7 . V 
9 . y 

II . y 
12 . y 
13 y 
14 . y 

16 . y 

17 . y 

18 . y 
10 , y 
20 . y 


Art. 10. Pa£ca 63-64 


2. y •> cic*' + 

4 , y » or' + fjr-' + or*'. 

6 y “■ Cl + (o + 

8 y - rj + oz + (rj + ca)r’. 
10 y t’'(f 1 «n z + fj cott z) 


rir~^ + rs<“*' 

n + + <y*'. 

(n + 0 ^r)r'^ 

(ri + fV + 

ft 4 - oj Fin 3 z + fj cos 3 z 
rjc' + r“’'Crj rm 3 z + r j cos 3 j) 

Cl 4 - (ci + cjz) *m 2 z 4 - {ci + iv) cos 2 z 

Cl + CiZ + fyrv^ + c^r- 
f + c'{ri Fin \/3 z + fj cos \/3 z) 

Cl + c;z + ciz’ + cic^ 16 . y •“ Cl + cjz + cj Fin 2 z + c 4 o 

fir*' + cy"*' 4 - CJ Bin 3 z + C 4 cos 3 z 
c, + dz + ctz* + C 4 Fin 3 z + fi cos 3 z 
Cl + cjz + (fj + f«z)c'^ + (cj + r*r)f ” 
c'(ct *m z + fj cos z) + e"'(ci em z 4 - C 4 cos z) 


Art. 11 . Pages 67-08 

I y " ci^s* 4 - ry-'* 4 - c* - z 2 y - c/* 4 - cy** 4 - 2 z’ - zc’' 

3 y « C| 4 - CJZ 4 - cy“' 4 - z* - 2 zc*' 

4 y — Cl wn z 4 - d cm z 4 - z Fin z 4 - cos 2 / 

6 y ■» e“'(c| «n 2 z 4 - d cm 2 z 4 - Fin z) — 2 

6 y “ cic*' + cy 4 - c| Fin z 4 - cj cos z 4 - Fin 2 z 4 - Tlzc”**. 

7 . y «• C| 4 - dc 4 - (cj 4 - CiZlcC 4 - 3 zV — z* 

8 y “ C| 4 - d Fin 2 z 4 - cj cos 2 z 4 - 2 z* — z Bin 2 z. 

0 V - cy^ 4 - dc'c^ 4 - x’c’' — zc’' 4 - Cr*. 

10 y •* c,e”* 4 - ry“*' 4 - z em z -» xt~*. 

II y “ Cl + CJZ 4 - CJ Fin z 4 - c» cos z 4 - .Tr’ — 2 z cos z. 

12 . y -• r*'(ci iin z 4 - d cos z 4 " z Fin z) — 1 

13 V •- r*'( 2 'z’ 4 . f,z 4 . d) H. y «“ (cj 4 * cjz - In f«sz)»’' 

16 y «• f| Fin 3 z 4 - d cos 3 z 4 - 2 — 3 z Fin 3 z — cos 3 c In cos 3 z 

16 . V •• Cl »ln z 4 - d cos r + R Fin x In (esc z 4 - cot z) 4 * 3 z 

17 . y •• c^'ld Bin 2 z + Cj <m 2 / - cos 2 z In (*00 2 z 4 - tan 2 /)) 4 »c' 

18 . y - c, 4 . d Fin z 4 Cj cm z — In {wsr z 4 Lan z) — fin z In cm z 4 z im z 

19 y c, ^ eje' 4 d'-' 4 4 In (o' 4 - 1 ) - »z - 2 4 2 c' In (r* 4 1 ) - 2 / 1 ^ 4 

2 c-'!n(c' 4 n 

20 y c'Jfj 4 d nn z 4 d cos x •» In (e*r z 4 col z) — z »m z - c»» 


z In m* zl 
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Arts. 12-13. Page 73 

1. 1 / = Cix + cj/ar - 2 + \x-. 2. j/ = cj/Vx + C 2 X- - z - x" In x. 

3. 2 / “ (ci -h C 2 In t)x + 3x In^ x + 2jr. 

4. y ~ [ri fiin (2 In x) + C 2 cos (2 In x)]/x + 2 — 1/x, 

6. V = cix^ + [c 2 sin (^/3 In x) + Cz cos (-\/3 In x)l/x — x -f 2 - 

6. 2/ ^ (ci -f Co In x)x + cz/x + x^ In x — — 2x In* x- 

7. 2/ - {cj + C 2 In X + Cz Irr x + -} In^ x)z% 

8. 1 / « ci(2x — 1) + C 2 ( 2 x — 1)“ — (2x — 1) In {2x — 1) + 2 ". 

9. ij = 2, z ~ 4x -f Cl. 

10. y == 2x2 - 3cic^ + 3x + C 2 , z = cic^ - 1. 

11. ?/ - 2r^ sin x, z = {»c^(cos x — 5 vsin x). 

12. 1/ == (ci -f C2x)c‘"^ + CzC'^ — z = —2(01 + cjx + C2)e'^^ + czc^ — 

13. 7/ « (cj -f C 2 x)r' + (ca — x)c""**', z = — cac^ + (2x — 3 — 2cz)e^'‘ + 1. 

14. 1 / = x^ + O, z = — 3x, w = G. 

16. y *= cic^ + sin (i\/5^ + a), z = cic^ + sin (oV^ x + a + fir), 

w ^ c\c^ + sin (i--\/3 X + of + 4'^). 

16. y « cix“- + co/x^ “ 1, z = —■ 5cix*“ + lc 2 /x“ + 5. 

17. 7/ 6= cjx -V- C 2 /x^ 4” 2, z = zC 2 lzr + 4x — 1. 

18. j/ *= cix -f cc/x"* + ‘f^x In X, z “ -^Cjx — C 2 /x^ + %x In x + j;x, 

19. y = Cjx + C 2 /x“ — 4x In X, z “ “2cix + 4* ^x In x + -gx + 5. 

20. y « cjx^ -f cox^^ 4* cos In x “ sin In x, z = cjx* + rfc^x^^ + 2 cos In x + 

sin In X. 


Art. 14. Pages 86-93 


1. \/2 f^27r/3 see. 

2. 2r\/L/(7 see.: 0 = a COS (<V^) rad. 


3. 2>/(////,s1n (a/2) riid./sec. 

6. 2.01 ft, /see. 

7. GG.5 lb. 

9. X » sin + cos 

10. 3.9S Ib./ft. 

12. 1,81. M.5 lb. 

14. 0.00201. 

16. ~0.82ft./s<'c.- 

18. Yvs: K « 29.8 lb. soc./ft. 

20. 80.17c, 


4. 11.3ft./sec. 

6. O.oGl sec.; x *= 0.244 cos 11.2^ ft. 

8. (a) 42.2 min.; (6) 14.1 min. 

'^t) ft. 

11. a = 0.0351, b = 5.03. 

13. O.IOS sec. 

16. (D= + 9.37D 4- 30.5)x == 0. 

17. (a) — O.IG ft./sec.; (b) —8 ft./scc. 
19. 40.r. 

21. 1,28 ft. 


22. (o) X •= ^r-=' - c-=' ft.; (5) 0.-137 ft. 

23, («) 0..5I9 ppp.; (b) 2.10 ft. 24. 3 fcc.; -0.803 ft. 

26. (a) (<?p-'” sin t.'i)/(b- - a- - u-); (b) -( 010 “°' cos u0/2o>. 

26. (a) -1.93 ft.; (b) -3,W ft. 27. -0.304 ft. 

28. 0.-102 ft. above. 29. ^ lb. 

30. (a) 0.9.52 ft.; (6) 1.025 ft. 

31. (<j) 4 \w 7 lb. spp./ft.; (b) z 0r-‘^'‘' - o co.s 2\^ t ft. 

32. 0.705 ft. /.app. 33, O.S75ft. 


30. (a) 0.0000100 coul., 0,0.811 amit.; (6) 0.000007S3 coul., 0.0225 .amp • 
(r) 0.0000151 poul., 0.0421 amp. ’’ 
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ILS TO PnOIlI CMS 


Arts. 3C-tO Pises 178-179 

1 («)r-x*/2'+ +(-!)— 'x*'** (2n -2)' + ,|xl<«. 

(fc)i*-jV3*+ 4-(-J)*"’x**'V(2«-l)!+ , fj-i < -.(f) I +x 

- +(\/2)'fw(nW4)xVn' + 1 1 1 < •:, (0 1 + x + xV2 + x»/3 

+ 5x^214- |r j < «,{f)x xx*/3 + + x**-V(2« - J) + . 

|x' < l,(/) 1 +xV2 +x* 2 +x‘/3 + ,|x|<« 

2, (a) 0 7-tftS (I) 0 r2a*), (<*) X - X* 2* + xV3' - xV^* + , ( /) 0 2^, 

W0 3103,(/)0 2I2G 

3 (a) y + y*/C + 3//-JO + , (W y + ir/i + I/*/72 + y‘/570 + 

4 OfioO 6 (1 15 0330) 

6 IOC 7 2 7'? 

« 0 211 9 OIOj ft /see 

10 0 21C 11 MGS 

12.0 5117 13 0 501 we 

14 7C2 X 10“’*erK/cm*det:* 16 (a) 2 17 m 12 C m , (fc) 0 900 in 

IT (5)3 75 


Arts. 41-42. Piges 1B6-187 


1 VI - I + X + x> + x*/3 + xVi: 
2. 1 7S. 

4 124 ll> 

By- fid + x) + rjv^ 

10 V - fif' 4- 

13 1 97 we. 


4-x*/I20 y - Tf* *- 1 - X 
S 8 70 ft we 

7 y — fi ffwli Vx + Cj sinh 
9 y ■“ O (1 — x) 4- f/x 
12 I53iw 

14 (n) 0 311 in ,(5)0 200 m 


Arts 43>45 Psge 106 

1 ^ — 2 ^cfwx 4 - ^«m3x 4- ^fosSx 4- ^ 4- *mr — I sin 2x 4- i «n 3x 

2 -.,i-s(fr«x4-^,rfw3x+^cos5x4- ^ 

^iun2x 4- - ^)«m3x 4- jein4r 4- ] 

S 4-2^^f^(r««x-«f>nnx)] 

4 -I 4- ,rtnx - J ffxx 4-2^ 


Vl3U. 

rot ni 1 

6 

nn nr r 
■ ■ I 1 4. 

. 1' 



1 I T 

cr L 


rrte2nx I 

^4a’™J 

8 

- 4- J sin r ■ 

~ 4-4y 


10 

''^+ > 

3 

1 '** 



ANS^\XRS TO PROBLEMS 
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Arts. 46-48. Page 204 

1- ;[(y - f + - jsiii4i+-- ] ; 




1 1 o 1 \ 

cos X ^ ^ cos 2x + ^ cos 3x — 75 cos 4x i I • 


2^ 


42 


2 71(1 - (“irc**] . -1 2^1- 


TT" n- 


n- I 


+ I 


' sm nx 


c“ — 1 I — V 


3-;E(Sr:riii''''"0”->)-!l-;g (2„-„= 

, /4 8\ -X 2 . 2rt- , /4 .8 \ . 3jrx 2 . 47-x , 

«•(; + ?)«'" y y + ( 5 ; + Svh'" -r - 5 ; T +■• " 

^ 2 sin 2ri:rx 8 cos (2n — l)rx 

■ (2.-1)=^ ■ 

^ sin nr-x ( — sin (n7rV4) 

C. H-(2.s.nl)X: ' ' _, ;cscl -2.V2yS T^--- 


+ 1 


COS 2(271 — l)x 


‘ cos nx. 


ll^T^ — I 

n - 1 " " ^ n - 1 


2 r= 4^ (2n - 1)2 
S COS 1(271 — l)s-X 
’ ^;^ '“(2n 1)^ 

32 


( 2/1 — l)rx 2 1 . n?rx 


2 -IT— ^ 1 

(.Qs — > “Sin 

2 


ttx tt* , 2rx 1 . Sttx . 4xx 

11 1 


™f+i'™T+^""T+s™"r +■•■)’ 


32 / . 

---32(i -l+l-i+...) 

2 10 ( — 1)”*^* cos (n7rx/2) 


10. *“ 


3 


E 


11 04 ^ sin l(.2n - l)rT 

’■* 2y (2/! — 1)’ 


n*> I 

? [(t “ ?) i (i - I) sin Srt; + j sin 4:rx - . ■ . ] ■ 

^^1.4 cos 7jrx ., / 1 1 \ 

14. r+-;X^ ^;r--G(l + 5 ^ +•••)• 

3 r* ^ »i- \ 2- 3- / 


,2..1 + l.y£2!^. 

3 71- 


Arts. 49-61. Page 213 

6. 1.30 4* 0.02 cos X — 0.42 cos 2x -f 0.18 cos 3x + 1.10 sin x — O.GS sin 2 x— 
0.21 sin 3r. 


„ 2v'2//ir/ 1 1 

3. / 1 4 

r‘/;/ \ ' 3* 5*^ 

4. 1.02 in. 


Art. 62. Page 217 



6. 0.279 in., 0.283 in., 0.2S0 in.; 4.5 ft. 
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ANSUTltS TO I’ROBIXMS 


Arts.W-^6. Ptjtcs 221-237 


2. (a) 0 S^; (6) 0 151 ; <f) 1 ; (<0 0 r. 

4. 2^ 

6. 3.01 
e. 3 50 

JO. (o)2r(I + I'2n)r(l 2m)/nr(l + 1 
11- 0 275 

It n)^2ril(j +!/«). 7l 

IS- C01,(2S9, I 13) 

18. 0 121 

31. 105 

2S. 2.22 i»cc ; 1 C2 foc. 

23. 0.327 N-c 

30. 5 43 frc 

32. 2) nCn + I>^(2n - 

33. -H 3) ril/(Fi + 1)1/ n(i 

31, r(o)r(6)I-(r)/I (o + 5 + f + 1) 


6. 5 21 

7. 0131 
9 SIS 

'2m T 1/20), (5) I.IS, 

13 IXl/n)/nIX J + 1/n); 1.31. 

17- 0.-'l,V«;0UH0 
23 

25. 0C07 
27. 37 9 mm 
29. 0 157 nv. 

31 (a)0 73fi»«oc.(5)012G»^. 

2)1 T\nf{n - 1)1; 1 M kt 
1 + 3) (2n + 2)1; I 57 wc 
3S i;(3. }, i),*. 


Artx-67-<J4. Piges 2*5-247 
1. 02230, 0 4 101; 09003, 6 0 33G7. 

10. \^2/ti\[Z — r*) (tm j — 3x cot iJ/x*, 0 1374 

11. Cl - f» « 0, 16. 0 300 

16 0 515 

20 X* «l*j/ ^(Jx* + 2x* d*y/d!i* — r (T y/ttc* + dy/dx + x*v 0 
26 03Gm ; 1*2S' 37. I SO. 


Art- 65. Pages 256-257 

6- ** - + ?ri(x). 


Arts. 66-67. Pages 266-268 


1 . 0 003 
3. 0 7S5 
6 -0 218 

10. (b)A -‘f^(Knudrj)/if‘. 

12. M « 1/Av^ 

16. 2i!3. 


2. I 0) 

4 0158- 

8 . 0 210 . 

11. 0 GOO 

14. i 

17. (a) \/2, (5) 0.208 itc. 


Arts. 66-70. Pages 2T9-280 

< V’ 3irt\ 

1. y «• — ^3 am — COT -j j* ~j~ y 

2. (o) — — ^9 nn "■ ~y ~iy) ' ^ 



ANSWERS TO PROBLEMS 
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^ , 2A1? ^ 1 . {2n - l)rx . (2rt - ^)azl 

8- (“) -W .5 *■" z i i m 0.314 u. 

37/ ^ (-l)"+‘ . n-rx naH 
- -cos—. 

18m 1 / , 72r , 2n'x\ . iittx nuTrt 

'• z? E ^ V'” T + x) "" X X- 

8.S7>.A (-1)" . (2 n-l) 7 rx. ( 2 n- 1 )a 7 rt 

Zsr Lj r ^ ■ 


oij \ i — j; , 

4 * . T — sm cos — 5 . 0.235 in. 

2 or\ 4 rl 


(2'i - 1)- 

lagL- 


2L 


2L 


12 

(2« - 1) 


1 . ( 2 /? — l) 7 rx ( 2 n — l)aTr/ 

cos * 


2L 


2L 


Art. 71 . Pages 284-286 


, ^ . 200 tA (-1)”+' . nrx 
1 . (a) — ) - - 

T ' 11 


2. (o) X + — ^ sin • ^-n-r-a-Z/lGOO. 12.7°. 

^ n 40 

\ ^ . (2n — l)7rx n3^2.v2f/f2 

3 . (a) 50 + — > sin ; 

J-i ~ rr< 2n — 1 L 


sm -y- • c 

n+1 


— rrT:“ct“t/L^ 


; ( 5 ) 4 . 76 ^ 


n- 1 

4 . (a) 25 + V - sin -— • 

^00 4^ 12 - (2n - 1)V- (2n - Dttx 

T' 


4n^ir^a't/L^ 3 


; ( 5 ) 28 . 9 ^ 


S (2n - 1)^^ 


10 


G. 7 . 52 °. 7 . 32 . 3 °. 

8 , S 8 . 7 °. 9 . 7.73 min. 

„ , ,SAL^ (-1)" , (2/i - l)xx ..-I,, 

10. .^Ix H — > -A i g ,il i . p-(2n-l) r or^i 

16 . 2nc-«> T - ^ . "’L .. , ,in ’If . 


“•xE; 


I . (2/1 - ]);rr 


: .sm • 


r[ (2'i - !)’■ 

T-r *— < t) (I 


• (2n~ 


19. .-1 + — > ’ l^_iL sin — . f.-n^T^a‘l/a^ 


Art. 72 . Pages 292-293 

1 . 0 . 27 Si,<,. 

„ 200 (-1)"'^' / r 

rfn(2»-w. 


3. 31.5°. 
■to 


i (2n - 1)= VlO 


4 . ] 00 .‘in(xx/S).f-’^.'^s. 


■ « 7 E 5 ZX »" — S .1 C„,. 2 ,s 0 „. 


(6) C5.7°. 


10 



\ssur«s TO rnomiMS 


-* ,4^ (S'* - 1)‘ 8 ' 

. 12000 tiTi 

® To- 


SOO^ 

9 — — > -wf 

T ^ {Sn - D* 

10 250*. 6 79* 

11 l^y 

,i (2n 


■ 17/10 

(2rt-l)rr . 


^ (2n - l)*emli(2Ti - I)r 
•J200<t 


(2n ~ l)rj ^ (2r» - l),y 


iiBi’V ^ 

»* (Sn — \(2n - i)r 

-JOO^ (-I)-^'(2n ^ l)r -2 .. 

■* ^ (2rt - I)*«nh (In - 2)w “ 


10 


10 


Arts 73-74 Psges 304-305 

8 p - po - + ir)*/2? 4 p - pa — p/2jrfr* + 

2200 ^ ( - 1)' nrr ,i,»,/io»k- 


1000 


5 ,ooo^l2.-.^yiZi£ 
* fzi n 


7 0007 amp , 0 141 amp 

9 2 727" e 

^ I + f\*7* 


8 5 3^0 817*7 S7I% 

100n»l - nrem lOOnwt) + 


Arts. 75-76 Pages 320-321 
1 (a) -4 9 -14, 271in«-./cm»,(6>8 1 aatU 

4 0 125, 0005 0 075 0 001 »> /ft* 6 0 159 0 144, 0 133, 0 125 Jb /ft* 


Art 77. Page 824 


S 8<i*A> - V i", — rfw* 

oiJiM a 


Art. 78 Pages 323-320 

1 50,1 J-(f Ojrwfl) 

“ (0 ^ - 70 etM* + 15 roi a) + j 

5. iS'i! - (r a)VVfi>i»)J. 
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ANSWERS TO PROBLEMS 

[I (D " i + 13 (D '>)-••]• 

[ r** r® ”1 

1 — r-p2(cos ^?) + P4(cos ^ PeCcos e?) H J • 

8. •J'i/ol3xc‘“*^^ + (5x^ - 3x)c^^-^^]. 


Arts. 83-^6. Pages 36M71 

d"w d^W d^W\ , du dw du dw du ^ta*] 
+ — + '::j) +‘r‘— + —— + — — 


dj^ 
/dw 


dir 


dx dx 


dw dw 

^ COS Of H cos -i cos 7 

\ 8x dy dz 


d\j dy 

)rfS; 


dz dz A 


’’■ fffr [" a 

ff/ 

io:.[''(S+s+S)-»(S+S"S)]‘‘’'= 

rr r/ dw du\ , / dw du\ ^ , 

II ( ) cos Of + I?/-- w — ) cos + 

JJj 5 L \ dx dx) \ dy dy) 

/ dw du\ 1 

{ u w — ) cos 7 1 dS, 

\ dz dz) A 

8, p ^ = (a + b)Vu + bVh. 

Arts. 87-89. Pages 386-387 

2. Pohits whore y <= c, 4. (a) 0.021 ; (6) 0.942. 

6. 67. 6. 1.743, 0.005. 

7. .32.18, 0.01. 8. 2.1 in., 39.8 in. 

9. (a) S3.2S8, 0.021 ; (6) 0.014; (c) 3, 4; (rf) 0.774. 

10. 97“ 30' 39.4.5'; 2.05", 1.38'. 


Art. 90. 

1. 24.4 mm.* 

2. V « 2.28 + 0. 187910 Ib.; 30 Ib.; 

3. p «= 51.9 + 0..500z gr.; —0.7, 4.S 

6. R .= 6.7 + 0.00921'* Ib./ton. 

7. .¥ = 0.3793 + 0.C75r; O.OOOG. 
10. 21.7 ft. 

12. 1.9G0 ohms. 

14. c » (3.15( +0.0035t*) X IQ-'vol 


Pages 391-394 
0.01,0.32. 

. 4. 2/ “ 0.047G + 0.00407P in. 

6. b/a = 1.003 - 0.0505r. 

8. Q = 101 - 516-"** lb. 

11. X = -1.172, // = 1.039. 

13. j- = 7.1, y = 3.9, s = 2.3 gr. 
16. 21° 13' 28.30'. 


Arts. 91-92. Pages 402-403 

G. 0.7052. 

8. -0.00.4. 


7. 6.00 see. 

12. 53.7°, 47.1°, 42.0°, 37.8°, 34.1°. 


Arts. 93-96. Pages 418-419 

C, (b) (4ii *b l)s'/2 + 7 cosh"' 2, n an integer or zero. 

8. {b) ^hih ' 2 4' 2nr(, — sinh~* 2 4- (2ri 4‘ 1)*4, it an integer or zero. 

9. (b) ^iah * 1 4- (4i! 4" 1)»’»72, — rinh~' 1 4" (4n 4* 3)W/2, n an integer or zero. 



AN^W 1 !IS TO rnOIlLl MS 


&to 


Arts 07-101 Piges 43C-437 

8 {0 CO’ -i- /?? - - A*) 2/) (/>' - z;:? + Ai - AO 20. n'/n, 

/’• - 2(/>*Ai + o’a; + Aici) 

7 \ ■> - f<3«*r - r*) 

8 1*- f(u* - CuV + f*) S “ r(lu*r — 4m^) 

10 u * ^<1** — f " 2fl S ‘'trrnml»n<*^ nn I ^•qulIX)t< n(inl» nr\ confocal 
jaralwla.^, fo«» at O u axw as common axis. 


Arts, 102-105 

8 2,(~1 ± vOO 0 

Arts. 100-107 

1 V - 

3 y - 2»* - 3c-' - i 

6 y »<* + ,« _ ,-•« 

Art- 103 

1 y “ 2 + nn ( — cos/ 

3 y - 2 - c' + 3c • +t*‘ 

8 y — f' + sin f -f C(M ( — 1 


Pages 450-4C0 

Pages 468-409 
2 y - e*» 

4 y - (3c’' + 2nf-')/4 

Pages 476-^76 

2. y « 3 em / — (I + 0 coa t 
4 y - 1 + 2/ - sin f + 2co3f 


Arts. 109-111 Pages 491-492 

1 («) /i - 3(4 - 3c- - f-0 /. - 3(2 - 3c- + e-*'), (/) /, - s^oCSsm/ - 

Gcosf + 5c-' + r— f) h - ,*o(2Mn/ - leoi/ + 5c— - c— ') 

2 (o) I, - V(3 - - 2c-'') - V(*’' * - c ’») i, - Y(3 - 2c-'’’ - 

c'’-'),(f) I, - s*tCIS«w2/ + 21 eiri2/ - c""’ - ITc"’') tz - ris(I5«is 
+ '» sin 2/ + 2e - l7c *') ij - rh(21 cos 2/ + 33 sm 2/ - If' * - 
17c '0 

9 (n> /i - - Cc-''*' + «ic ‘“O /j - - 3c-‘«' + 2c-‘“‘), (fc) /, - 

000(>Ostnl20W - OOOSl cw 120W - OraiOc-'*' +002‘lIc-«>' 

4 (a) All - 3*a(27 - Ic ' - V 'O') An - ^e(0 - 4c-' - 5c-’»') l,i - 
ife '-r «'), (0 /j - shencosS/ + 27im6H-5c- - lOlc '»') 

8 0 153 OOoJ 0 102 0 021 OOTSnmp 


Arts. 112-113 

7 O'*?- 


1 o* f,\p* o’) 

3 2 »p’ (p* f o*)’ 

6 f— + 1) p'- 

14 y - r” - c' 

16 / c ' wn ( 

18 y-rt-ZifO 
20 »/2 
22. n/TT/ 


Pages 609-610 

6 0 lOO 0 0791,0 0^15 OOlCOamp 

Pages 621-622 

2 2/1* (; ' + a’)* 

4 2j’p (f»* -t (rt') 

e 2.i(V “ fl’) (p’ + ay 

16 y - +C-' - r *' 

17 y « c' -c «« < + sin / 

19 y - crtA(0 

21 Tc- 2 


Arts, 114-115 



Index 


Ah unihs, 523 
Abel, 127 

Absolute eonvcrgoncc, 158 
Absolute value, dOo 
Acceleration, vector, 343 
Addition, of series, 161 
of vectors, 331 
Admittance, indicial, 484 
transfer, 484 
Air resistance, 21, 101 
Altcninting current, 207, 305 
AUernating scries, 159 
AinOt^rc, 140, 308 

Amplitude, of complex quantity, 404 
of elliptic integral, 127, 132 
of forced vibration, S3 
of s.h.m., 75 
Analysis, circuit, 479 
dimensional, 525 
Imrinonic, 208 
vector, 330 ff. 

Angular velocity, critical, 115, IIG 
Areal velocity, 344 
Argiunent, 404 
Ailed, see Del 
Atmospheric pressure, 3G 
Auxiliary’ equation, 43 
Average deviation, 381 

Ragni, see D\vigbt> 

T3ar, vibrating, 2S0 
llartlelt, 384 
Hnteman, 209 

Beam, cantilever, 35, 03, 101, ISO 
elastic curve of, 27, 124, 214 
on elastic foundation, 124 
potential energy of, 2$, 214 
simplo, 29, 214 
Uniformly loaded, 30, 210 
Oxcsl ends, 37 


Bei function, 239 
Bending moment, 28 
Ber function, 239 
Bernoulli's equation, 16 
Bessel function, 227 IT., 267, 502 
ber and bci, 239 
expansion in series of, 236 
of first and second kinds, 239 
zeros of, 233 

Bessers equation, 22S, 268, 464, 516 
Beta function, 223 
Biot-Savart relation, 149 
Boltzmann, see Stefan 
Brake, mcchaniciil, 138 
Branch current, 477 
Branch-point, 418 
Bridgman, 526, 527 
Bromwich, 461, 492 
line integrals, 492 
Bush, 476, 507 

Cable, flow of electricity in, 117, 300 
suspended, 107 
Calculus, operational, 461 ff. 
Cantilever bciim, 35, 93, 101, 186 
Capacitance, 36, 83 
Capillarity, laws of, 110 
problems, 110, 139 
Carse and Shearer, 208 
Carson, 461 
Catcnaiw, 109 

Cauchy-Beimann equations, 410 
Caucln^'s equation, CS 
itUegral formula, 447 
integral theorem, 444 
ratio test, 158 
Change of interval, 200 
Channel, flow out of, 430 
Chemical reaction, 36, 85 
Clmmical solution, 23 



INUF^X 


512 

O S5 

#<r SoJiwirx 

Crrtut, eSwtnr, 23, S3, 476 
Clrruit analj'«i<, 4rt 
Orrtol furrmt, 47’? 

Cirrubf cumnt, 1 10 
Cirrtibr tr3ii.«forTMlion, 41 S 
0>l.b. 62 

CV¥’/n<*irnt of rcwmliifiatian, 120 
Comliituition, 3T2 
intcgralilr, 4 
of «thh, 203 
pnnciplcK of, 372 
Ciwnpan“on tr«t, 1 58 
Ccimplcmcntarj* funrtion. S'!, 47 
Comjikx quMitiu, 401 
CVincentntmn, 23, 313 
KDidKOt, 313 

CV>n(l<'n«<T, mIp? rffix’t in, 430 
«MTK> ftorwl in, 526 
CVmductinti , Uirrmsl, 21 
Conjupiti* funnion*, 412 
Convnatiip fcirci*, 3(i3 
Con»*ant, Era%’1t'ition’i1, 21 
Ointfnuit>, o^juifton of, 2*W, 315 
Contour mtrjmil, »rr I ino iiitcKTal 
ConvrrRf'nre of fon<^, 157 
»1w<>Iijt^, 158 
ffTCion of, 1 57 
uniform, 167 
Co’n<r«J<in far ton*, 523 
Cootinjf, NVw ton’s law of, 35 
Oirx}, swincififr, 14 » 
CVi'ino-inlrtral funrtion, 522 
(VMiratit-fliUKTt, 268 
('nliril anpihr %rlocH>, 115, 110 
Curl 311. a52 
xaiii-hmEof, 3f3 
Cljrrrnt, aiVrmatinR, 'JU**, ,8S» 
liranrh 177 
rirruji 478 
mruHr 119 
«alh 3a'. 
rPrrti\-r 207 
Mturaiion, 120 
Oirti« 401 

('uraatii'i*, \«-tnr, 313 
<*ur\r rU»tir 27, 121, 2U 
o'rrriir 377 
froLabliU 373 


Cura-^fittine, 208, 3&5 

I) (ojicrstor), 42 ff 
I>ih1, 470 

J>amp«l ntotJoft, 76, 525 
Damping factor, 78 
IX- ^tol\^•’s t}«*ortm, 4ft> 
iX'oomjxr.Uion of nuhtmi, 36 
rVfimto tntrgrala, ei'sluation of, 172, 
450 

IVflfa:litin of bram-S IWm 
Dll. 310 

l-Vli^TKlrnce, linear, 41 
IX'fiemlcnl eatnta, 373 
De|>on<]tnt vanaWc lacking, 16 
Don\ati\e, of complex function, ta'. 

partial, 25S ff 
Deaiation, naerage, 381 
stanJanl, 379 
of tl.e mean, 3S5 
Difytrenee<v(uafiori, 395, 402 
Diffinrmal. total, 262 
Differential wjuatnm, llemouUr#, 10 
ilefinilion of, I 
jrujrr'*, 6S 
exaet, 5 

liotnogeneoua, 8, 38, 68, 2»/) 
integmlile combination^, 4 
linear, of first artUr, 12, 461 
of liiglier oriler. 38 ff , 2(^8. 46.'i 
non-linear of Ingln r onler, 16, 17 
numerical solution of, 3>l ff 
ortlinnr}, 391 
partial, 398 
onler of, 1 
onlinan*, 1 ff , 381 
;wrtja). 1.25Sff. 3*JS 

mlunble to bnmogeneoiM, 15 
nmuiVaneoii*i; ^ Tlf 
aoliition, mrtlj/«l of 4 n>U juii« 183 
tjummrik 38 1, 3''8 
Pirnnl’s mf tlio<i, 178 
solution of, 2, 270 
Nahabtea separable. 3 271 
Differential ojw*ratw, 42, 40'> 

Diff< n nti itlon, of seni-a 161 171 
Ilf vi-etor*, 338 
total. 2t.2 

umlrf integral ngn, 2i<3 
DiffijMon. 313 103 
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DifTuKivity, 281, 314 
Dirnoniaonal analysis, 525 
Dimensions, 524 
Dipole moment, 253 
DiKeontiniiity, Gnitc, 192 
Dispersion, measure of, 3S0, 384 
Diver^^cnee, 341, 352 
D)ver/?ence lijeorem, 354 
Division of series, 102 
Double Fourier series, 323 
Double iiiterpolation, 12S 
Dwight and Bagai, 313 

luldy current , 305 

Edge effect in condenser, 430 

I‘>1 wards, 220 

IvfToctive current and voltage, 207 
Elastic curve, 27, 124, 214 
Elasticu, 143 

ElastiHty, modulus of, 27 
Electric circuit, 25, S3, 476 
Electricity, flow of, 117, 300, 410, 420, 
433, 507 

Electromagnetic units, 523 
Fileetron, 03 
Ivleclroslatic flux, 420 
l^leclrostaiic units, 523 
ICIlip^e, length of, 125 
ElUplic bjuelions, 133 
I^lliptic integrals, 125 fT. 
amplitude of, 127, 132 
evaluation of, 173 
Jacobi’s form, 133 
l^i'gendrc’s form, 133 
modulus of, 127, 132 
of the first kind, 131 
of the second kind, 127 
of the third kind, 131 
I’knpiricnl probability, 373 
Encrg>% f)otcntlal, of bent beam, 28, 214 
stored in condenser, 520 
EquiiKUential, 297, 419 
1'rror, eurvt' of, 377 
function, 378, 500, 507 
mean*S(p!nn*, 2(tS, 384 
of olvcATvation, 374 
probalJe, 379, 381 
lAldiaclu 527 

Hngtdarily, 451 
EulerV equation, OS 


Euler’s relation, 51, 405 
Evaluation, of functions, 172 
of integrals, 172, 456, 518 
Evaporation, 4, 313 
Even function, 196 
Events, dependent, 373 
independent, 373 
mutually exclusive, 372 
Exact ditlcrcntial equation, 5 
Expansion theorem, Heaviside’s, 473, 
494 

Exponential order, 512 
Exponential “integral function, 522 

Factorial, 218 
F’araday, 368 
Field, magnetic, 149, 305 
scalar, 347 
vector, 352 
Fisher, 372 

Fixed ends, beam with, 37 
Flow, of electricity, 117, 300, 419, 426, 
433, 507 

of fluid, see Fluid flow 
of heat, see Heat flow 
out of clianncl, 430 
Finul flow, 294, 344, 420 
irrotational, 297 
out of channel, 430 
Fluid pressure, 36, 294, 526 
Flux, electrostatic, 420 
Force, conservative, 363 
Forced motion, SO 
Forsyth, 385 
Fourier scries, 188 fT. 
double, 323 

Fouricr-Bessel ex]:)nnsion, 324 
Fourier’s theorem, 192 
Frank-v. Miscs, 233, 269 
Frequency, of s.h.m., 75 
Fresnel integrals, 460 
Frobenius, method of, 183 
Fry, 372 

Functions, analytic, 404 IT. 
her and boi, 239 
Bessel, 227 ff., 267, 502 
l>ctn, 223 

complemenlaiy', 39, 47 
conjugate, 412 
corincMutegral, 522 



Futtfl«n«, flliptjf, 133 
rmjr, 3??, 500 507 
M-iIuMion of, 172 
o-rn, I'X* 

«i)cini-n<j3J tnfrsral, 522 
icimina, 21S ff 
liarmonic. 412 
I oraopt 0 

livpcrl«I)<., HI U 
jnwrv, l«i 415 
2 !7 

lincarU in<lrp« ndcnl, 41 
m-ippuiK, 414 H 
inultip!«>-\alu«l, 415 
non-analrtir, 407 
O'ld, I'tH 

of a complc't \-3n3liti*, 40 1 ff 

pi, 220 

r m a. \'ilup of, 205 
Hnr-mtrgrnl, 515 
atmm 420 
lria*liiion, 520 
unit, 4<lf 

tlamin-i function, 218 ff 
tli5, lonuation of, 110 

kiiutic theory of, 52b 
GaiEW pi function, 220 
H theorem, 3G0 
(icfif ral Milution 2 
C.ihltvWtUin, 333 
(»our«it, 40'* 

(.our^-it-lhtlnrk. 131, |02. 201, 4 1C 
(imdiem, loncontration 313 
temiier-nun 2 1 
\rc*or 311 317 310 
«nnt. 372 

Oravtl-itionM ivUrntwl, 310 305 
<-on*tint of 21 
Ctiren a Irnma 4 1 1 
t«mcn * thi-orcm, 3C1 
G>m'talic j« n<!ti)um, 03 

If»lf r»njj«* fuuncr 108, 202 
llirmonlc aiud^-ai*. 208 
lUmi'imf functlmi 412 
Heat fpfcifii* 2S1 
Heat (hiir, U»» of. 21 
oneHliTvn'oanl CSO, 403, 501 
n hal 2s<> 


Heat flow, steady -*tatr, 21, 2S2 
llirtHMhmctLHonal, 2sS, 3G2 
tnoMi nt, 282 
two-dimroHonal, 2SC, 420 
IfcaM-'idc, 4*1 1 ff 
cxjnn«ion Ihcoifm, 473. 401 
Ilcilnclc, 407; «cc a/^o Cloursat 
Henry, 5<*S 
Ililliert, erf Courant 
Homoj;eneoua diffemillal equation, D, 
3‘), ftS, 270 

Horn >p*nw}Ua function, 9 
Hooke’a law, 20, 7S 
j Howe, tre Soucck 
j Ih*Irod\namic<, 2*^1 
I Hyinrlwlie function*, 01 ff 

Idtntical wne*, 1C5 
Ince, 2, n,fi5, 180 183 
Independence, linear, 11 
Iiuh jK nd(nt evanl«, 373 
Indcfiendint \ inahU lacking, 17 
Indieiif adrmUnnee, 4SI 
Inditnl eriuation, 1&5 
Inductanee, 25 
niutu.d, 477 

Infinite pene*, »ce Penca 
Int* Krahlt tomhinaliona, 4 
Integral formula, Cauchv'*, 417 
Inlecnil linear inin*fomi.aUoii, 418 
Integral thrxirem, CniirhyV, 411 
IiitritraN, differriitutlon of, 2(i3 
eJJjplir, 125/1 

eaahwtion of, 172, 150,518 
I re»nel, 400 
line, 137, 450 
partnailar, 3 * 51 
proltahdity, 378 
IriKarratinc factor, C, 13 
Intep^lion, of errn'a, ICl, ITO 
of aeetow, 33^ 

Ifitcri’itv of field, Hd, 305 
Interjiolation, tloiil le, 12S 
InteraTil, clmnRe of 200 
Inver*** (unelioti. Iff 415 

lofiitation of (ra<*e« lit) 

IrmtatJ mat fl i», ^>7 
NiUtra! pinKulantv, 451 
K.therm, 420 
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Jacobi, 127, 133 
Jacobian determinant, 416 
Jalinbe-Enidc, 233, 234, 515 
JcfiroyH, 401, 503 
Jones, 470 

Knimcr, 407 

Kinetic theory of pases, 520 
Kirchhof^^s laws, 20, 83, 477 
Knopp, 150, 107, 200, 217 
Konnip, 213 

Lriprange, 03 
I^inpsdorf, 305 

Laplace transformation, 510 ff. 

La place's equation, 289, 297, 340, 317, 
412 

Laplace's law, 349 
Ltnironl's theorem, 451 
l/‘ast square«J, mctliod of, 387 
I^penrlrc, 127, 133 
functions, 247 
associated, 257 
polynomials, 219 
expansion in series of, 254 
Lopendre's equation, 247 
lAJand, 3S4 
l>evel surface, 3 IS 
Liplit, refraction of, 347 
velocity of, 308 
Limilinp velocity, 23, 301 
T/ine inlepral, 437, 450 
Bromwich’s, 492 
Linear dependence, 41 
Linear dKTerenlial equation, 12, 3811., 
2G8, 401, 405 

Linear tran^^formalion, 418 
Lipka, 20S 

Liquitl^^, evapomtion of, 4, 313 

^ I acl au ri n's sen (*s, 1 59 
MacBoberl, 450 
Magnetic field, 149, 305 
^^appI!lp, 414 IT. 

Mnrchbnnks, 313 
M.nvis, rrc ^ucek 
MaswrU’s equation'^, 3G8 
MeLacblan, 227, 239, 241, 311, 313,511 
Mean hydraulic radius, 155 
Menn-Kpiare error, 2CS. 3$ 1 


Mean-square value, 206 
Measure, of dispersion, 380, 384 
of precision, 377 
Mechanical units, 524 
Membnine, vibrating, 321 
Mesh, electric, 477 
Miller, 372, 392, 400 
Milne, 394 

Milne-Thonipson, 304 
Miscs, V., 385; see also Frank 
Modulus, of complex quantit3% 405 
of elasticity, 27 
of elliptic integral, 127, 132 
Moment, bending, 28 
dipole, 253 
vector, 341 

Motion, damped, 70, 525 
forced, SO 

Newton's laws of, 21 
of fluid, 294, 344, 420 
of j)ondulum, SO, 128, 474 
orbital, 344 
planar, 515 

rcclilincar, 21, 73, 100, 224 
simple harmonic, 75 
under conservative force, 303 
under resistance, 21, 76, 101 
ill-test, Weierstrass's, 169 
Multiple-valued function, 415 
Multiplication, of series, 101 
of vectors, 334, 335 
Mutual inductance, 477 
Muluall}’’ exclusive events, 372 

Nabla, sec Del 
Networks, 470 
problems, 4SG 
Neutral axis, 27 
Ncufral surface, 27 
Newman, 313 

Newton's laws, of cooling, 35 
of motion, 21 

Non-analytic function, 407 
Non-bom ogeneous equation, 40 
Non-linear differential equations of 
higher order, 10, 17 
Kumcric/il methods, 394 fi. 

Observation, errors of, 374 
Odd function, 19G 
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Ohm’* Uw, Jfi, 117 
OlWiJorf, fee Itothe 
()pato«t>Li, 13S 
OjxTitional rnlculiy, 4Gl ff 
Oji'^ralorn, *<0 
tiiffcmilul, 42, 4G9 
IjsSiUrLxn, 310 
p.4f0 
Q. 461 

Ta>tor\ 400 
fWnta! tnnlion, 314 
Oril«-r, of <Jifr<nntiil iH|uahon, 1 
fttiuction of K» 

Ortlinin diffmntLil equation*, 1(1, 
3*)! 

Orthogonal trajectonna, 10, 2'’I0, 413 
0«Koo<l, 2fi2 

I* (oj'crator), 4C0 
I*aral^>lir rrdtTtor, 7 
Parameter*, variation of, C3 
Partial «li nvatiaa**, 235 fT 
Partial clifferenlial equation*, 1, 25S fl , 
305 

Partirular inteinTiI, 3 1, 51 
Partieular folulion, 2, 270 
IVirre, 23 HO, 127, 1 25, 132, I^i, I3S, 
171, 178, 2a>, 220 223. 221, 278, 
254, 375. 371), 351. 455, 4 GO, 4S0, 
507, 518, 522 

Pi titlulum, 128,474 525 
pjTwlatie, 03 

Pinoif, of ilampeil vitiralion, 78 
of [lentluliim, 132, 525 
of a.lum , 75 
Pinnutation*, 372 
Piait^n 150, 183 
Pi funrtion, 22t1 
I'jrarrf** meilKitJ J70 
Pilot ‘vhielr f , 103 
Planrk’a railiatum law 170 
PoliUi.au*»n. »ee Uoll>e 
Pi>ml *«>urre an 1 {nant mnk, 433 
I’i/int*, wncuhr, 1.51 
pitlwnV eqttafi »n, 3*7 
Polar rrj»rr**-«tatl<jn of eonplea quan- 
tita, 4a5 
451 

PohRon. W 1. 423 
Pol»n»'mal», 1^-f^ndre, 210 


Pol^Tiomtal*, etpanaion in wttwof, 2 
Potential, duvile, 253 
due to charpal ajihere, 325 
due to jvunt elLarpe*. 251 
pmntalional, 310, 3u5 
aalocatj. 207, 420 
Potential cnerRa of Iwam, 2S, 214 
Power laa*, 312 
Power renes, 150 fT 
Praetjenl unilfl, 523 
Pratt, 171 

Preei'ion, ineaaure of, 377 
Pressure, atmosjilienc, 30 
fluid, 30, 2'H, 520 
Pni’ster, 214 
Prol)al)ililj,372ir 
a fiosli non, 373 
a pnon, 373 
emi>mr*d, 373 
of an error, 377 
Btatiitieaf, 373 
Proljaliilit\ eurve, 373 
Prolialjiliiv integral, 378 
Probahte ernir, 37lJ, 351 
Proilurt, aealar, 333 
\cetor, 331 

Projwrtional flow wiir, 174 

Q (operator), 101 

I^adla1 heat flow, 250 
ItadialinK wirt, 280 
ILadiation faw, Ilaiiek'ii, 17*1 
Iladium, diaainifioMtion of, 30 
Itatio test, 155 
Ileaiti in, ehtinieal, 3h, 85 
Ueeiimbination, cm flicient of, 120 
Itci tifieation cif ellijw 125 
fieetdi near nit t ion 21, 73, 100 22t 
ncilurtioii of «fd<T, 55 
Ueflrrtor, paratiohr, 7 
111 fraetion of lisht 317 
ItrRioii of rotiierRenre, 157 
Prju-ateil trial*, .373 
lle-Klaaf, 379 
Ih-t hie. 452 
Ile-litariee, air, 21, 101 
iha-triral, 25 
mofi if\ under 2l, 70 101 
IleNinanee, 83 3*9 171,487 
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Kcvcwon of Srcric.^*, 106 
Ricinunn, f^tc Caurliy 
Iliomnnn-Wchor, 200 
value, 205 

Rolnn«on, $.cc Whittaker 

Rodrigues's formula, 251 

Rope wound on drum, 33 

Rorty, 372 

Rotating shaft, 113 

Rotation, of a fluid, 29G 

Rothe, Ollendorf, and Pohlliausen, 423 

Rflmclin, 121 

Saturation current, 120 

Savart, Biot 

Scalar, 330 

Scalar field, 347 

Sf^alar product, 333 

Scarl>orough, 301 

Schiele's pivot, 103 

Sdiwarz-ChristofTcl transformation, 

410 IT., 454 

Series, addition of, 101 
alternating, 150 
comhination of, 205 
comparison test for, 158 
convergence of, 157 
nh'iolule, 158 
uniform, 107 

differentiation of, 104, 171 
<li virion of, 102 
Fonrier, 1S8 IT. 

half-mnge, lOS, 202 
identical, 105 
infinilf, 150 IT., 448 
integration of, 104, 170 
Laurent's, 451 
MaclauriiiV, 150 
multiplication of, 101 
of functions 230 
of t/Cgendre polynomials 251 
pow<'r, 1 50 IT. 
ratio tC'^i for, loS 
region of convergence of, 157 
rever-inn of, 106 
sum of, 157 
TaylorV, 150, 440 
I rigfmomet ric, 1 88 ff. 

Sh.if?, rvUating, 113 
Shear, 21> 


Shearer, see Carse 
Shifting formula, 498 
Shots fired at target, 373 
Simple beam, 20, 214 
Simple harmonic motion, 75 
amplitude of, 75 
frequency of, 75 
period of, 75 

Simultaneous difTercntial equations, 2, 
70 

Sinc-intcgral function, 515 
Singular points, 451 
essential, 451 
isolated, 451 
Small, 150, 1G7 

Solenoid, eddy currents inside, 305 
Solution of differential equation, 2 
general, 2 
particular, 2 

Soucck, Howe, and Mavis, 174 
Specific heat, 281 
Sphere, heat flow in, 286 
Spring constant, 79 
Standard deviation, 379 
of the mean, 385 
Stat units, 523 
Statistical probability, 373 
Steady state, 24, 117, 282, 289 
Stefan-Boltzmann law, 179 
Stokes's theorem, 357 
Stream function, 420 
Streamlines, 297, 492 
String, vibrating, 273, 398, 503, 518 
Sum, of series, 157 
Superposition, prinriple of, 482 
Surface Icnsion, 111, 140 
Suspended cable, 107 
Sutro weir, 174 
Swinging cord, 145 
S 3 \stonis of units, 21, 523 

Target, shots fired at, 373 
Taylor's operator, 499 
Taylor's sorits, 150, 440 
Taylor's theorem, 440 
Telegraph equations, 302 
Telephone otpiations, 301 
Ternpeniture gradient, 21 
Tonrion, surface, 111, 140 
Test, comparison, 15$ 
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ralio, ISS 

Tliwi'rm, Cau*-h%’« mt^pral, 441 
IX Morni V, 405 

tliterpftirp, 301 

foiinor’i* 1?3 

(*ausH'<, 

Grr* n*?, S'. I 
lit a’tn'idr**, 473, 49-1 
Laurmt’i.. 451 
Stnk'Vj., 3.57 
sup'-rpo-ition 4^ 

Ta\lor%, 41 1 
Tl.trmal condurtiMt} , 21 
TluTmil unit*. 521 
Tli'Tnitxh'namiri, 521 
Tliom^ori, 93, 121 
Tlm*j«!M‘nkn, 214 
Total 'liffm nti il, 2t)2 
Tmptnx, 102 
Trij'-ctiwii^ orthoKoml, 19, 29‘'(, 413 
Tnn'fpr indtrtnt ailmittnnri, 4SI 
Tmn-sfortn l^pKce, 510 IT 
Tran'* fornw turn (irrular, 418 
Im.ar, 418 

MiWHn-Clin-toIT.l, 41911, 151 
Tran«itnt Milutmn«, 2S2 
Tran'itiofi rpiril, 179 
Tnu'Htinn fnnctjon, 520 
Tran'.litjon-.'inp lunrtion, 521 
Trin«mi’‘'if>n lint*. 117, 300. 507 
Tnal and crnir. lit) 

TfinN, rrjx-itt*.!. 373 
TnK*>nomrtrip rrnc*., IRS IT 

Tnilctcnmmtl cool’itK nt«, mptlitxl of, 

Cmforni ron>trt;*'nc<* 107 
T«if».rml> to»iIi'*l Ix-nm, 30, 2IC 
Tnit lunrtKin I'll 
I'nil?, alt, 523 
r e » . 21, 523 
rWtronuemtie, .523 
rlf<'tn»»*ntip 523 
f !».».. 21 523 
lnri»i“»l. 521 
ptarOrtl. .523 
ratio of tr ni. ond r n , 

»tat, 523 


Unit*, tlifriml. 524 

VarialiW «ejnrablc, 3, 271 
\ artatiun of paramrtrf'i, r.3 
Vector, acrelt ration, 343 
Addition, 331 
«ial\M<, 3301f 
curtnturr, 313 
diffpnntLilioii, 33S 
IkM. 352 

Rradient. 311,317, 319 
integration, 339 
moment. 311 
multiplimtion, 331, 335 
{.nxluct, 334 
\i !orit\, 313 
Vcloeitj, areal, 311 
cnlical angulir, 113, IIG 
limiting, 23, 101 
of light, 30.S 
latent 111. 297, 420 
M-etor, 313 
Viliratlng liir, 2S0 
\ dinting in« mltrane, 321 
^ ilinting xtntig, 273 398, .'i03, 51S 
Yihration*!, (hmjied, 7l>, 525 
forreil, 80 

Mmpte Inrmonic, 75 
Voltage, rffeetiac, 207 

WttIkfT, 123 
UaUiH-sronnuh, 223 
44a\i e<|uition, 503j/cc also Vibntirg 
string 

33 tiler, rrf Ileiminn 
33 rii 3/-ti-sl, 109 

\3cir, 8ulrn, 174 
331iit{ik.r 391 
33ilN ,TW 
33iU>n (pcndl.H 
33 ire, rlamix**! at end, 211 
radfiting, 2H) 

33ofk. 311 

3\rt»’'.i,(4„, 41 

3 oijng. 3'>2 
^oung'a itKxIulip, 27 

Zero* of IWm 1 fiiiirtnffi, 23,3 



